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Outline

Goals: Unify and generalize the theory of algebras defined by “degenerate
affine Hecke algebra” type relations.

Overview:
© Background and motivation
© Frobenius algebras
© Affine wreath product algebras
@ Structure theory
© Representation theory
@ Cyclotomic quotients
@ Further directions
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Background and motivation J

Alistair Savage (Ottawa) Affine wreath product algebras September 13, 2017 3 /42



Degenerate affine Hecke algebras

Fix a commutative ring k.

The degenerate affine Hecke algebra H,, of type A is
k[z1,...,z,] @ kS,

as a k-module.

The factors k[x1, ..., x,] and kS,, are subalgebras, and

S§ilj = TjSi, ]7&7’71—{_1’

i = Tit18; — 1,
where s; = (4,7 + 1) is the simple transposition.
H,, is a “degeneration” (¢ — 1) of the affine Hecke algebra.
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Degenerate affine Hecke algebras

Surprisingly, modular branching rules for H,, and their cyclotomic
quotients are related to affine Lie algebras of type A (Ariki, Grojnowski,
Vazirani, Mathas, Lascoux, Leclerc, Thibon, ...).

Brundan and Kleshchev have related cyclotomic quotients to quiver Hecke
algebras (Khovanov-Lauda—Rouquier algebras).

Algebras related to H,, have appeared in other places:
o affine Sergeev algebra (degenerate affine Hecke—Clifford algebra),
@ wreath Hecke algebra,

o affine zigzag algebra.

It would be nice to unify (and generalize) the treatments of these algebras.
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Appearances in categorification

The H,, appeared in endomorphism spaces of categories introduced by
Khovanov to categorify the Heisenberg algebra.

Khovanov's categories have been generalized (Rosso—S.). One obtains a
Heisenberg category for every Z-graded Frobenius superalgebra.

In the endomorphism spaces of these more general categories, one finds a
large family of algebras that specialize to many well-studied analogues of
Hn.

Goal

Study the structure and representation theory of this large family of
algebras.

Terminology: In this talk, all algebras and modules are super and Z-graded.
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Frobenius algebras
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Frobenius algebras: Definition

Definition 1 (trace map)

A Frobenius algebra is a f.d. associative algebra F' together with a linear

trace map
tr: FF—k

such that ker tr contains no nonzero left ideals.

Definition 2 (bilinear form)

A Frobenius algebra is a f.d. associative algebra F' together with a
nondegenerate bilinear form satisfying

(fg,h) = (f,gh) forall f,g.h € F.
The connection between the two definitions is given by

(f,9) =tr(fg).

For simplicity, we assume tr is an even map.
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Frobenius algebras: Examples

Example (k)

k is a Frobenius algebra with tr = id.

Example (Clifford algebra)
The Clifford algebra

Cl = K[d/( - 1),

ol
I
\‘l—‘

is a Frobenius algebra with tr(1) =1, tr(c) = 0.

Example (k[z]/(z%))
k[z]/(2*) is a Frobenius algebra with

tr(z%) = dp 1,

We can give it nontrivial Z-grading by setting |z| = 1.

v
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Frobenius algebras: Examples

Example (Matrix algebra)

Any matrix algebra over a field is a Frobenius algebra with the usual trace.

V.

Example (Group algebra)
Suppose G is a finite group and fix h € G.

The group algebra kG is a Frobenius algebra with

tr(g) = dgn, g €G.

Standard choice: h = 1.

Example (Hopf algebras)

Every f.d. Hopf algebra is a Frobenius algebra.

From now on: F'is a Frobenius algebra with trace tr.
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Frobenius algebras: Nakayama automorphism

The Nakayama automorphism is the algebra automorphism ¢: F' — F
defined by

tr(fg) = (=177 tr (99:(f)), f.g€F.
We say F'is symmetric if ¢ = idp.

Examples
tr P
k id id
Cl tr(l1) =1, tr(c) =0 ¢+ —c
k[z]/(z*) tr(z?) = dpp_1 id
matrix algebra tr id
kG tr(g) = 0g,n g h~lgh

Assumption: the characteristic of k does not divide the order of .
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Frobenius algebras: dual bases
Fix a basis B of F. The left dual basis is

BY ={b"|be B}
defined by
tr (bvc) = Op,c; b,c € B.
It is easy to check that
Y bR eFRF
beB

is independent of the basis B.

Let 9 be the top nonzero degree of F. Then
@ tr has degree —9,
® >, cpb®0bY is even of degree 0.
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Affine wreath product algebras J
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Wreath product algebras

The symmetric group S,, acts on F®" by superpermutations:
i (fi®-®fn) = (_1)ﬁfi+1f1®"'®fi71®fi+1®fi®fi+2®'"®fn,
We let "f denote the action of 7 € S,, on f € F®".
Wreath product algebra
The wreath product algebra is
F®" % S, = F®" @ kS,

as k-modules. Multiplication is determined by

(fi@m)(fa @ m) = fi "fh @ myma.
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Wreath product algebras: Examples

Example (£ = k)
k®" % S, 2 kS,

Example (F' = Cl)

C1®"™ % S, is the Sergeev algebra, which plays an important role in the
projective representation theory of the symmetric group.

Example (F =kG, G =7Z/2Z)

When G is a cyclic group of order 2, (kG)®™ x S, is the group algebra of
the hyperoctahedral group, the Weyl group of type B.

Example (F =kG, G =Z/rZ)

When G is a cyclic group of order 7, (kG)®" % S, is the group algebra of
the complex reflection group G(r,1,n).

v
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Affine wreath product algebras: Definition

Fix n € N. For f € F and 1 <1 < n, define
fi — 1®(i71) ® f ® 1®(n7i) e F®n7
P = id®0D @y @ 1d®=D ;. pEn y poen,
We define the affine wreath product algebra A,,(F') to be the Z-graded
superalgebra that is the free product of k-algebras
k[z1,...,2n] x F®" x kS,

modulo the relations

fo; = z(f), 1<i<n, feF®,

5iT; = T;8;, 1<i<n—-1,1<j<n, j#ii+1,

8iTi = Xi415; — Lijit1, 1<i<n—1,

af ="fm, TEeS,, fe Fom
where

ti’j = ZbEB bzb}/ for 1< i,j <mn, Z;ﬁ j
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Affine wreath product algebras: Definition

The degree and parity on A,,(F') are determined by

];1:@-\25, z; =0, 1<1<n,
7| =0, 7=0, T E Sy,

while degree and parity for elements of ™ are as they are in F®™,

Lemma (S. 2017)

Up to isomorphism, A,,(F") depends only on the underlying algebra F', and
not on the trace map tr.

Proof: Uses fact that different trace maps differ by multiplication by an
invertible element of F'.
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Affine wreath product algebras: Examples

Example (F' = k)
A, (k) is the degenerate affine Hecke algebra.

Example (F' = Cl)
A, (Cl) is the affine Sergeev algebra, otherwise known as the degenerate
affine Hecke—Clifford algebra.

This algebra was introduced by Nazarov in his study of the projective
representation theory of the symmetric group.

Example (F' = kG)
A, (kG) is the wreath Hecke algebra studied by Wan and Wang.

Example (Affine zigzag algebras)

When F'is a certain skew-zigzag algebra, A, (F) is related to imaginary
strata for quiver Hecke algebras by work of Kleshchev and Muth.
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Structure theory
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Deformed divided difference operators
Let

P, =Kk[z1,...,x4],
and let

P,(F) =P, ® F®",
where the two factors are subalgebras and

fﬂ?Z:ZEl@DZ(f), 1< <n, f e Fon,
Definition
Define a skew derivation A;: P,(F) — P,(F) inductively, by

Ai(F®n) =0,
Ai(zs) = tiir1, Ai(@it1) = —tiyre, Ai(z;) =0, j#4,i+1,

and

A@-(alaQ) = Ai(al)ag + sialAi(ag), ai,as € Pn(F) |
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Deformed divided difference operators

Lemma (S. 2017)
Foralla€ P,(F)and 1 <i<n-—1,in A,(F) we have

sia = %a s; — Ai(a).

The A; are F-deformations of divided difference operators. In particular, if

is the usual divided difference operator, then

o () =00 () e

beB

l( z+1> szﬂa ( z+1>

beB
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Deformed divided difference operators

The A; have other properties analogous to those of divided difference
operators.

Proposition (S. 2017)

We have
Ai (Sja) :Sin(a)v 1 S’La] <n-— 1a |Z_]| > ]-7 a € Pn(F)7
A; (%a) = —* Ay(a), 1<i<n—1, a€ P(F),
Al’Aj:Ain, 1<, <n—1, |Z'—j|>1,
A? =0, 1<i<n-—1.
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Basis Theorem

Theorem (S. 2017)
The map

k[Il,,JIn]@F@n@kSn_)An(F)?
pRfRm— pfrm,

is an isomorphism of Z X Zs-graded k-modules.

v

For special choices of F', recovers known results, but with a uniform proof.

Corollary
As Z x Zs-graded k-modules, we have

An(F) =Kk[z1,...,2,] @ (F®" x Sy),

and the two factors are subalgebras.

This is the motivation for the name affine wreath product algebra.
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The center

For a = (a1,...,a,) € Z", let
a1 .02 (8% n
2 =a{xy? - apt, ae N,

Fl) — {f € Fo" | gf = (~1)F . uan (g) for all g € FO"},

() ={f e F@ | gy(f) =, 1 <i <n}.

Theorem (S. 2017)

The center of A, (F') consists of those elements of the form
S 2, faeF[Y,
aeN™

such that
f,.o =7f, forallaeN", 75,

v
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The center: Examples

Example (F' = k)
We recover the well-known result that the center of the degenerate affine
Hecke algebra consists of all symmetric polynomials in the z;:

Z(An(k) = K[z, . ..,2z,)5".

Example (F' = kG)
We recover a description of the center of wreath Hecke algebras given by
Wan and Wang.

Example (£ = Cl)
We recover the known result (due to Nazarov) that the center of the affine
Sergeev algebra is

Z(An(C) =k [23,...,22]"" .

v
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The center: Corollary

Corollary

The center contains
] 0]%"
k [1‘1,...,$n:| ,
where 6 is the order of the Nakayama automorphism 1.

In particular, A, (F) is finitely generated as a module over its center.

Corollary

If k is an algebraically closed field, all simple A,,(F')-modules are
finite-dimensional.

Alistair Savage (Ottawa) Affine wreath product algebras September 13, 2017 26 / 42



Jucys—Murphy elements: The classical case (kS),)
In kS, the Jucys—Murphy elements are
Ji=0, Jo=SFl(,k), 2<k<n,
where (i, k) € S, is the transposition of ¢ and k.
Properties
©@ We have a surjective algebra homomorphism

deg. aff. Hecke alg. H, — kS,

that is the identity on kS,, and maps zj to Jj.
@ J, generates the centralizer of kS,,_1 in kS,,.
© The center of kS, consists of symmetric polynomials in the Jj.

@ Irreducible reps of S,, have bases given by standard tableaux of a
given shape. Entries in the tableaux correspond to eigenvalues of the
JM elements.

V.
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Juycs—Murphy elements for A, (F)

Define the Jucys—l\/lurphy elements

J1 =0, J,ﬁzuwk ZbeVzk 2<k<n.

i=1 beB

Proposition (S. 2017)

There is a surjective algebra homomorphism

An(F) = F®" x S,
2= Jp, 1<k<n, ar—a, ac F®"x8S,.

Examples
@ F =k: the J; are the usual JM elements for kS,,.
@ F = Cl: the Ji are the JM elements of the Sergeev algebra.

© F =kG: the Ji are the JM elements def. by Pushkarev and Wang.
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Representation theory
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Some associated algebras

Twisting by the Nakayama automorphism 1) yields a permutation of the
isomorphism classes of irreducible representations of F.

Fix a list
Li,Lo, ..., Ly

of representatives of the orbits of this permutation (up to degree shift).

For1 </< N and n € N, we let

(k[y] x A)®" x S,,.

where the particular case depends on the representation Ly, and A is a
certain f.d. algebra related to L,.

Important: Simple modules of the H’ are classified.
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An equivalence of categories

Let
Ro=ED H, @ @Hy),

m

where the sum is over all compositions of n of length at most V:

p=(u1,.un), Y pi=n.

Theorem (S. 2017)

The category R,,-mod is equivalent to the category of A, (F')-modules
that are semisimple as F®"-modules.

Proposition (S. 2017)

Every simple A,,(F)-module is semisimple as an F®"-module.

v
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Classification of simple A,,(F")-modules

Define the parabolic subalgebra
Au(F) = Ay (F) @ -+ @ Ay (F) © An(F).
Theorem (S. 2017)

Every simple A, (F)-module is isomorphic one of the form
An(F
IndAuEFg (L(w) ®e(y Vi ®---®Viy)), where

@ 1 is a composition of n of length at most IV,
e V; is a simple Hﬁe—module for1 < /<N,

@ @ denotes the simple tensor product of supermodules (simple
summand of the usual tensor product),

@ E(u) is a fixed subalgebra of R,
@ L(u) is a fixed bimodule.
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Cyclotomic quotients
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Cyclotomic quotients: The classical case

Any f.d. representation of the degenerate affine Hecke algebra factors
through a f.d. cyclotomic quotient

Hiy = Ha/ (1)),
where f is a monic polynomial.

Induction /restriction functors on the categories H}-mod, n € N, relate
these categories to the irreducible highest weight representation of an
affine Lie algebra of type A.

The highest weight of the Lie algebra representation is encoded in the
polynomial f.

This gives a powerful technique for studying the representation theory of
‘H,, and its cyclotomic quotients.
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Cyclotomic quotients for A, (F')

Recall that 6 is the order of the Nakayama automorphism ¢ and ¢ is the
top degree of F'.

For 1 <k <0, let F'") C F®" consist of all elements f € F®" such that
o Y;(fy="fforall 1 <i<n,
o gf = fyl(g) for all g € FO™,
o "f =f for all m € S, such that 7(1) = 1.

Intuitively: ng) is the subspace of F'®™ consisting of those elements that
commute with elements of A, (F) such as z¥ does.

For 1 <k <6, choose e, € N and degree k¢ elements

C(kvl) 7C(kvek) c ng)

P

Define
C= (c(l’l), Letben e ,c(9’69)> .
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Cyclotomic quotients for A, (F')

Let Jc be the two-sided ideal in A,,(F') generated by

Xc—HH( U”)

k=1j=1

The cyclotomic wreath product algebra is

A (F) = Au(F)/ Jc.

The level dc of C and AS(F) is the degree of xc as a polynomial in z;.

Note that the AS(F) are finite-dimensional.
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Cyclotomic basis theorem

Theorem (S. 2017)

The canonical images of the elements
b, oq,...,a, <dc, be B®", 1€ 8,

form a basis for AS(F).

Corollaries
@ F =k or F = Cl: Theorem recovers known results.
@ [ =kG: Theorem recovers result of Wan and Wang.

© [ even and symmetric: Theorem proves an open conjecture of
Kleshchev and Muth.

Corollary

Every level one cyclotomic wreath product algebra is isomorphic to the
wreath product algebra F'®™ x S,,.
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Frobenius algebra structure on AS(F)

Define an even linear map trg: AS(F) — k by
trc (z%fm) = da,(d—1,....d-1) tf@”(f)(sw,l,
for f € F" a = (aq,...,a,) €N, ay,..., 0 < dg.

Theorem (S. 2017)

AC(F) is an N-graded Frobenius superalgebra with trace map trc and
Nakayama automorphism given by

®n
Ti — Ts, fw(WC) (f), mw—m, 1<i<n, feF®" neb,.

v

Corollary

F' even and symmetric: Theorem gives a proof of another open conjecture
of Kleshchev and Muth.

v
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Future directions
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Future directions

g-deformations

Many special cases of affine wreath product algebras are degenerations of
q-deformed versions:

Degeneration g-deformation

deg. affine Hecke algebra affine Hecke algebra
affine Sergeev algebra affine Hecke—Clifford algebra
wreath Hecke algebra affine Yokonuma—Hecke algebra

It would be interesting to construct a g-deformation of affine wreath
product algebras.

Double affine versions

Are there natural double affine versions of wreath product algebras
generalizing double affine Hecke algebras (Cherednik algebras) and their
various degenerations? )
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Future directions: Heisenberg categorification

Khovanov conjecturally categorified the Heisenberg algebra via a graphical
category based on the rep theory of kS,,. The degenerate affine Hecke
algebra appears naturally in endomorphism spaces.

This was generalized by replacing kS,, by wreath product algebras
(Rosso-S.). Affine wreath product algebras appear naturally in
endomorphism spaces.

Khovanov's cat. was also generalized to higher level by replacing kS, with
degenerate cyclotomic Hecke algebras (Mackaay-S.).

There should be a graphical category based on A (F)
generalizing/unifying all of the above.

AL (F)

_— ®n
deg. cyc. HA A kS, s F®" xS,
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Future directions

Branching rules

@ Branching rules involve explicit descriptions of restriction/induction
functors acting on irreducible representations.

e For F' =k, Cl, or kGG, branching rules are related to representation
theory of affine Lie algebras.

@ For F' semisimple, previous methods should work.

@ For general F, situation would be more involved.

Other types, formal group laws
@ The A, (F) are, in many ways, type A objects.
@ It would be nice to generalize to other types.

@ One can associate a formal affine Hecke algebra to any formal group
law (Malagén-Lopez—Hoffnung—Zainouilline=S.).

@ Can one define “Frobenius algebra deformations” of formal affine
Hecke algebras?
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