LAURENT SYMMETRIC FUNCTIONS

HUGO FERNANDEZ, ELENA KLEINWORT, TIANZE LI, AND MARIO TORRES DANTA

ABSTRACT. We describe the ring of Laurent symmetric polynomials in terms of generators and
relations, giving an analogue of the Fundamental Theorem of Symmetric Polynomials. We extend
the Hall inner product, and give an algebraic proof that the Laurent Schur polynomials form an
orthonormal basis of this ring. In the case of infinitely many variables, we realize the ring of Laurent
symmetric functions as a direct limit of inverse limits, and relate them to characters of rational and
algebraic representations of general linear groups.
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1. INTRODUCTION

Laurent symmetric functions are generalizations of classical symmetric functions that allow vari-
ables with both positive and negative powers. These functions arise naturally in the representation
theory of general linear groups. In particular, Laurent Schur polynomials are the characters of finite
dimensional irreducible rational representations of GL,,, just as ordinary Schur polynomials are the
characters of irreducible polynomial representations.

Despite their ubiquity, the theory of Laurent symmetric functions remains relatively unexplored.
While Laurent symmetric functions have appeared in the literature as universal rational charac-
ters in infinite-dimensional representation theory [Koi89], the ring itself seems to have received
no systematic treatment comparable to the classical theory of symmetric functions as found, for
example, in [Macl5, Ful97, Lit06]. The aim of this paper is therefore twofold. First, in analogy to
the classical theory, we study the finite variable case of Laurent symmetric polynomials. Second,
we define the ring of Laurent symmetric functions, relating it to [Koi89] and [Ful97].

The organization is as follows. Starting from generalizations of partitions and compositions,
we define the ring of Laurent symmetric polynomials LSym,, in Section 2. In Section 3, we define
the Laurent monomial symmetric polynomials my for signed partitions of an integer k, and show
that these form a Z-basis for the Laurent symmetric polynomials of degree k. We also show
that LSym,, is generated over Z by elementary symmetric polynomials {ej,...,e,,e_,}, where
e_n := (z1---2,)" ! or homogeneous polynomials {hi,...,hn,e_,}, and over Q by power sums

{plv <oy Dn, G,n}.
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In Section 4, we define the Laurent alternating polynomials and Laurent Schur polynomials.
Then, we extend the Hall inner product to the ring of Laurent symmetric polynomials by defining
it to be the constant term of a product (this is the scalar product in [Macl5, Ch. VI §9] for ¢ = ¢),
and giving an algebraic proof that this definition satisfies the properties of an inner product. We
refer to this inner product as the Hall inner product, denoted (-, -),,, because it reduces to the usual
Hall inner product on the ring of symmetric polynomials. We give an algebraic proof for this by
showing that the Laurent Schur polynomials form an orthonormal basis for the ring of Laurent
symmetric polynomials with respect to the Hall inner product.

In Section 5, we turn our attention to the case of infinitely many variables. We define the ring
of Laurent symmetric functions as a tensor product

LSym = A(X) ®z A(Y),

and show that it can be realized as a direct limit of inverse limits. In Section 6, we generalize
the definition of Schur functions to Laurent Schur functions, which we show form a basis for the
Laurent symmetric functions. Thus, we extend the definition of the Hall inner product to the ring
of Laurent symmetric functions by requiring that the Laurent Schur functions are orthonormal with
respect to it. We check that the extended Hall inner product is compatible with the projective map
(for large enough n, where n is the number of variables) of the aforementioned inverse limit.

In Section 7, we discuss an application of Laurent symmetric functions to the representation
theory of the general linear group. We begin with a brief review of representations and characters,
followed by polynomial and rational representations of GL,, and their weight space decompositions.
Following [Ful97], we construct the Schur module S*(V) for a partition A as the image of a Young
symmetrizer yr acting on V®" where r = Y, \;. We show that the assignment

vV — SNV)

is functorial. Hence, each g € GL(V) acts on S*(V) through S*(g), making S*(V)) a polynomial
representation of GL(V)). We then recall equivalent constructions of the Schur module described
in [Ful97], and that the Schur polynomials are the characters of the irreducible polynomial repre-
sentations of GL,, (Theorem 7.24). By tensoring Schur modules with determinant representations,
we extend this result to rational representations: the characters of the irreducible rational repre-
sentations of GL,, are the Laurent Schur polynomials. We conclude this section by describing the
behavior of Schur modules and their characters under taking dual representations.

In Section 8, we turn to the algebraic representation theory of the infinite general linear group
GLy. Letting V = C* denote the natural representation and V4, its restricted dual, we define an
algebraic representation of GL,, to be a subquotient of a finite direct sum of mixed tensor powers

Ve @ VM.

We recall that the irreducible algebraic representations are indexed by signed partitions (A, u) [SS15,
Prop. 3.1.4]. Since these representations are generally infinite dimensional, the usual definitions of
a character in terms of the trace or weight spaces in GL, cannot be used for GL,,. We instead
define characters using the Grothendieck ring R(GL4) and results from [SS19, §3.2] and [Koi89,
§2], which allow us to identify the Laurent Schur functions as the characters of irreducible algebraic
representations of GL, as expected.

2. DEFINITION

Throughout the text, the natural numbers are N = {0,1,2,...}. Welet &,, denote the symmetric
group of degree n, i.e. the group of permutations of the set {1,...,n}. We denote the set of
partitions by Par, and partitions of length at most n by Par,. We let Pol,, = Z[z1,...,z,], and
denote the homogeneous polynomials of degree k by Polfﬁ. For more background, refer to [Macl5,
Ch. 1].
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Definition 2.1. A signed composition (or generalized composition) o of k is a sequence (a;)52,

of integers, all but finitely many terms of which are zero, such that > 72, a; = k. An n-tuple of
integers (aj)?zl is identified with a signed composition by appending an infinite number of zeros.

We define SComp(k) to be the set of signed compositions of k, and SComp = (J;cz SComp(k)
the set of all signed compositions. We define

(2.1) SComp,, (k) = {(a1, a2, ...) € SComp(k) | a; = 0 for all i > n},
and SComp,, = Upez SComp,, (k).

If o, B € SComp,,, we define o + 5 € SComp,, by entry-wise addition.
We now generalize the notion of a partition in [Mac15, Ch. I, §1] to include negative parts.

Definition 2.2. A signed partition (or generalized partition) is an ordered pair

A= (p,v)
where p and v are partitions.

The size of X is defined as |A\| = || —|v|, and the length is £(\) = £(p) +£(v), which is the number
of nonzero entries, where |u| and ¢(u) are, respectively, the size and length of a usual partition, cf.
[Macl5, Ch. I]. We write A -, k to indicate that A is a signed partition of k (that is, |A\| = k) with
(N <n.

We denote the set of all signed partitions by SPar, and the signed partitions of size k € Z by
SPar(k). The set of all signed partitions of length at most n is denoted by SPar,, and SPar, (k)
denotes the signed partitions of SPar,, of size k. Note that

SPar = |_JSPar(k) = | SPar,.
k n
When considering a fixed n, the elements A = (u,v) of SPar, will be written as n-tuples (A;)7_;
of integers consisting of the nonzero entries in p, the negative of the nonzero entries of v and zeros
in such a way that \;y > Ay > --- > A, cf. the example below.

Example 2.3. Consider the signed partition A\ = ((3,1),(4,2,1)). Its length is /(A) = 5 and
[A| = —3. When considered as an element of SPar7 it is written as (3,1,0,0, —1,—2, —4) and when
considered as an element of SParg as (3,1,0,—1, —2, —4).

Remark 2.4. We have SPar, (k) C SComp,,(k) by the identification of A = (u,v) € SPar,, with
the n-tuple (A1,...,\,) and, for every a € SComp,, (k), there is a unique A € SPar, (k) such that A
is a reordering of a. Thus, SPar, (k) can be identified with the quotient of SComp,,(k) under the
action of the symmetric group &,, (where &,, acts by permutation of the entries, see (2.6)).

Recall from the theory of symmetric functions that a partition A may be represented by a Young
diagram, with \; boxes in the first row, Ay boxes in the second row, and so forth. More formally, we
define the Young diagram of A by the subset of Z? formed by all tuples (i, j) such that 1 < j < \;.
We call each such tuple a cell. A Young diagram for a partition A filled with a positive integer in
each cell is said to be a Young tableau (plural tableaux) of shape .

Example 2.5. The Young diagram

(22) [ |

corresponds to the partition (4,2,1) € Pary.

Definition 2.6. For the (i,7)-th (row ¢, column j) cell in a Young diagram for a partition A, the
hook, denoted H)(i,7), is the set of cells (a,b) such that a =i and b > j, or a > i and b = j. The
number of cells in Hy (7, j) is said to be the hook length of the (i, 7)-th cell.
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Example 2.7. The following tableau of shape A = (4,2, 1)

6|4 2|1\
3
1

is obtained from the Young diagram (2.2) by filling each cell with its hook length. In particular,
the (1,2)-th cell has hook length 4 because H,(1,2) is given by the following shaded cells.

If X is a (usual) partition, we denote by X the conjugate of X, which is the partition corresponding
to the conjugate of the Young diagram of A (the Young diagram of A reflected across the main
diagonal).

Definition 2.8. Let A = (u,v) € SPar. We define its conjugate to be (¢/, ') € SPar, where p is
the conjugate of u and v/ is the conjugate of v.

Example 2.9. Consider again the signed partition A = ((3,1), (4,2,1)) from Example 2.3. Then
=W, vV)=(21,1),(3,2,1,1)).

Definition 2.10. We define the ring of Laurent polynomials (with integer coefficients) in n variables
to be

LPol, := Z[zF!, ... ).
For a € SComp,, we let z% := z{'---2%". Note that any Laurent polynomial can be written
uniquely in the form
(2.3) Z car®, Ca €L,

aeSComp,,

with all but finitely many ¢, equal to zero.
We define the subgroup of Laurent polynomials of degree k € Z in n variables to be

LPol® = > car®:cq €Z ¢ C LPoly,
a€SComp,, (k)

where the sum over all & € SComp,,(k) is understood to have only finitely many nonzero terms. In
this way, the ring LPol,, becomes a Z-graded ring

LPol,, = €5 LPol},.
keZ

3)

Example 2.11. For n = 2, we have 210 4 (1=3) — T —1—1‘11‘2_3 € LPols, where x; = xlazg € LPOI%

and 273 = 2125° € LPol,”.

Recall that the ring of symmetric polynomials Sym,, is defined to be the invariant elements of the
polynomial ring under the action of the symmetric group [Macl5, Ch.I, §2]. Then, let &,, denote
the symmetric group of order n!. For f(z1,...,2,) € LPol® and 7 € &, 7 acts on f(z1,...,2,)
via

m(f(x1, 22, ,70)) = f(Tr1), Tr2)s 5 Ta(n))-
This defines a left action of &,, on LPol,, for all n.
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Example 2.12. Consider f(z1,72,73) = 2z373 + 2323 and 7 = (123), 0 = (12), both in cycle
notation. By definition, we have m(f (21,22, 23)) = f(Tr1), Tr2), Tr3)) = f(22, 23, 71), and

o(m(f)) (@1, 22, 23) = o(f(z2, 3, 21)) = 0(22125 + 2527) = 22025 + 2773,

On the other hand, o o m = (12)(123) = (23), so
(2.4) (o om)f(x1, 29, 23) = (23)f = 2x023 + 233,

Definition 2.13. Let LSym? = (LPol®)® = {f € LPolf | nf = fforallm € &,} be the
subgroup of Laurent polynomials invariant under the action of &,,. The ring of Laurent symmetric
polynomials in n variables is

(2.5) LSym,, = (LPol,)®" = @ LSym?.

kEZ
The second equality comes from the fact that the elements of the symmetric group act as graded
ring automorphisms on LPol,,.

Example 2.14. For n = 2, we have x1 + x2 + xlmg?’ + xf3x2 € LSyms,.

We define a right action of &,, on SComp,,. For a = (ay,...,a) € SComp,, and 7 € &,, we
define

(26) a” = (aw(l)a ceey Oéﬂ,(n)).
The orbit of & € SComp,, (k) under the action of &,, is denoted by
(2.7) a6, ={a" | T € S,}.

Definition 2.15. The monomial symmetric polynomials my for A € Par,, are
my = Z %,
aENG,

(for more details, see [Macl5, Ch. I, §2, Eq. (2.1)]).
We extend this definition to signed partitions. The Laurent monomial symmetric polynomials
my) are

(2.8) ma(z1,...,2zy) = Z 27, X e SPar, (k).
BENG,

We also denote my(x1,...,zy,) by mg\”).
Example 2.16. For A\ = (2,0, —1), we have

AG3 ={(2,-1,0),(2,0,-1),(0,2,-1),(0,-1,2),(-1,0,2),(—1,2,0)}

and thus
ma(z1, wg,w3) = Y @t = ixyt 4+ oieyt + ajayt + 2y tad + oy wd + oy el
HENG3
Proposition 2.17. The Laurent monomial symmetric polynomials my(x1, ..., x,) for X € SPar, (k)

form a Z-basis for LSyme.

Proof. We show that {my | A, k} spans LSym®. Let f = 3, coz® € LSym”. Then f is a sum of
monomials of degree k. We proceed by induction on the number ¢ of nonzero ¢,. The case ¢ = 0 is
clear, since it follows that f = 0. Suppose the statement holds for all numbers smaller than ¢ € N.
By definition, wf = f for all 7 € &,,. Suppose c,x® is a non-zero monomial of f. Since nf = f,
every z, where 8 € a&,, must also appear in f with the same coefficient ¢. Thus, if A is the
signed partition obtained from reordering «, then f — c,m) is a Laurent symmetric polynomial
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with fewer non-zero monomials, and so we may apply the induction hypothesis. Thus, f — com) is
in the span of {my | A, k} and so is f.
It remains to show that my, A € SPar, (k) are linearly independent. Suppose
(2.9) /= Z cxmy =0, ¢y € Z for all X\ € SPar,, (k).
AeSPary, (k)

For A\, N € SPar,,(k) such that A # X we have \&,, N1 \'S,, = & as a consequence of Remark 2.4.
Thus, the Laurent polynomials my,my have no monomials in common so the coefficient of the
monomial z* in f is ¢y for all A € SPar, (k) and thus ¢y = 0 for f to be equal to zero. 0

3. THE FUNDAMENTAL THEOREM

In this section, all symmetric polynomials, e.g. my, ey, hy, pr, S), are assumed to be in n variables,
for some natural number n > 1 fixed throughout this section and the next. Later, in Section 5, when

we consider symmetric functions in infinite variables, we will denote the finite variable polynomials
(n) (n)

with a superscript indicating the number of variables, such as e; ", sy, etc.

If R is a ring and S C R a subring, then for ry,...,r, € R, S[r1,...,r,] € R is the smallest
subring of R which contains S and r1,...,7,. In contrast, we will use uppercase letters, e.g.
Ty,T5, ..., to denote by R[T1,T5,...,T,] the polynomial ring in independent variables.

Definition 3.1. The r-th elementary symmetric polynomial in n variables is

er(xy,...,xn) = E Tiy - Ty for r > 0,
1<i1 < <ir<n

eo(x1,...,xn) =1, for r = 0.
Note that for r > n, e, (x1,...,z,) = 0.
Example 3.2. The elementary symmetric polynomials in three variables are
e1(x1,x9,x3) = 21 + T2 + T3,
e2(1, 2, 23) = T172 + Tow3 + 1173,
es(x1,x9,x3) = T1T2T3.
In particular, for all n € N>q,
(3.1) en(T1,. .., Tp) =1 Tp.

For A € Par, let ey = ey, - SVNE where e; are the elementary symmetric polynomials in n
variables.

Proposition 3.3 ([Macl5, Ch. I, §2, Eq. (2.4)]). For n € N>y, it holds that
(a) The elementary symmetric polynomials e1(x1,...,Ty),...,en(x1,...,2,) are algebraically
independent over 7,
(b) The ring of symmetric polynomials in n variables is generated over Z by the elementary
symmetric polynomials,
Sym,, = Zle1(z1, ..., Tn), ..., en(T1,...,2n)].
Thus, the elements ex(x1,...,x,) for X € Par, \y <n form a Z-basis of Sym,,.
Proposition 3.3 is often said to be the fundamental theorem of symmetric polynomials.
Theorem 3.4. (a) The elementary symmetric polynomials e1, ..., ey together with
(3.2) e pi=1/en =7 - x,!

generate LSym,, as a Z-algebra. Equivalently,

LSym, = Zle1, ..., en,e_n].



LAURENT SYMMETRIC FUNCTIONS 7

(b) The map given by
CZ[Ty,. .., T, T
(T Thy1 — 1)

— LSym,,,

T, — e forie{l,...,n},
Tn+1'—>€7n,

is well defined and is an isomorphism.

Proof. For part (a), we need to show that any Laurent symmetric polynomial can be written
as a polynomial in eq,..., e, e_,. Indeed, given any £(z1,...,2,) € LSym,, we know that for
sufficiently large d € N, ef(x1,...,2,) € Sym,,. By Proposition 3.3,
Sym,, = Zley, ..., en),
and hence, there exists a polynomial ¢(T},...,T,) € Z[Ty,...,T,] such that eil(zq,...,z,) =
q(e1,...,en). Therefore, l(x1,...,z,) = e, qler, ..., en).
For part (b), consider the ring morphism

©: Z[Tl, R 7Tn>Tn+1] — LSymn
defined by ¢(T;) = e; for 1 < i < n and p(Th41) = e—_p, so that o(g(T1,...,Th,Tht1)) =

gler,...,en,e_p). From part (a), we know that ¢ is surjective. Since T,,T,,+1 — 1 € ker¢, we
can factor through the quotient:
ZTy, ..., Thy1]
(3.3) J 7
Z[Tl)"'7Tn+1] @
LSym
(TnTn-i-l - 1) Yitin

It remains to show that ¢ is injective, or equivalently, that if ¢(g) = 0 for some g(T1,...,Th+1) €
Z[Th,...,Tht1], then g(T1,...,Th41) =0 (mod T, T 41 —1). Let g(T1, ..., Tht1) € ker p. Without
loss of generality, suppose

g(Tl, e 7Tn+1) = Z Ca,b(Th s JTn_l)TT(;T7l’Z+17

a,beN
where ¢q (11, ..., Th—1) € Z[T1,...,Ty—1]. Since T),Ty,+1 = 1 (mod T3, 75,41 — 1) in the quotient
Z[T1,....Tny1]
(TnTnJrl*l) ’
9T, Tos1) = Y cap(Th, .., T ))TTR
a,beN
= Z Ca,b(Tla s >Tn71)T7?_b + Z Ca,b(Tl) s 7Tn71)T£-T-(11 (HlOd TnTn+1 - 1)
a>b a<b
= g/(Tl, . 7Tn+1)
This last polynomial ¢'(Ty,...,T,+1) can be written as

k
g (T, Tog1) = go(Th, . T) + > g5(Th, - T 1) T 44,
j=1
for some k£ € N and some polynomials
g[’)(Tl, . ,Tn) S Z[T1, e ,Tn]
g;-(Tl, . 7Tn—1) S Z[Tl, c ,Tn_l].
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By assumption, ¢(g) = 0. Since the diagram (3.3) commutes, we have ¢(g') = 0 as well. As
such, we have

0=g'(e1,...,en,e_n) =ghler,...,en) + Zgg(el, cen)el,

Multiplying by e on both sides, we get

k
0=gh(er,... en)er + Zgg(el, o eno1)el

This is a polynomial relation of ej,...,e,. But because eq,...,e, are algebraically independent
over Z (see Proposition 3.3), the polynomial

k
9o(Te, - T)TE+> gi(Th, ..., Tt)T
i=1
must be the 0 polynomial in Z[T7,...,T,]. Then, by comparing the coefficients of the variable T,
we find

gé(Tl, PN ,Tn) = gi(Tl, e ,Tnfl) == g;C(Tl, ce ,Tnfl) =0.
Therefore, ¢'(Ty,...,Thy1) =0 and g(Th,...,Th+1) =0 (mod T, T,4+1 — 1), as desired. 0

Remark 3.5. We have used in the proof of Theorem 3.4 that e_,, defined in (3.2) is the inverse of
en. However, in general, it is not true that

(3.4) eizyt, . ant) = ei(wr, .. n) "t

In fact, (3.4) only holds if i = n.

Corollary 3.6. The set

(3.5) {eft - etm e | (o, vy apot, ) € N1 X 7}
forms a Z-basis of LSym,,.

Proof. 1t follows from Theorem 3.4 that e]” - - en "1'e2n spans LSym,,. It remains to show that the
eft e e are linearly independent. Assume to the contrary that there is a linear relation

(03
(3.6) 0= Z Co€lt e tenn
aeNn—1x7Z

with the ¢, not all zero. As the sum (3.6) is finite, there exists m = min{a,, | ¢co 7# 0}. For this m,
we may multiply both sides of (3.6) by e,,™ to get

(3.7) 0= Cor€)T e el

a’eNn
where now o’ = (az, ..., an_1,a,—m) € N". By Proposition 3.3, e{* - - en" 7" e for (o, ..., (1, ) €
N", are linearly independent, and so 0 = ¢, for every ¢, in (3.6). Thus, the only linear relation for
{ef'--enmited | (ag, ..., an_1,0,) € N1 x Z} is the trivial relation, as desired. 0

Definition 3.7. Let r,n € N. The r-th complete homogeneous polynomial in n variables is
(3.8) he(x1,... ) = Z Tiy T,
1< <+ <ir<n
for r > 0. For r =0,
(3.9) ho = 1.

Note that we allow for repeats in the indices i1,...,%, in the definition of h,, whereas every
monomial in e, is square-free.



LAURENT SYMMETRIC FUNCTIONS 9

Example 3.8. For r,n = 2, we have ho(r1,22) = 23 + 23 + x122.

Lemma 3.9. For all n,r > 1, we have

(3.10)
hy hy -+ h, er ey - e
1 hy - hyy 1 e - e
er(x1,...,xp) =det | . _ . , hp(x1,...,2,) = det .
o --- 1 hi o --- 1 el
Proof. This follows from the Jacobi-Trudi identities [Macl5, Eq. (3.4)—(3.5)] if one sets A = (1")
and A = (1,0,0,...,0), respectively. 0
Corollary 3.10. The ring morphism
(3.11) w: Z[Ty,..., T, — Z[Ty,...,T,],
T 15 T;
1 Ty - T,
(3.12) Ti—det | . | ) R
0 1 T

satisfies w? := wow = Id.
Proof. Consider the ring isomorphisms

v: Z[Ty,...,T,] — Sym,, = Zle1, ..., en],

n — €4,
and
v: ZTh,...,Ty] — Sym,, = Z[h1, ..., hy),
We see that
er ey - € n I, - T
1 e - e 1 Ty - Ty
(¢ o)) =9~ (h) =¢ " |det | .| [ =det|
0 -+ 1 e 0o -~ 1 T
Thus, w = ¢~ ! o). Similarly, one can check that w = 1)~ 0 and therefore w? = (p~t o)) o(yp~1o
) =1d. 0
Proposition 3.11. Let n > 1. Then the Laurent symmetric polynomials h1,..., h,,e_, generate
the ring of Laurent symmetric polynomials in n variables as a Z-algebra. Furthermore, if we let
T T, - T,
1 Ty - Thy
OZ(T17...,Tn+]_) :Tn+l det : . . . —1
0o -.- 1 T

then the morphism x described by:
X Z|Ty, ..., Tht1]
(a(Tla e 7Tn+1))
T, — h; forie{l,...,n},
Tot1 — e—n,

— Z[hi, ..., hn,e_y] = LSym,,,
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is well defined and an isomorphism.

Proof. As in the proof of Theorem 3.4, we can multiply any Laurent symmetric polynomial by a
large enough power of e,, to get a symmetric polynomial. Then, since Sym,, = Z[h1, ..., hy,] we can
deduce that LSym,, = Z[hq, ..., hy, e_p].

For defining the x map, consider the ring morphism

T: Z[Tl,. . 'aTn)Tn-i-l] — Z[Tl,.. .,Tn,Tn_H],

T T, - T,
1 Ty - Ty
T, —det | . ) . , 1<1<n,
0o -~ 1 Ty
Thi1— Ty
Since 7 extends w (as defined in Corollary 3.10) to another variable T, 11 and 7(T,41) = Tht1,
by Corollary 3.10, it is easily checked that 72 = Id, so 7 is an isomorphism. Moreover, since
T(TnThe1 — 1) = a(T1, ..., Tht1), we have the commutative diagram
ZIT, ..., Toy1) ——— Z[Th, ..., Tni1]
Z[T1, ..., Thy1] 7 Z[Ty,. .., Ty
((Th, ..., Tht1)) (TnTht1 — 1)
where 7 is again an isomorphism. Recall the map ¢ from Theorem 3.4. Define x = ¢ o
7 Z[Ty, ..., Ths1)/(a(Th, ..., Thy1)) — LSym,. Then x is an isomorphism (since it is a com-
position of two isomorphisms), given by
€1 €9 €;
1 €1 €1
X(T;) = det . = h;, 1<i<n,
0 1 el
and x(Typ+1) = e—p, as desired. 0

Definition 3.12. Let r,n € N>;. The r-th power sum in n variables is
(3.13) pr(X1,. .o, Tp) :ZJE:

Example 3.13. For n = 2, we have py(z1,22) = o1 + o2, p2(21, 22) = 2% + 3.

Note from the above example that ho(z1,z2) = %pl (w1, 22)% + %pg(ajl, x2). This motivates us to
work over the rational numbers instead of the integers.

Definition 3.14. The ring of Laurent polynomials in n variables with rational coefficients is
LPol, g = Q[zF!, ..., 22! = Q ®z LPol,.

In analogy to Section 2, we define an action of &,, and denote the invariant elements as LSym,, o.
There is a canonical isomorphism, LSym,, o = Q ®z LSym,,.

Our goal is to prove that the pi,...,pn, e, are a set of generators of LSym,, o and find the
relations between them. First, we need some preliminary results.
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Lemma 3.15. For all n,m > 1, we have

pm 1 0 0 ... 0
D2 P1 2 0 ce 0
1 : : .
(3.14) en(x1,...,xm) = — det ,
n! : : . .
: : : " 0
Pn-1 Pn-2 --- --- p1 n—1
Pn Pn-1 --- ... P2 p1
el 1 0 o ... 0
2e0 €1 1 o ... 0
(3.15) Pr(X1, ..., 2m) = det
1 0
€1 1
nen, €p—-1 €p—2 ... ... e
Proof. The identity (3.14) is derived in [Lit06, (6.2; 6), (6.2; 7)] (with S, being p, and a, being e, ).
The case for (3.15) is similar. 0
Proposition 3.16. Let n > 1. Then the Laurent symmetric polynomials p1,...,pn,e—, generate
the ring LSym,, o := (LPol,, )®". Furthermore, if we let
T 1 0 0o ... 0
T T 2 o ... 0
1 : : :
5(T1,...,Tn+1) = f'Tn_H det —1,
n. : : . . 0
Tn—l Tn_g e SN T1 n—1
T, Th-1 ... ... Ty T

then the morphism ¢ described by

Q[Ty,. .., Ty
(B(T1, .-, Tht1))
T, —p; forie{l,...,n},

Tn+1 = €_n,

o

— Q[plv Y 2% €_n] = LSymn,Q7

is well defined and an isomorphism.

Proof. The fact that p1,...,pn, e—n generate LSym,, o follows from Sym,, o = Q[p1,...,pn] as in
the proofs of Theorem 3.4 and Proposition 3.11; we omit the details. For defining ¢, following the
proof strategy of Proposition 3.11, we define a ring homomorphism

(o Q[Tl,...,Tn] HQ[Tla"an]a

T 1 0 0O ... O
21, T 1 0O ... O
E — det )
1 0
: : T 1
i, T, Tie ... ... T
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Consider the isomorphisms

n: Q[T,...,T,] — Sym,, g,
T‘i = Di,

and

w: Q[Tla s 7Tn] - Symn,@7
T, — e;.

1

We see from Lemma 3.15 that 0 = p~'on, and so 0~! = i~ oy, where we use the relation between

e; and pj (j <) (3.14). As such,

0'_1: Q[TlaaTn] —>Q[T1>"'7Tn]a

T 1 0 0o ... 0
T5 T 2 0o ... 0
] . .
Tp—)i—'det
' : X . . 0
Ti1 Ti—g ... ... Ty 1—1
T Ti—1 ... ... Ty T

If we extend it to Q[11,...,Th+1] leaving T, 11 fixed,

o: Q[Tla s 7Tn+1} — Q[Tla s 7Tn+1]7

T 1 0 0O ... 0
2Ty T 1 0O ... 0
T; — det ‘ _' - , 1 <1< n,
. . .. 1 O
: : T 1
i, T, Ti—e ... ... T}

Thi1— Ty,
then the inverse is given by

ot Q[Tl, e ,Tn+1} — Q[Tl, e ,Tn+1],

T 1 0 0 0

T T 2 0 0
T O |

ﬂ'—>*det ) 1§Z§n7

i! : : . .

. . . . 0

Ty Tog ... ... T i-1

T, Ty ... ... T T

Thi1 — Thyt.
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Since o1 (T,, Tpy1 — 1) = B(T1, - .., Tpt1), we have a commutative diagram
Q[Tl, . ,Tn+1] % Q[Tl, e ,Tn+1]
Q[T1, ..., Th+1] 5 Q[T,...,Th+1]
(/3<T1a s 7Tn+1)) (TnTn—H - 1)

where & is again an isomorphism. Let ¢g be the scalar extension of the ring isomorphism ¢ from
Theorem 3.4 (hence g is itself an isomorphism),

Q[T1,...,Th, Thyi1]

: — LSym,, o,
QDQ (TnTnJrl - 1) nQ
T, —e; forie{l,...,n},
Tn+1 — €_n.
Then ¢ = ¢g o ¢ is an isomorphism. 0

4. LAURENT SCHUR POLYNOMIALS

Definition 4.1. We define the Z-module of all Laurent alternating polynomials or Laurent skew-
symmetric polynomials in n variables to be

LAlt, := {f € LPol, | n(f) = sgn(m)f for all 7 € &, },

where sgn(7) = £1 denotes the sign of the permutation 7. Similarly, let Alt,, := {f € Pol,, | 7(f) =
sgn(m) f for all 7 € &,,} in the non-Laurent case.

We construct alternating polynomials by antisymmetrizing monomials. Let o € SComp,, and
recall that % = z{"* - - 2». We define

(4.1) o = aa(T1,...,Tp) = Z sgn(m)az(®),
ﬂ'EGn

where o is defined by (2.6). Then a, is an alternating polynomial.

Remark 4.2. Note that, by construction, if « has two equal entries, then a, = 0. This implies
that there are no repeated terms in the sum (4.1), so for any a € SComp,,, with a, # 0, there
exists a unique m € &,, such that ™ € SPar,,. Then a, = sgn(m)aqs~, which motivates us to restrict
our attention to ay, where \ € SPar,,.

Note that LAlt, is not a subring of LPol,,. However, if f, g € LAlt,,, then
7(fg) = (7(f))(w(g)) = sgn(7) fsgn(w)g = fg for all m € Gy,
and so fg € LSym,,. Moreover, if f € LSym,, and g € LAlt,,, then
m(fg) = n(f)w(g) = fsgn(m)g = sgn(m)fg for all m € Sy,

and so fg € LAlt,. It follows that LAlt, is an LSym,-module, as it is closed under multiplication
by any element of LSym,,.
Let 6" :=(n—1,n—2,...,0) € SPar,.

Lemma 4.3. We have a bijection of sets

¢: SPar,, — {A € SPar,, | Ay > .- > A\, } =1 M.
A—r A 46"
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Proof. We show that the map is well defined, then define an inverse and prove that it maps into
SPar,, proving bijectivity.

For A € SPar, it holds that Ay > ... > A, and thus A\ + 6" € M. For v € M, we define
() = v — 0". This defines a map from M to SPar,, since for v € M, v > ... > =, and thus,
m—mn—=—1)>vm—-(M-2)>...>v-1—12>7,—0,so we have v — ¢" € SPar,,. As ¢ and ¢ are
clearly inverses to each other, bijectivity follows. 0

Lemma 4.4. For o € SComp,,, it holds that

it 2 "
o x5t xg? x§n

(4.2) Ao = det(xl- J)1§i7j§n = det . . .
gl o2 xhn

Proof. By the Leibniz formula, we have
n
o _ a;
det (:1/:z )1§z‘,j§n = ; sgn(o) H ol )

which is the same as a, defined by (4.1). 0
Corollary 4.5. For any « € SPar,, and k € Z we have
(4.3) ao(T1,... 1) = elinaa+(kn)(x1, ceeyTp).

Remark 4.6. Note that, because each A € SPar,, has only finitely many parts unequal to zero,
there is a lower bound on the parts of A. Thus, there exists a k € N such that for all » € N with
r >k, A+ (r"™) € Pary,, and thus axp(rmy € Alty,.

Lemma 4.7. The polynomial

(4.4) agn(x1,...,x,) = det (ac?_j) — Il (@i—a)

divides every element of Alt,,.

Proof. Let f € Alt,, be arbitrary. Since f evaluates to 0 when z; = z;, it is divisible by z; — z;.
Since the x; — x; are pairwise relatively prime and Z[xz1,...,xy] is a unique factorization domain,
their product []y<;c <, (zi — z;) divides f in Z[z1,...,z5]. 0

Proposition 4.8. [Macl5, Ch. I, §3, p. 40] The map Sym,, — Alt,, f +— fasgn(z1,...,2,) is an
isomorphism of Sym,,-modules. Thus, the elements

(4.5) axton(T1, ..., Tpn), \E Pary,

form a Z-basis of Alt,,.

We will now use this to prove the analogous statement for the Laurent alternating polynomials.

Proposition 4.9. The elements

(4.6) axtsn(T1,...,2n), A€ SPary,

form a Z-basis of LAlt,,.

Proof. Let g € LAlt,,. There is some k large enough such that efg € Alt,, (ef is symmetric so efg
is alternating). By Proposition 4.8, there exist ¢) € Z such that eﬁg = > \ePar, CA@A 57 - Then

_ k o B
g==¢€n Z CAAN+6m (43) Z CAAN— (k™) 467 = Z CN AN 4575
AePary, 7 A€Pary, N eSPary,

as desired.
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We have shown that the ay,sn» generate LAIlt,. To see that they are linearly independent,
suppose there exists a finite linear combination equal to zero,

0= Z C)\a)\+5n(x1,...,$n),
AeSPar,

with ¢y € Z. Then there exists a k such that A4 (k™) € Par,, for all A\ with ¢) # 0 (using Remark 4.6
and taking the finite maximum of the k needed for each ¢y # 0). Thus,

0= Z C,\eﬁaA_Hgn (T1,...,2p)
AeSPar,
= D extrigmyon (@1, Tn)
AeSPar,
= Z CH,(kn)a‘uJﬂgn (.1}1, e ,a;n).
uePary,

Thus, we get that all ¢y = 0 because the ayys» for A € Par, are linearly independent by Proposi-
tion 4.8. 0

Remark 4.10. Note that the ring LSym,, is a subring of LPol,, which is a subring of the quotient
field of polynomials in n variables. Thus, LSym,, is an integral domain.

Lemma 4.11. For any t(z1,...,x,) € LAlt,, there exists a unique element ¢(x1,...,x,) € LSym,,
such that

(4.7) t(x1,.. o xn) =021, ..., 2p)asn (T1, ..., Tp).
Proof. By multiplying by a large enough power ef, we have that eft(x1,...,z,) € Alt,. By
Proposition 4.8, there exists a polynomial ¢(z1,...,x,) € Sym,, such that

e t(xy, .. x) = q(x, ... xn)agn (T, ..., T).
Therefore, it suffices to take £(x1,...,z,) = €* q(x1,...,x,), which is symmetric because both
ek (r1,...,7,) and q(z1,...,2,) are symmetric. This £(x1,...,,) is unique because LPol,, is an
integral domain. 0

Definition 4.12. For \ € SPar,(k), the Laurent Schur polynomials in n variables are defined as

Ai+n—j
n det(x;”’ i
(48) S)\(xl’ o ’$n) — a/)\+6 (x17 ,xn> — € (:UZ n_j )IS’LJSTL c Lsymf‘z
agsn (xlv s 7xn) det(a?i )lﬁi,jgn

In particular, if A € Par,, then s) is the usual Schur polynomial.

Remark 4.13. Note that the second equality in Definition 4.12 is given by Lemma 4.4. The fact
that sy(z1,...,%,) is a uniquely determined Laurent symmetric polynomial is due to Lemma 4.11
and LSym,, being an integral domain (Remark 4.10).

Proposition 4.14. For all k € Z, A € SPar,,, we have
(4.9) sx(T1, ..., Tn) :e]ins)\+(kn)(x1,...,xn).
Proof. From Corollary 4.5, we have
arpon(T1,. .., Tpn) = elina)\+(kn)+5n (T1,...,2p).
By Lemma 4.11, we may divide both sides by agn(x1,...,x,), and the claim follows. 0

Theorem 4.15. The Laurent Schur polynomials sy for A € SPar,, form a basis of LSym,, over Z.
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Proof. For each ¢ € LSym,, there exists a k € N such that g = ¢£¢ € Sym,,. As the usual Schur
polynomials form a basis for Sym,, [Macl5, Ch. I, § 3, Eq. (3.2)], we may express g as a linear
combination of Schur polynomials:

g= Z exsa(zi, ..., zp), cy\ € Z.

AePary,
Thus,
(=ek Z exsa(xy, ..., zp)
AePary,

= Z C)\eng)\(Il,...,xn)
AePary,

= Z xS A— (k) (T15 -+, Tn)
AePary,

= Z Crt (k) Sp(T1y -+ o5 Tn),
neSPary,

where we set ¢, = 0 for all ;1 ¢ Par,. We have thus shown that ¢ is in the span of the s\ and thus,
they span LSym,,. To show that they are linearly independent, suppose there exists a finite linear
combination equal to zero:

0= Z exsa(1, ..., Tp), c) EZ.
AeSPar,

Then there exists a k such that A+ (k") € Par,, for all A with ¢y # 0 (using Remark 4.6 and taking
the finite maximum of the k needed for each ¢y # 0). Thus,

0= Z C)\BI:LS)\(xh...,IL‘n)

AeSPary,
= Z exSA+(kn) (T15 -+, Tn)
AeSPary,
= Z Cu—(kmySu(T1, - -+ Tn),
pnePary,
and so we get that all ¢y = 0 because the sy for A € Par,, are linearly independent. 0O

Corollary 4.16. LAlt,, is a free LSym,,-module of rank one.

Proof. We show that LAlt, is isomorphic to LSym
isomorphism:

ns @s an LSym, -module, under the following

¢: LSym,, — LAlt,,

{— agnb.
The map ¢ sends sy to ayysn. Since the former form a Z-basis of LSym,, and the latter form a
Z-basis of LAlt,,, the statement follows. 0
Recall that e_,(z1,...,2,) = e.(x7 ..., 2 "), Likewise, let h_(z1,...,2,) = he(a] ...z h).

Proposition 4.17. Let A € SPar,,, and r,d,m € N such that A+ (d") € Par,, r > ¢(A+ (d")) and
m > L(A+ (d"))"). Then

sy = eZ, det(In((A + (d"))i — i + J)hog(dn))i—itj)1<ij<r and
sx = e, det(In((A + (d")); = i + J)e(at () —its)1<i,j<ms
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where 1y is the indicator function, defined as
1, ifxreN
]lN(.’L') = f
0, ifz¢N.

Remark 4.18. We have used the indicator function Iy to have 0 entries where the subscript
r of e, h, are negative. This is to enforce the non-Laurent condition supposed in the original
Jacobi-Trudi formula, i.e, e, = h, =0 for r < 0 in [Macl5, Ch. I, §3, Eqgs.3.4-3.5].

Proof. We only prove the first equality, as the second one is analogous. Indeed, for any A € SPar,,

Sx(T1,. ..y xn) = e{ns)\ﬂdn)(xl, cey Tp)
= e, det(In((A+ (d"))i — i + 3)(rg(@n))i—its)s

where we have used in the first equality Proposition 4.14, and the second one follows from the
Jacobi-Trudi identities for finite variables (see [Macl5, Ch. I, §3, Eqs.3.4-3.5]). 0

Cauchy’s formula in [Macl5, Ch. I, Eq. (4.3)] can be generalized as follows.
Proposition 4.19. Let k € Z. We have

n

(4.10) ex(@el(y) [T QA —ziy) = D sul@)suly),

,j=1 peSParz”
where SPar=* := {y1 € SPar,, | p, > k}.
Proof. From the proof of [Macl5, Ch. I, §3, Eq. (4.3)] we have
[Ta=ziy)™ = > su@)suly)
i,j=1 pnePary,

= (@)l (1) D s (@)surm (v)

pnePary,

=@y Y sl@)s),

veSParz”
where the second equality is given by Proposition 4.14, and the third equality holds since the map
p: Par, — SParEk,
po—r p+ (K"),

k

is bijective. Then, by multiplying by e (z)e¥ (i) on both sides, the claim follows. 0

Definition 4.20. The Hall inner product of two Laurent symmetric polynomials f, g € LSym,, is

(4.11) <f7 g}n = %CT (f(xl, o ,:(}n)g@:l_l’ ... ,xT;l) H (1 — %)) )

where CT denotes the constant term of the Laurent polynomial.

Evidently, (4.11) is a bilinear map LSym, x LSym, — Q. Later we will see that the pairing
(4.11) is indeed an inner product (i.e., symmetric and positive definite) on LSym,,.

Proposition 4.21. The pairing (4.11) is symmetric.
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Proof. Let f(x) and f(z~') be shorthands for f(z1,...,z,) and f(z7',...,z; ") respectively. For
all h € Z[zE!, ..., ] we have CT(h(x)) = CT(h(z~!)) and thus

1 - ) N
(fighn =5 CT (f(xh--.,:rn)g(wl ol | | (1 _ ;))
. i#j J
1 B - N
:ECT (f(afl1,...,xn1)g(g;1,...,a:n)H( _J:J))
! 11 ;
7]
= <g7 f>n7
since the product [];; (1 - %) is invariant under exchanging ¢ and j. -

Lemma 4.22. Fix \ € SPar,,. Then

n(n—1)

(4.12) ax(zyl, )y = (=) 7 an(x, ..., T0),
where AV := (—=\p,...,—\1) € SPar,,.
Proof. 1t follows from (4.2) that
ax(zyt, ) = det(xi_kj)lgi’jgn.

Since

:cl_)‘l :cl_)‘z ooz TR 331_>‘2 9:1_)‘1

det = (—1)% det ‘ ‘ ' ,

Ty i e e
the result follows. 0
Corollary 4.23. In particular, we have
(4.13) agn (7L, a) = (<1) " e g (s - )
Proof. From Lemma 4.22, we have

agn(art, ) = (1) T agay (@, )
= (-1)" T € A1y (o) (55 ),

where the last equality follows from Corollary 4.5. Since ((n — 1)") + (6")" = 6", the claim
follows. O

Proposition 4.24. Let A\ € SPar,,. Then we have
(4.14) sx(zyh o x ) = sy, .. 2,
where \V is as defined in Lemma 4.22.

Proof. In light of (4.12), we have

sy(z71) = axeon (@) = ax (o) (2) ® NET ) = s\ ()
a(;n(a’,'_l) a/((jn)\/ (37) 671,,_110,571 (1’) 7

where (%) follows from Corollary 4.5. 0
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Proposition 4.25. Let A\, n € SPar,,. Then the Laurent Schur polynomials sy, s, are orthonormal
with respect to the pairing (4.11),
(4.15) (X Spdn = O s
where 0y, is the Kronecker delta, which is equal to 1 if X = p and 0 otherwise.

Proof. Recall the Hall inner product from Definition 4.20. It suffices to prove that

(4.16) CT (sx(a:)su(xl) H(l - xz/xj)) =nldx,
i#£]
The product [[; +;(1 — zi/xz;) can be written as the product of P ;, for all i < j, where

. X; i\ (X5 — X Ti—Tj\ [ Tj — T4 N o -1 -1
Fig = (1‘%) (1‘@-)—( p >< . >—<m><x 2j) = (i) (a7t — a5 ),

This allows us to write

(4.17) H(l—xi/xj): H (x; — xj) H (m[l—le):agn(:vl,...,xn)agn(xfl,...,:13;1),

i#] 1<i<j<n 1<i<j<n

where the second equality follows from Lemma 4.7. Then,

CT (SA(m)su(xl) H(l - :c,/my)) =CT (SA(J,')SM(.TL’*l)a(;n () agn (xil))
i#]
et (CLM—(S" () apysn ($_1)) :

From (4.1), we have

ryon (1) Qppon(z71) = (Z Sgn(o)m(”‘sn)g> (Z Sgn(T)x(“+6n)T)

O'ESn TGSn
= Z sgn(o)sgn(7)zA 07— (Hko™)T,
o, T ESp,

For the constant term of the Laurent polynomial aisn () a,1n(z71), we look at all o, 7 € S,, such
that

(A+6")7 = (n+6")" =0.
Then (A + 6”)"0771 = (u+9"). As A+ 0", u+ d" € SPary,, each with no repeated elements, and
o o7~ ! is a set-wise bijection, A + ™ and j+ 6™ must have the same parts. Since both are ordered,
it follows that A\ 4+ 0™ = p 4 6". Then by Lemma 4.3, A = u, and so o o 7~ must be the identity,
and ¢ = 7. Thus, if X\ # u, we have

CT (s,\(x)sy(x_l) H(l - xl/m])) =0.
i#]
If A = pu, then by the above discussion, ¢ = 7, and so we have

(4.18) CT ( > sgn(a)sgn(y)mu‘wn)a_(“+5n)V) = Y sgn(0)? = [Sa| =nl,

o,VESy €Sy
as desired. 0

As the Laurent Schur polynomials form a basis for LSym,,, the following corollaries hold.

Corollary 4.26. The pairing (4.11) is positive-definite (i.e., (f(x1,...,xpn), f(x1,...,@n))n > 0,
fO?” f(xla s 75L‘n) 7é 0)
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Remark 4.27. Proposition 4.25 also implies the pairing is symmetric, which provides another
proof for the fact that the pairing is symmetric, in addition to Proposition 4.21, where it is shown
directly. Together with Proposition 4.21, we have shown the pairing (4.11) is indeed an inner
product, as promised.

Corollary 4.28. The Hall inner product (4.11) is a map LSym,, x LSym,, — Z.
Corollary 4.29. For all d,r € Z we have

(4.19) (ed ey, = b4
Proof. Since sg = 1 by Proposition 4.14, we have ef = S(kn)- 0

Definition 4.30. Let
(4.20) 9@ = Y Kyumua).
ueSPary,
The K, are called generalized Kostka numbers. This sum is finite, since Laurent monomial sym-
metric polynomials form a basis of LSym,,.
Recall \Y := (=), ..., —A1) from Lemma 4.22. Consider the ring homomorphism

(4.21) LPol,, — LPol,, x; — ;'

Proposition 4.31. Let T' denote the restriction of (4.21) to LSym,,. Then the following hold:

(a) T(sx(z)) = sxv (),
(b) T(ma(x)) = mav(x),
(c) T is an involution,
(d) T is an isometry.

Here, x is a shorthand for x1,..., x,.
Proof. Part (a) is a restatement of Proposition 4.24. For (b), recall by definition,
m(z1,...,Tn) = Z A W= SPar, (k).

BEAS,
Then
L(my(z1,...,2,)) = Z P = Z = Z e
BENG, —BEANG, BEAV G,
(c) is clear. Finally, (d) follows from (a) since it shows that the image of an orthonormal basis is
an orthonormal basis. 0

Corollary 4.32. Under sy = syv and my, — m,v, where AV, Y are as defined in Lemma 4.22,
we have that Ky, = Kyv ,v.

5. LAURENT SYMMETRIC FUNCTIONS

Definition 5.1. For an alphabet X = (X1, Xs,...), A(X) denotes the ring of symmetric functions
in the variables X1, Xo,....

We use the term functions to distinguish this ring from the ring of symmetric polynomials in
finitely many variables.

Definition 5.2. Let X = (X1, X»,...) and Y = (Y7,Y5,...) be two independent alphabets. The
ring of Laurent symmetric functions in infinitely many variables is

(5.1) LSym := A(X) ®z A(Y)
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Remark 5.3. Since the tensor product commutes with direct sums, we have

(5.2) AX) @z AY) = P A*(X) @z AYY).
k,leN

The submodules A*(X) ®7 A*(Y) are of finite rank and yield a N? grading of LSym. We can use
this to construct a Z-grading

AX) 2z AY) =P @ A¥X) @z AY(Y),
r€l k—{=
k,eeN

where the submodules of degree r are @y_s—, A¥(X) @z A*(Y). Note that in this case the graded
k€N
components are abelian groups of infinite rank.

We extend the elementary symmetric functions e,(x1, z2,...) defined in [Macl5, Ch. I, §2, p. 19]
to Laurent symmetric functions as follows.

Definition 5.4. For r € Z we define the Laurent elementary symmetric functions in infinite
variables as follows.

er = er(X), r >0,
er =e_,(Y), r <0,
e =1,

where e,.(X), e, (Y) for r > 0 denote the elementary symmetric function in the variables X1, Xo, ...,
Yi,Ys, ...

By the fundamental theorem of symmetric functions [Macl5, Ch. I, §2], we have A(X) =
Zle1(X),ea(X),...], where e1(X),e2(X),... are algebraically independent. It follows that

Proposition 5.5. We have
LSym = Z[e1(X), e2(X), ..., e1(Y),e2(Y),...],

where the elements e1(X), ea(X),...,e1(Y),ea(Y),... are algebraically independent. With the no-
tation of Definition 5.4 we have

(5.3) LSym = Z[et1,e49,...]

Similarly, we extend the definitions of the complete homogeneous symmetric functions h, and
the power sums p, in [Macl5, Ch. I, §2 pp.21-23] to the Laurent symmetric functions.

Definition 5.6. For r € Z, we define

he(X), r>0,
(5.4) hy =< h_(Y), r<0,
1, r=20,
and
(X)), 0,
(5.5) p = {Pr&) >
p—(Y), r<0

Note we do not define py.
Definition 5.7. For n > 1, we define a ring homomorphism

prn: LSym — LSym,,
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on the generators e, by

(5.6) pn(er(X)) = er(z1,...,20),
and

- “1Lo<r<n
5.7 ler(Y) = ep(art,. ! @ Jen—r(z1,... 2n)en(@1, ... 20) 7, 0<7 <m,
7 puler(Y)) = erlay o) 0. r>n

Since e, (X),e,(Y) freely generate LSym as a Z-algebra, (5.6) and (5.7) together define a unique
ring homomorphism.

Remark 5.8. The equality (x) follows from the definition that
en—r(T1,...,Tn) = Z iy Ty s
1<i1 <+ <ip—p<n

and e, (x1,...,Tn) = 21 -+ Ty, SO we have

enr(T1, .. xp)en(T,. . xn) L = Z zi g, | (2 xp) Tt
1<i1 < <ip—p<n
~1 —1
= > Liy =T,
1< << <n
_ —1 -1
=er(z7,...,2, ).

rr'n

The alphabets X and Y are independent in the ring of Laurent symmetric functions. Under the
specialization to the finite variable case, however, they get mapped to x; and x; ! respectively and
thus become inverses to each other.

Since we are working with symmetric functions alongside symmetric polynomials, hereafter, we

will denote elementary symmetric polynomials e,(z1,...,z,) by e&n), to distinguish them from
elementary symmetric functions, which we will denote by e,..

Definition 5.9. For r such that 0 < r < n, let
(5.8) e = el™(z7h).

T

It is desirable to have a description of LSym as an inverse limit relating it to the finite variable
case.

Definition 5.10. For d > 1, set
Ag=Ze1(X),...,eq(X),e1(Y),...,eq(Y)] € LSym.
Proposition 5.11. Ford>1 and n > 2d + 1,
pnla,: Ag — LSym,,
18 injective.
Proof. Since e1(X),...,eq(X),e1(Y),...,eq(Y) are algebraically independent in LSym, to show
pnla, is injective, it suffices to check that, if n > 2d + 1, the set

{on(er(X)), - pulea(X)), puler(Y)), - pulea( )} = {ef”, el el fel, el el
is algebraically independent in LSym,,.
Let (T4, ...,Thq) € Z|T1,. .., Tog] be such that f(e{™, ... e el™ /el . el™ /elM) = 0. If
we express f(T1,...,Thq) as a finite sum

f(T, Do) = Y eIt Topd,  co € Z,

aeN2d
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we have that

o ORI OB
- S @)@ (%) ()

aeN2d en 67(_:1
= aez:NZd Ca (@g”))al e (e((j"))o‘d (67(;1)1)%“ . (e;n_)d) a2q (enn))*(awrﬁ---azd) '

Because n — d > d + 1, the set
9 L) o (o) ()" o ()™ () o, ) 0

is a subset of the basis (3.5) in Corollary 3.6. Thus, the set (5.9) is linearly independent. As a
consequence, ¢, = 0 for all o € N?¢, We conclude that the polynomial f(T1,...,Thy) is the zero
polynomial. 0

Corollary 5.12. For n,d € N>1, we denote by Ag,, the image of pp|a, in LSym,,. Then, Ag, =
Z[einl), ce eiﬁ] C LSym,, and
pnlay: Aq — Adn

s an isomorphism for n > 2d + 1.

This motivates the following definition.
Definition 5.13. For m > n > 2d + 1, define
(5.10) 7D Agm — Agn, 7D (om(F)) = pa(F), F € Aq.
That is, we define

(5.11) 777(7(57)7—; = pn|Ad o (pm’Ad)_l'
From (5.11), we see that wﬁf}n is a ring isomorphism for all m > n > 2d + 1. By definition,
rDo(e™) =V, —d<i<d.

In particular, wl(cfl) = m(ﬁl,)n o Wl(fil for | > m > n > 2d + 1, and therefore the {m(ﬁf?n: Agm — Adn}

(d)

form an inverse system of rings. Because all 7,/ and pp|4, are isomorphisms and they commute,

i.e.
Aq
3
Pm
Wgr?n
Ad,m — Adm,v
we get that
(5.12) Ay = @ Agn-

n>2d+1
Additionally, the Ay form a system of subrings of LSym which exhaust the ring, that is,
(5.13) U Agq = LSym.
d>1
This implies that LSym = hg 1 Ag. Thus, we have proven the following theorem.

Theorem 5.14. With the notation above, we have Ag = 1&n Ay, and hence

n>2d+1
(5.14) LSym = thd = hg I&Il Ad,nv
d d n>2d+1

where the inverse limit is with respect to the maps Trg,)n defined in (5.11).
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We extend the generating functions for the elementary symmetric functions and the homogeneous
symmetric functions from [Macl5, Ch. I, §2 Egs. 2.2, 2.5, 2.10] to Laurent symmetric functions.
Define

(5.15) ET({t) =) e(X)t',  E(t):=> e(Y),
r>0 r>0

and

(5.16) H(t) =Y h(X)t",  H (t):=> h(Y)t".
r>0 r>0

Proposition 5.15. We have
(5.17) ET#)HT(—t) =1, E-(t)H (—t)=1.
Proof. Both identities follow from [Macl5, Ch. I, §2, Eq. (2.6)]. 0
As for the non-Laurent case, we define the Laurent symmetric functions over Q by
(5.18) LSymg := Q ®z LSym.
Proposition 5.16. There is an isomorphism
LSymg = Ag(X) ®g Ag(Y)

Proof. Using the integral isomorphism LSym = A(X) ®z A(Y) together with the canonical base
change isomorphism R' @p (M @r N) = (R’ ®r M) ®r (R’ ®@g N) for extension of scalars from Z
to Q, we obtain:

LSymgp = Q ®z LSym
= Q®z (AX) @z A(Y))
= (Qez A(X)) @ (Qez A(Y))
= Ag(X) ®q Ag(Y).

Recall the definition of p, for » € Z \ {0} in Definition 5.6.
Corollary 5.17. Over Q, we have that

LSme = Q[p:tlap:l:27 cee ]7
where p41, p+o, ... are algebraically independent.

Proof. Indeed, we know that Ag(X) = Q[p1,p2,...] (see [Macl5, Ch. I §2]). Therefore, we have
LSme = Q[pl(X)7p2(X)7 e ] ®Q Q[pl(y)apQ(Y)’ e ] = Q[pl(X)vp2(X)a s 7p1(Y)7p2(Y)’ e ]

O

Proposition 5.18. For p,, with n,r > 1, we have
n
pn(pr) = Zl‘:a pn(p—r) = Zx;T
i=1 ‘

Proof. For r > 1, it suffices to show that the diagram
AX) —— AX) @z A(Y)

| I

Sym, «— LSym,,,
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commutes, where pX denotes the restriction to finitely many variables in the non-Laurent symmetric
polynomials as given in [Mac15, Ch. I, §2, pp.18-19]. It suffices to show p.X (e,) = pn(e;) (since the
e,’s are generators and p,, is a ring homomorphism). This follows immediately from the definition
of pn, since we have

P (er) = e = puey).
We also note that the diagram
AX)AY) 2= AX) @ A®Y)
(5.19) pni Jpn
LSym,, — LSym,,

commutes, where o is defined by o(X) = Y and o(Y) = X and I' is defined in (4.21), giving

symmetry in X and Y. The commutativity of the diagram can also be checked by considering the

images of the generators e, for r € Z. Then, using (5.19) and knowing that p,(p,) = pﬁn) for r > 0,

we can deduce that images of p, for » < 0 under the p, map are the ones stated. 0

6. LAURENT SCHUR FUNCTIONS

In the following we denote a signed partition by a pair of partitions A, u € Par. Recall that for
any n > ¢(\) + £(p) the signed partition can be expressed as an n-tuple

()\17"'7)\7”707'"5057111’87""7:“1)?
where 7 = £(\) and s = ¢(u). Accordingly, for n > r + s, let

s = s (z Tn)
)\,},L T ()‘17""AT70»"'7077'U'S7"'77/141) Ly--ndm)s

where the right hand side is a Laurent Schur polynomial in n variables as defined in Definition 4.12.
The number of zeros added in the middle of the partition is n — £(\) — £(u).
For A, u € Par, let sy, denote the skew Schur function by

(6.1) Sx/p = Z (Sxs SuSu)Su,

vEPar
which lies in the ring of symmetric functions (see [Macl5, Ch. I, §5, Eq. (5.3)]). Here, (-,-) is the
Hall inner product for usual symmetric functions (i.e. defined such that the Schur functions are
orthonormal). Likewise, let O be the relation given by
(6.2) ADu < N\ >y for all i.

Equivalently, A O u if and only if the Young diagram of p embeds in that of A\. For example,
A=(4,3,2,1) and p = (3,2,1) are embedded as follows.

Thus, we may associate a skew Young diagram with \/u, as the following example shows.

|
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Definition 6.1. For A, € Par we define the Laurent Schur function s, by
(6.3) EDWIRES Z (_1)‘V|5)\/V(X) S,u/u’(Y)'
vEPar
The sum is finite as there are only finitely many v with v C X and v/ C u [Macl5, Ch. I, §5,
Eq. (5.7)].
Proposition 6.2 ([Koi89, Prop. 2.2, Thm. 2.3]). The Laurent Schur functions are well-behaved
with respect to the restriction to finitely many variables. That is, for n > ¢(\) + €(u), we have

(6.4) pu(snu) = 55

Proposition 6.3 ([Koi89, Cor. 2.3.2]). The Laurent Schur functions sy ,, A, u € Par, form a basis
of LSym.

These two propositions motivate the following definition of the Hall inner product in the ring of
Laurent symmetric functions.

Definition 6.4. We define the Hall inner product on LSym such that
(6.5) (x5 8a,8) = Orabpup-

As the Laurent Schur functions form a basis of LSym, the pairing (6.5) uniquely defines an inner
product.

Proposition 6.5. Let

(66) F= Za(A7M)SA:H7 G= Z’}/(ﬁm)slgm € LSym.

Then, for all n > max({(\) +£(n), 4(B) +£(n)) where the mazimum is taken over all pairs A, u and
B,n for which oy ) # 0 and g,y # 0, we have

(6.7) (F,G) = (pn(F), pn(G))n-

Proof. Let n be as stated above. We compute

<F7 G> = < Z a()‘7/1/)8)‘7u7 Z 7(5777)86777>

A,p€Par B,nePar

= Z Z A Y(B.) (A S8,m)

A u€Par B,nePar
)
= D owTow-
A, u€Par
On the other hand, by Definition 5.7, p,, is linear, so we have

pn(F)an( > Oé(A,M)SA,u) = > aprn(sau);

A pnePar A,p€Par
similarly

pn(G) = Z’Y(ﬁ,n)s(ﬂ-

Hence, exploiting the orthogonality of the Schur polynomials in n variables with respect to (-, -},
the right hand side of (6.7) becomes

(Pn(F), pn(G))n = <pn ( > a(A,u)SA,u) , Pn ( > 7(/3,n)85,n>>

A,p€Par B,nePar

= > D> apwEmea(sa pa(ssn))n

A,pu€Par B,nePar
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) (n) (n)
= Z Z ) V(B (Sx g Sam)m
A\ p€Par g, nePar

= 2 anmlom
A, pn€Par
where we invoke in (%) Proposition 6.2 and (4.15). 0

7. REPRESENTATIONS OF THE GENERAL LINEAR GROUP

Throughout this section all vector spaces will be over C. Also we write GL,, = GL(n,C).

Definition 7.1. A representation (over C) of a group G is a pair (p, V'), where V is a vector space
and p is a group homomorphism

(7.1) p: G— GL(V), g+ p(g).
When p and V' are understood, we denote p(g)-v by g-v, and refer to p (or V') as the representation.

Note that if V' is finite dimensional, then by choosing a basis of V', (7.1) is the same as a group
homomorphism p: G — GL,,, where m = dim V.

Remark 7.2. The category of representations of a group GG can be identified with the category of
G-modules. This identification can be used to define subrepresentations, quotients, tensor products
and sums. However, we will give the definitions explicitly here, for greater clarity and note that
they behave well with respect to this identification.

Example 7.3.

1) For any G and V, the homomorphism p : g — Id for all ¢ € G, where 1Id is the identity
linear transformation V' — V', is the trivial representation.

2) Let V.=C" and p = Id: GL,, — GL,,. The pair (C",1d) is said to be a standard represen-
tation of GL,,.

Definition 7.4. If W C V is a vector subspace of V invariant under py (g) := p(g)fW forall g € G,
then (pw, W) is a subrepresentation of (p, V). A representation V is said to be irreducible if it has
no nontrivial subrepresentations.

Definition 7.5. If W is a subrepresentation of V', then p induces an action on the quotient space
V/W given by

(7.2) p(g)(v+ W) = p(g)v + W.

The quotient space V/W together with g is said to be the quotient representation V/W.

Definition 7.6. Two representations (p, V) and (o, W) of G are said to be isomorphic if there
exists a linear isomorphism f: V' — W such that f o p(g) =o(g) o f for all g € G.

Definition 7.7. If H C G is a subgroup of G, and p : G — GL(V) is a representation of G, then
p restricts to a representation of H as

(7.3) pla : H — GL(V), h p(h),
which is said to be the restriction representation, denoted Resgp =plu.

Definition 7.8. In finite dimensions, a representation p: GL, — GL(V) of GL, is said to be
polynomial (resp. rational) if, given a basis of V' with m elements, the entries of the matrix of p(g)
are polynomial (resp. rational) in the matrix entries g; ; for all g € GL,,. That is, for 1 <i,j < m,
we have

(7.4) p(9)i; = f(911, 9125 - -+ Gnn)

for some f € C[X11,...,Xun) (resp. C[X;j, det(X)!]). Note that we use C[X;;, det(X)™!] instead
of C(Xq1, ..., Xun) because a rational representation must have matrix coefficients that are regular.
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Remark 7.9. Definition 7.8 is well defined and independent of the choice of basis since changing the
basis yields a matrix whose coefficients are linear combinations of the coefficients of the matrix in
the previous basis, and linear combinations of polynomial (resp. rational) functions are polynomial
(resp. rational) functions.

Definition 7.10. Given a representation p: GL, — GL(V), with V' a finite-dimensional vector
space, we define its character x, by

Xo(9) = Tr(p(9)),

where Tr denotes the trace of the matrix p(g). In the following, given z1,...,z, € C* then
Xp(x1,...,2,) will be a shorthand for x,(diag(z1,...,z,)), where diag(x1,...,x,) is the diagonal
matrix with entries z1,...,z,.

Remark 7.11. The character is well defined because it is independent of the choice of the basis
of V. If Cp(g)C~" is the matrix representation of p(g) in another basis,
Tr(Cp(9)C™") = Te(C™'Cplg)) = Tr(p(g))
by the cyclic property of the trace.
Definition 7.12. Let H C GL,, be the subgroup of diagonal matrices, and p: GL,, = GL(V) be a
representation of GL,. Let t = diag(t,...,t,) € H. For any tuple o € Z", we define an a-induced
function
a: H—C,
t— aft) = 191 ton,
We say v € V,v # 0 is a weight vector with weight o if
(7.5) t-v=at)v=1t"---tyrvforall t € H.

Let Vo, :i={v eV |t-v = a(t), forallt € H}. If V,, # {0}, we say V,, is the weight space of
weight a.

Let B be the subgroup of all upper triangular matrices in GL,,, called the Borel subgroup. A
weight vector v in a representation V is called a highest weight vector if

Bv C C*v.

Remark 7.13. Every finite dimensional rational representation V' of GL,, can be described as a
direct sum of its weight spaces,

(7.6) V=@ Va,

e
(see [Ful97, §8.2, p. 116]). Using (7.6), the character xy (z) on H may be expressed as
(7.7) xv(z) = Z dim(Vy)z§t -+ 2o,z € H.

aeln

For a proof, see, for example, [Ful97, §8.2, p.120]. Thus, we can regard the characters as Laurent
polynomials.

Proposition 7.14 ([Ful97, §8.2, Th. 2]). The rational irreducible representations of GL,, are in-
dexed by their highest weights « = (a1 > -+ - > ), where o; € Z.

Example 7.15. Consider GLy(C), and Cl[z, y|,, the vector space of homogeneous polynomials of
degree m, which is generated by {z™, 2™ 1y, ... 2y™"! y™}. The elements of the vector space are
given by

m
p(z,y) = Z a;x'y™ " with a; € C.
i=0
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By definition, elements of GLqo are of the form
a b .
g= (c d)’ with ad — be # 0.

We can define an action of GLy on Clz, y],, by

(7.8) <Z Z) - f(z,y) = flax + cy, bx + dy).

a 0
0 d
yields x + ax,y + dy. Thus, for every i € {0,...,m}, the elements kz'y™ " (k € C*) are weight
vectors of weight (i, m — ).

Indeed, these are the only weight vectors for T'. If a general polynomial p(z,y) = 377" cjxly
is a weight vector for T, there must exist a character A\: T'— C* such that g - p(z,y) = A\(g)p(zx,y)
for all g € T'. This requires

Let T' C GL2(C) be the torus of diagonal matrices (b,c¢ = 0). For any g = ( > € T, the action

m—j

m m
Z cjal d™ I ply™ I = Z ciMg)x'y™ I Va,d € C*,
5=0 5=0

which implies cjaj dmJ = cjA(g) for all j. Therefore, all non-zero terms in p(z,y) must correspond
to the exact same weight character a/d™ 7 for every a,d € C*. This holds simultaneously for all
elements of 7" if and only if ¢; = 0 for all but a single index 7. Thus, non-zero monomials k xiym=i
are the only weight vectors of T'.

Note that in particular, elements of the form kz™ are highest weight vectors, since a # 0 for all
g € B. We claim there is no other highest weight vector, for suppose k 2'y™ ¢ is a weight vector of

highest weight, then for all
a b
9= <0 d) B,
we have

(7.9) N kaly™ =g ka'y™ ' = ka'z'(be +dy)"", N\, € C*.
If i < m, (bx +dy)™ " expands into >, (bz)? (dy)™ "9, but Ag k 2'y™~" is a monomial. Since a,b,d

are arbitrary, the first equality in (7.9) does not hold unless i = m.

In Example 7.15, the representation with the map in (7.8) and the vector space C[z, y|,, is what
we will later call S(™C2,
For X\ € Pary,, let [\] denote the set of boxes in the Young diagram of . For a vector space V,

define
vA= [ Vv
be(A]
We refer to elements of V** as fillings of the Young diagram of A by vectors of V, i.e. an assignment
of a vector v, € V to each box b € [A]. Choose a numbering T" of the boxes of the Young diagram
of A by the numbers 1,...,7, where r = |\|. Then from a filling (vy,...,v,), where v;, 1 < i <ris
the vector in the box labeled by i € {1,...,7}, we have a map

(7.10) VA VO (0, 0) — 0L @ - @

Definition 7.16. Fix a numbering of the r boxes of T" by the set {1,...,r}. For each row R of
T, let Ir C {1,...,r} denote the set of labels of the boxes in R, and for each column C of T, let
Ic C{1,...,r} denote the set of labels of the boxes in C. Define Ry and Cr to be the subgroups
of &, preserving the rows and columns of T' setwise, respectively. That is,

(7.11a) Ry ={0 €6, :0(Ir) = IR for every row R of T'},
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(7.11Db) Cr={o€6,:0(lc) = Ic for every column C of T}.

Let the symmetric group &, act on V®" by permuting tensor factors. Define endomorphisms of
ver

(7.12) ar = Z o, br = Z sgn(o)o.

o€RT oeCr

Thus ar symmetrizes tensor factors lying in the same row of T', while by antisymmetrizes tensor
factors lying in the same column of T
For each pair ar, by, the corresponding Young symmetrizer is

(7.13) yr = brar € C6,.

Note that some authors, such as Weyman in [Wey03], define the Young symmetrizer as

yr = arbr € CG,,

which gives a Schur module isomorphic to ours.
Definition 7.17. We define the Schur module to be
(7.14) SMV = im (yp: V& — VET).

Later we will define a GL(V)-representation on the vector space S*(V'), hence the term Schur
module.

Remark 7.18. Since im(yr) is naturally isomorphic to V& /ker(yr), (7.14) realizes S*V as a
subquotient of V&,

Proposition 7.19 ([FH91, §4.1, Eq. (4.12), §4.2, Lem. 4.26]). The element yr is a nonzero scalar
multiple of an idempotent,

(7.15) y7 = hayr,
where hy is the product of the hook lengths (see Definition 2.6) of the boxes of A.

It follows that one may equivalently use the idempotent

1
7.16 S
( ) er By yr,
to get
(7.17) SMV = ep (VET).
Proposition 7.20. Given a linear map ¢: V — W, define
(7.18) PEVET — WEL 01 @ @up > p(v1) @+ ® P(vy),
and extend linearly. Let
(7.19) SMg): S} (V) — SA W), SM@) = 6% |sr v

The map (7.19) is well defined and the assignments V > SNV, ¢+ SN(¢) define a functor.
Proof. Let ¢ € SN(V). We want to show that (7.19) is well defined. That is,
(6%) (€) € SNW) = yrw (W™).

Since & € yry (V®"), there exists some ¢ € V" such that £ = yp v (C). If ¢%" oyry = yrw 0 ¢®",
then

(6%7) (&) = (6% o yrv) (C)
= (yr,w 2 ¢%") (¢)
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=yrw (8%7(¢)) € SNW),

where we have used that ¢®"(¢) € W®". It remains to show ¢®" oypy = yrw o ®". Indeed, since
the Young symmetrizers are linear combinations of o € &, we only need to show ¢®" commutes
with 0. As both ¢®" and o are linear, it suffices to show that the commutation holds on an arbitrary
pure tensor v; ® - @ v, € VO, But because ¢®" acts by applying ¢ to each factor v;,1 < i < r
in the tensor power v; @ --- ® v,, clearly ¢®" commutes with permutation of the indices. Thus
%" oyrv = yrw o ¢®", as desired.

Finally, it is easily checked that S*(Idy) = Idgry and S* (@ 0 9) = S* () o S* () for any linear

maps ¢: V — W and ¢: W — U between vector spaces V, W, and U. 0
Definition 7.21. For a representation (p, V'), a representation on the Schur module S*(V) is given
by

(7.20) S*(p): GL, — GL(S*V), S*p)(9) := SMp(y)),

where the right hand side is defined by (7.19).

Remark 7.22. There are, in fact, many other equivalent ways to define the Schur module (see, for
example, [Ful97, §8]). It is shown (up to the Young symmetrizer convention) in [Wey03, Lem. 2.2.13]
that Definition 7.16 is equivalent to the one given in [Ful97, §8|.

Proposition 7.23. The GL,,-module (7.17) is independent of the choice of T up to isomorphism.

Proof. This follows from the fact that (7.17) is the unique (up to isomorphism) irreducible polyno-
mial GL,-module of highest weight A, provided ¢(\) < n [Ful97, §8.2 Thm. 2]|. If £(\) > n, then
SV =0. O

Theorem 7.24 ([Ful97, §8.3 (14)]). Let A € Par,,. Then for all x1,...,z, € C* we have

(7.21) Xsiy, (diag(z1, ..., 2,)) = sa(z1,...,27)

Definition 7.25. For k € Z, the determinant representations over C, denoted by det”, are given
by

(7.22) g-v = det(g)*v, for all v € C.

Note that for £ € N, this is a polynomial representation, and for k € Z.qg it is a rational
representation, as in Definition 7.8.

Definition 7.26. Let V}, V5 be two vector spaces equipped with representations p; : GL,, — GL(V7)
and pa: GL, — GL(V3). The tensor product of these representations is the representation
p: GL, — GL(V; ® V) given by

(7.23) p(g)(v1 @ v2) = p1(g)(v1) ® pa(g)(v2).
Proposition 7.27. Let A\, \ € Par, and k,k € Z such that A + (k") = X + (k"). Then
(7.24) SV, @ dett = S'V,, © det”.

Proof. This is an immediate consequence of [Ful97, §8.2, Th. 2] (note that Fulton denotes S*V,, by
EX and det” by D®F). O

Definition 7.28. For A € SPar, we define the irreducible rational representation R} of highest
weight A\ as

A_Qh y
(7.25) R} = SMV, ® det
where A € Par,, and k € Z are such that A = X + (k").
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Note that k € Z can be negative, so A = X+ (k™) can indeed be every signed partition in SPar,,.
Moreover, R* is well defined up to isomorphism by Proposition 7.27.

Proposition 7.29 ([Ful97, §8.2]). For every A € SPar,, the representation R\ of GL,, is irre-
ducible. Furthermore, every irreducible rational representation of GL, is isomorphic to one of the

R).

Thus, the irreducible rational representations of GL,, are indexed by signed partitions of length
at most n.

Proposition 7.30. For every A € SPar, and xz1,...,x, € C* the character of the irreducible
rational representation R* is given by

(7.26) Xy = 5
as Laurent polynomials in x1,...,Ty.
Proof. Recall R* = SXVn®detk. For any representations py : GL,, — GL(V), pw: GL,, — GL(W)

we have X,uon = Xov * Xpw» Where pygw denotes the tensor representation of py and py . For
x = diag(z1,...,zn),

(7.25)
XRA (J“) = XS/)\\((Cn)(x)Xdetk (CC)

7.21

21 sy (@1, mn) (@1 )"
= efLsX(xl, ceeyTy)

(4.9)
= S/):Jr(kn)(xb ERE xn)
= sx(1,...,Tp).

O

Definition 7.31. Let V¥V = Hom(V,C). For a representation (p,V) of a group G, the dual
representation is the pair (p¥, V"), where

(7.27) (0" (9)f)(v) = f(plg™")v)
forallge G, feVV, andv e V.

If V' is finite dimensional, then (7.27) implies
(7.28) p'(9)=p'(g7"),
where p'(g~!) denotes the transpose of p(g~1!).

Proposition 7.32 ([ABWS82, Th. I1.4.1]). Let V,, be the standard representation. For a partition
A with £(X\) < n, we have

(7.29) SMVY) =2 (SMV)Y.

Remark 7.33. In [ABW82], the authors distinguish between Schur and Weyl functors. However,
since we are working over a field of characteristic zero, these two functors are isomorphic.

Recall from Theorem 7.24 that xgxy, (%1,...,2n) = sx(T1,...,7p).

Proposition 7.34. Let A € Par,, and x be a shorthand for the variables x1,...,x,. Then, we
have

(7.30) X v () = sx(@zih, .2t = Tixew, (2),
where I' is the map defined in Proposition 4.31.



LAURENT SYMMETRIC FUNCTIONS 33
Proof. Let W = S*V,, and let diag(z) = diag(z1,...,x,). By Definition 7.31,
o (diag(z)) = pw (diag(z) 1)

Therefore,
xwv (diag(z)) = Tr(pw (diag(x)~h)")
= Tr(pw (diag(x) ™))
— o (diag(@) ™)
=sa(zyt . anh).
The last equality follows from Theorem 7.24, and the equality with I'(xw (z)) follows from Propo-
sition 4.31. 0
Recall from Proposition 4.24 that for A € SPar,, we have sy(z7',..., 2, 1) = syv(z1,..., %),
where \Y = (=, ..., —A1) € SPar,,. For this reason, A" is called the dual partition of X\. Note that

this definition is independent of n since if we write A = (u, ) it is easily checked that \Y = (v, p).

8. THE INFINITE DIMENSIONAL GENERAL LINEAR GROUP

In this section, we restrict our attention to algebraic representations of GL,,. Note that the
standard (natural) representation V' and its restricted dual V5, are infinite-dimensional. While the
trivial representation (and its finite direct sums) are finite-dimensional, every non-trivial simple
algebraic representation of GL« is infinite-dimensional.

Definition 8.1. We define the infinite dimensional general linear group as

(8.1) GLoo = lim GLy,

n>1

where the maps for the direct limit are given by

(8.2) GL, — GLp+1, M +— <M 0> .

0 1
Since the natural maps GL,, — GL(C>) commute with the arrows in the direct limit, we get an
injection GLo, < GL(C>), and we can identify GLo, with a subgroup of GL(C>), which allows

us to work with elements of GL,, as infinite matrices. Thus, GL, consists of infinite invertible
matrices that differ from the identity matrix in only finitely many entries.

Definition 8.2. In the following we let V' = C* be the natural representation (i.e. the GLo
representation with p the injection into GL(C*) previously mentioned). The restricted dual of V
is
(8.3) ¥, = lim(C")”

n>1
where the maps for the direct limit are given by

(8.4) (CM)Y < (CHY, &) —s e/

7 (2
where e, 1 < i < n denotes the dual basis to the standard basis of C". We may identify each
e, € (C™)V with its image in V4, (this makes sense since the maps (C™)¥ — V4, are injective), then
the e,/, n € N> form a basis of V4.

Note also that each (C™)Y comes with a representation of GL,, (the dual of the standard one)
and the maps (C")Y — (C"*1)V commute with the action of GL, (where (C*T1)V is given by the
restriction representation from GL,+1 to GL,). This induces a representation of GLy, on V4.
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Definition 8.3. For n,m € N, let T}, ,,, := V" @ (V,)®™. An algebraic representation of GLy is
a representation that is a subquotient (i.e. a quotient of a subrepresentation) of finite direct sums
of Th.m.

Note that algebraic representations of GLo, are the infinite dimensional analogue of rational
representations of GL,. Henceforth, all representations of GL., we consider will be algebraic
unless otherwise indicated.

Definition 8.4. Let (V, p) be a representation of GLo. A weight vector v € V' is a nonzero vector,
such that there exists a weight oo = (o, g, ...) with o; € Z and an r € N such that «; = 0 for all
i > r, and, for every s > r and every g = diag(g1,...,9s,1,1,...) € GL,

p(g)v = gi* - gimv = g1 -+ ggev.

Proposition 8.5 ([SS15, §3.1.7]). An algebraic representation of GLo decomposes into weight
spaces.

Proposition 8.6 ([SS15, Prop. 3.1.4]). For every signed partition (A, ) there is an irreducible
representation Vy , of GLo. Furthermore, these form an irredundant complete set of irreducible
representations.

For the explicit definition of V) ,, see [SS15, §3.1.2]. In particular, we have V(;) 5 = V and
V@7(1) = V\/.

We now extend character theory to the representations of GLy. Unfortunately, there is no
obvious way to generalize Definition 7.10 since non-trivial simple algebraic representations are
infinite-dimensional. Likewise, we cannot generalize (7.7) since the weight spaces can be infinite
dimensional as well. Thus, we turn to the formalism of the Grothendieck ring.

Definition 8.7. The representation ring of the GLo group, (or the Grothendieck ring), denoted
R(GLy), is the abelian group generated by isomorphism classes of algebraic GL representations
[W], modulo the relations

(8.5) W] == =0

for all exact sequences 0 — W/ — W — W” — 0 of GLy, representations. Multiplication in the
Grothendieck ring is given by the bilinear extension of

(8.6) [W]-[U]=[WeU].
Example 8.8. The relation
W]+ U]l =[WeU]
is given by the exact sequence 0 = W - W e U — U — 0.
Definition 8.9. Let W be a representation. A composition series is a series of subrepresentations
O=WoCW1 G- CWp=W

such that the quotients W1 /W;, called composition factors, are irreducible.
Proposition 8.10.

(a) Any algebraic representation of GLo has a composition series.
(b) Any two composition series have the same length and, up to reordering, isomorphic compo-
sition factors.

Proof. (a) is proved in [SS15, Prop. 3.1.5]. (b) is a consequence of the Jordan-Hélder theorem for
finite length modules. 0
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Proposition 8.11. Let W be a representation and0 = Wy C Wy C --- C W, = W be a composition
series. Then,
(8.7) (W] = [Wn/Wpa] + -+ + [W1/Wo).
Thus, the simple representations span R(GLw) as an abelian group.

Proof. Using induction on the length of the composition series, and noting that we have the exact
sequence 0 — W1 — W,, - W,,/W,,_1 — 0, we get

[Wh] = [Wn/Whoa] + [Wia] = [Wa/Whoa] + [Wao1 /Wi—o] 4 -+ - + [W1 /W0,
where the second equality is given by using the induction hypothesis on W,,_;, which has length

Proposition 8.11 can be strengthened to show that these simple representations are also linearly
independent.

Proposition 8.12 ([Rot17, C-4.93]). The isomorphism classes of the simple representations form
a basis of R(GLw).

Note that it may happen for two non-isomorphic GLs, representations W, U that [W] = [U] in
R(GL) since non-semisimple representations of GLs, exist (see [SS15, 1.2.2]). Indeed, take any
non-semisimple representation W and let Wy,..., W, be its composition factors, then

(W] =]+ + W] = W10 @ W,].
But clearly W is not isomorphic to Wy @ - - - & W, since that would make W semisimple.
Theorem 8.13 ([SS19, §3.2], [Koi89, §2]). There is a ring isomorphism
ch: R(GLs) — LSym
such that ch(Vy ;) = sx u-
Definition 8.14. Given a representation V of GL4,, we define its character yy € LSym as
(.8) xv = eh([V])).

The characters allow us to obtain information about the group representations from the structure
of LSym.
In general, sy, # s) @52,u, Which we illustrate in Example 8.15 below.

Example 8.15. Let A = = (1). We have s(;) 5 = s1(X) and sy (1) = s1(Y). Therefore, the

product s(1) 54,(1) is given by s1(X)s1(Y). Applying Definition 6.1 with A = p = (1), we get
S(1),(1) = Sl(X)Sl(Y) — 1.

Hence, we have

(8.9) Se8e,m) = sm,o 1

so in particular, 8(1)’(1) 7é 8(1)’@8&(1).

Equation (8.9) implies that the composition factors of V@ Vi, = V(1) 5 ® Va,) are V(1) (1) and
Vo, = C (the trivial representation). However, V ® V4, is not semisimple [SS15, §3.1.1], thus, it
cannot be isomorphic to the semisimple representation V(q) 1) @ C.

In the analogous finite-dimensional case n > 1, applying p, to (8.9) gives

XV,@V,y = SE?))’(U + 1.
Under the natural GL,-equivariant isomorphism
V, @ V,) — End(V,,), v® fr— (w— f(w)v),
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the action on End(V},) is conjugation. Since trace is invariant under conjugation, the decomposition
End(V,) = sl, @ CIdy,
is a decomposition into GL,-subrepresentations. Hence
V, @V, 2sl, @ C.

Thus, unlike V' ® V4,, the finite-dimensional tensor product splits as a direct sum.
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