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Abstract. We describe the ring of Laurent symmetric polynomials in terms of generators and
relations, giving an analogue of the Fundamental Theorem of Symmetric Polynomials. We extend
the Hall inner product, and give an algebraic proof that the Laurent Schur polynomials form an
orthonormal basis of this ring. In the case of infinitely many variables, we realize the ring of Laurent
symmetric functions as a direct limit of inverse limits, and relate them to characters of rational and
algebraic representations of general linear groups.
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1. Introduction

Laurent symmetric functions are generalizations of classical symmetric functions that allow vari-
ables with both positive and negative powers. These functions arise naturally in the representation
theory of general linear groups. In particular, Laurent Schur polynomials are the characters of finite
dimensional irreducible rational representations of GLn, just as ordinary Schur polynomials are the
characters of irreducible polynomial representations.

Despite their ubiquity, the theory of Laurent symmetric functions remains relatively unexplored.
While Laurent symmetric functions have appeared in the literature as universal rational charac-
ters in infinite-dimensional representation theory [Koi89], the ring itself seems to have received
no systematic treatment comparable to the classical theory of symmetric functions as found, for
example, in [Mac15, Ful97, Lit06]. The aim of this paper is therefore twofold. First, in analogy to
the classical theory, we study the finite variable case of Laurent symmetric polynomials. Second,
we define the ring of Laurent symmetric functions, relating it to [Koi89] and [Ful97].

The organization is as follows. Starting from generalizations of partitions and compositions,
we define the ring of Laurent symmetric polynomials LSymn in Section 2. In Section 3, we define
the Laurent monomial symmetric polynomials mλ for signed partitions of an integer k, and show
that these form a Z-basis for the Laurent symmetric polynomials of degree k. We also show
that LSymn is generated over Z by elementary symmetric polynomials {e1, . . . , en, e−n}, where
e−n := (x1 · · ·xn)−1 or homogeneous polynomials {h1, . . . , hn, e−n}, and over Q by power sums
{p1, . . . , pn, e−n}.
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In Section 4, we define the Laurent alternating polynomials and Laurent Schur polynomials.
Then, we extend the Hall inner product to the ring of Laurent symmetric polynomials by defining
it to be the constant term of a product (this is the scalar product in [Mac15, Ch. VI §9] for q = t),
and giving an algebraic proof that this definition satisfies the properties of an inner product. We
refer to this inner product as the Hall inner product, denoted ⟨·, ·⟩n, because it reduces to the usual
Hall inner product on the ring of symmetric polynomials. We give an algebraic proof for this by
showing that the Laurent Schur polynomials form an orthonormal basis for the ring of Laurent
symmetric polynomials with respect to the Hall inner product.

In Section 5, we turn our attention to the case of infinitely many variables. We define the ring
of Laurent symmetric functions as a tensor product

LSym = Λ(X)⊗Z Λ(Y ),
and show that it can be realized as a direct limit of inverse limits. In Section 6, we generalize
the definition of Schur functions to Laurent Schur functions, which we show form a basis for the
Laurent symmetric functions. Thus, we extend the definition of the Hall inner product to the ring
of Laurent symmetric functions by requiring that the Laurent Schur functions are orthonormal with
respect to it. We check that the extended Hall inner product is compatible with the projective map
(for large enough n, where n is the number of variables) of the aforementioned inverse limit.

In Section 7, we discuss an application of Laurent symmetric functions to the representation
theory of the general linear group. We begin with a brief review of representations and characters,
followed by polynomial and rational representations of GLn and their weight space decompositions.
Following [Ful97], we construct the Schur module Sλ(V ) for a partition λ as the image of a Young
symmetrizer yT acting on V ⊗r, where r =

∑︁
i λi. We show that the assignment

V ↦−→ Sλ(V )

is functorial. Hence, each g ∈ GL(V ) acts on Sλ(V ) through Sλ(g), making Sλ(V ) a polynomial
representation of GL(V ). We then recall equivalent constructions of the Schur module described
in [Ful97], and that the Schur polynomials are the characters of the irreducible polynomial repre-
sentations of GLn (Theorem 7.24). By tensoring Schur modules with determinant representations,
we extend this result to rational representations: the characters of the irreducible rational repre-
sentations of GLn are the Laurent Schur polynomials. We conclude this section by describing the
behavior of Schur modules and their characters under taking dual representations.

In Section 8, we turn to the algebraic representation theory of the infinite general linear group
GL∞. Letting V = C∞ denote the natural representation and V∨ its restricted dual, we define an
algebraic representation of GL∞ to be a subquotient of a finite direct sum of mixed tensor powers

V ⊗n ⊗ V ⊗m
∨ .

We recall that the irreducible algebraic representations are indexed by signed partitions (λ, µ) [SS15,
Prop. 3.1.4]. Since these representations are generally infinite dimensional, the usual definitions of
a character in terms of the trace or weight spaces in GLn cannot be used for GL∞. We instead
define characters using the Grothendieck ring R(GL∞) and results from [SS19, §3.2] and [Koi89,
§2], which allow us to identify the Laurent Schur functions as the characters of irreducible algebraic
representations of GL∞, as expected.

2. Definition

Throughout the text, the natural numbers are N = {0, 1, 2, . . . }. We let Sn denote the symmetric
group of degree n, i.e. the group of permutations of the set {1, . . . , n}. We denote the set of
partitions by Par, and partitions of length at most n by Parn. We let Poln = Z[x1, . . . , xn], and
denote the homogeneous polynomials of degree k by Polkn. For more background, refer to [Mac15,
Ch. I].
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Definition 2.1. A signed composition (or generalized composition) α of k is a sequence (αj)∞
j=1

of integers, all but finitely many terms of which are zero, such that
∑︁∞

j=1 αj = k. An n-tuple of
integers (αj)n

j=1 is identified with a signed composition by appending an infinite number of zeros.
We define SComp(k) to be the set of signed compositions of k, and SComp =

⋃︁
k∈Z SComp(k)

the set of all signed compositions. We define
(2.1) SCompn(k) = {(α1, α2, . . . ) ∈ SComp(k) | αi = 0 for all i > n},
and SCompn =

⋃︁
k∈Z SCompn(k).

If α, β ∈ SCompn, we define α+ β ∈ SCompn by entry-wise addition.
We now generalize the notion of a partition in [Mac15, Ch. I, §1] to include negative parts.

Definition 2.2. A signed partition (or generalized partition) is an ordered pair
λ = (µ, ν)

where µ and ν are partitions.
The size of λ is defined as |λ| = |µ|−|ν|, and the length is ℓ(λ) = ℓ(µ)+ℓ(ν), which is the number

of nonzero entries, where |µ| and ℓ(µ) are, respectively, the size and length of a usual partition, cf.
[Mac15, Ch. I]. We write λ ⊢n k to indicate that λ is a signed partition of k (that is, |λ| = k) with
ℓ(λ) ≤ n.

We denote the set of all signed partitions by SPar, and the signed partitions of size k ∈ Z by
SPar(k). The set of all signed partitions of length at most n is denoted by SParn and SParn(k)
denotes the signed partitions of SParn of size k. Note that

SPar =
⋃︂
k

SPar(k) =
⋃︂
n

SParn.

When considering a fixed n, the elements λ = (µ, ν) of SParn will be written as n-tuples (λj)n
j=1

of integers consisting of the nonzero entries in µ, the negative of the nonzero entries of ν and zeros
in such a way that λ1 ≥ λ2 ≥ · · · ≥ λn, cf. the example below.
Example 2.3. Consider the signed partition λ = ((3, 1), (4, 2, 1)). Its length is ℓ(λ) = 5 and
|λ| = −3. When considered as an element of SPar7 it is written as (3, 1, 0, 0,−1,−2,−4) and when
considered as an element of SPar6 as (3, 1, 0,−1,−2,−4).
Remark 2.4. We have SParn(k) ⊆ SCompn(k) by the identification of λ = (µ, ν) ∈ SParn with
the n-tuple (λ1, . . . , λn) and, for every α ∈ SCompn(k), there is a unique λ ∈ SParn(k) such that λ
is a reordering of α. Thus, SParn(k) can be identified with the quotient of SCompn(k) under the
action of the symmetric group Sn (where Sn acts by permutation of the entries, see (2.6)).

Recall from the theory of symmetric functions that a partition λ may be represented by a Young
diagram, with λ1 boxes in the first row, λ2 boxes in the second row, and so forth. More formally, we
define the Young diagram of λ by the subset of Z2 formed by all tuples (i, j) such that 1 ≤ j ≤ λi.
We call each such tuple a cell. A Young diagram for a partition λ filled with a positive integer in
each cell is said to be a Young tableau (plural tableaux) of shape λ.
Example 2.5. The Young diagram

(2.2)

corresponds to the partition (4, 2, 1) ∈ Par7.
Definition 2.6. For the (i, j)-th (row i, column j) cell in a Young diagram for a partition λ, the
hook, denoted Hλ(i, j), is the set of cells (a, b) such that a = i and b ≥ j, or a ≥ i and b = j. The
number of cells in Hλ(i, j) is said to be the hook length of the (i, j)-th cell.
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Example 2.7. The following tableau of shape λ = (4, 2, 1)

6 4 2 1
3 1
1

is obtained from the Young diagram (2.2) by filling each cell with its hook length. In particular,
the (1, 2)-th cell has hook length 4 because Hλ(1, 2) is given by the following shaded cells.

If λ is a (usual) partition, we denote by λ′ the conjugate of λ, which is the partition corresponding
to the conjugate of the Young diagram of λ (the Young diagram of λ reflected across the main
diagonal).

Definition 2.8. Let λ = (µ, ν) ∈ SPar. We define its conjugate to be (µ′, ν ′) ∈ SPar, where µ′ is
the conjugate of µ and ν ′ is the conjugate of ν.

Example 2.9. Consider again the signed partition λ = ((3, 1), (4, 2, 1)) from Example 2.3. Then
λ′ = (µ′, ν ′) = ((2, 1, 1), (3, 2, 1, 1)).

Definition 2.10. We define the ring of Laurent polynomials (with integer coefficients) in n variables
to be

LPoln := Z[x±1
1 , . . . , x±1

n ].
For α ∈ SCompn we let xα := xα1

1 · · ·xαn
n . Note that any Laurent polynomial can be written

uniquely in the form ∑︂
α∈SCompn

cαx
α, cα ∈ Z,(2.3)

with all but finitely many cα equal to zero.
We define the subgroup of Laurent polynomials of degree k ∈ Z in n variables to be

LPolkn =

⎧⎨⎩ ∑︂
α∈SCompn(k)

cαx
α : cα ∈ Z

⎫⎬⎭ ⊆ LPoln,

where the sum over all α ∈ SCompn(k) is understood to have only finitely many nonzero terms. In
this way, the ring LPoln becomes a Z-graded ring

LPoln =
⨁︂
k∈Z

LPolkn.

Example 2.11. For n = 2, we have x(1,0) +x(1,−3) = x1 +x1x
−3
2 ∈ LPol2, where x1 = x1x

0
2 ∈ LPol12

and x(1,−3) = x1x
−3
2 ∈ LPol−2

2 .

Recall that the ring of symmetric polynomials Symn is defined to be the invariant elements of the
polynomial ring under the action of the symmetric group [Mac15, Ch.I, §2]. Then, let Sn denote
the symmetric group of order n!. For f(x1, . . . , xn) ∈ LPolkn and π ∈ Sn, π acts on f(x1, . . . , xn)
via

π(f(x1, x2, · · · , xn)) = f(xπ(1), xπ(2), · · · , xπ(n)).
This defines a left action of Sn on LPoln for all n.
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Example 2.12. Consider f(x1, x2, x3) = 2x3x
2
2 + x3

1x
2
3 and π = (123), σ = (12), both in cycle

notation. By definition, we have π(f(x1, x2, x3)) = f(xπ(1), xπ(2), xπ(3)) = f(x2, x3, x1), and

σ(π(f))(x1, x2, x3) = σ(f(x2, x3, x1)) = σ(2x1x
2
3 + x3

2x
2
1) = 2x2x

2
3 + x3

1x
2
2.

On the other hand, σ ◦ π = (12)(123) = (23), so
(σ ◦ π)f(x1, x2, x3) = (23)f = 2x2x

2
3 + x3

1x
2
2.(2.4)

Definition 2.13. Let LSymk
n = (LPolkn)Sn = {f ∈ LPolkn | πf = f for all π ∈ Sn} be the

subgroup of Laurent polynomials invariant under the action of Sn. The ring of Laurent symmetric
polynomials in n variables is

LSymn = (LPoln)Sn =
⨁︂
k∈Z

LSymk
n.(2.5)

The second equality comes from the fact that the elements of the symmetric group act as graded
ring automorphisms on LPoln.

Example 2.14. For n = 2, we have x1 + x2 + x1x
−3
2 + x−3

1 x2 ∈ LSym2.

We define a right action of Sn on SCompn. For α = (α1, ..., αn) ∈ SCompn and π ∈ Sn we
define

απ := (απ(1), ..., απ(n)).(2.6)

The orbit of α ∈ SCompn(k) under the action of Sn is denoted by
αSn := {απ | π ∈ Sn}.(2.7)

Definition 2.15. The monomial symmetric polynomials mλ for λ ∈ Parn are

mλ :=
∑︂

α∈λSn

xα,

(for more details, see [Mac15, Ch. I, §2, Eq. (2.1)]).
We extend this definition to signed partitions. The Laurent monomial symmetric polynomials

mλ are

mλ(x1, . . . , xn) :=
∑︂

β∈λSn

xβ, λ ∈ SParn(k).(2.8)

We also denote mλ(x1, . . . , xn) by m(n)
λ .

Example 2.16. For λ = (2, 0,−1), we have
λS3 = {(2,−1, 0), (2, 0,−1), (0, 2,−1), (0,−1, 2), (−1, 0, 2), (−1, 2, 0)}

and thus
mλ(x1, x2, x3) =

∑︂
µ∈λS3

xµ = x2
1x

−1
3 + x2

1x
−1
2 + x2

2x
−1
3 + x−1

2 x2
3 + x−1

1 x2
3 + x−1

1 x2
2.

Proposition 2.17. The Laurent monomial symmetric polynomials mλ(x1, . . . , xn) for λ ∈ SParn(k)
form a Z-basis for LSymk

n.

Proof. We show that {mλ | λ ⊢n k} spans LSymk
n. Let f =

∑︁
α cαx

α ∈ LSymk
n. Then f is a sum of

monomials of degree k. We proceed by induction on the number q of nonzero cα. The case q = 0 is
clear, since it follows that f = 0. Suppose the statement holds for all numbers smaller than q ∈ N.
By definition, πf = f for all π ∈ Sn. Suppose cαx

α is a non-zero monomial of f . Since πf = f ,
every xβ, where β ∈ αSn must also appear in f with the same coefficient cα. Thus, if λ is the
signed partition obtained from reordering α, then f − cαmλ is a Laurent symmetric polynomial
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with fewer non-zero monomials, and so we may apply the induction hypothesis. Thus, f − cαmλ is
in the span of {mλ | λ ⊢n k} and so is f .

It remains to show that mλ, λ ∈ SParn(k) are linearly independent. Suppose

f =
∑︂

λ∈SParn(k)
cλmλ = 0, cλ ∈ Z for all λ ∈ SParn(k).(2.9)

For λ, λ′ ∈ SParn(k) such that λ ̸= λ′ we have λSn ∩ λ′Sn = ∅ as a consequence of Remark 2.4.
Thus, the Laurent polynomials mλ,mλ′ have no monomials in common so the coefficient of the
monomial xλ in f is cλ for all λ ∈ SParn(k) and thus cλ = 0 for f to be equal to zero.

3. The fundamental theorem

In this section, all symmetric polynomials, e.g. mλ, er, hr, pr, sλ, are assumed to be in n variables,
for some natural number n ≥ 1 fixed throughout this section and the next. Later, in Section 5, when
we consider symmetric functions in infinite variables, we will denote the finite variable polynomials
with a superscript indicating the number of variables, such as e(n)

r , s
(n)
λ , etc.

If R is a ring and S ⊆ R a subring, then for r1, . . . , rn ∈ R, S[r1, . . . , rn] ⊆ R is the smallest
subring of R which contains S and r1, . . . , rn. In contrast, we will use uppercase letters, e.g.
T1, T2, . . ., to denote by R[T1, T2, . . . , Tn] the polynomial ring in independent variables.
Definition 3.1. The r-th elementary symmetric polynomial in n variables is

er(x1, . . . , xn) =
∑︂

1≤i1<···<ir≤n

xi1 · · ·xir , for r > 0,

e0(x1, . . . , xn) = 1, for r = 0.
Note that for r > n, er(x1, . . . , xn) = 0.
Example 3.2. The elementary symmetric polynomials in three variables are

e1(x1, x2, x3) = x1 + x2 + x3,

e2(x1, x2, x3) = x1x2 + x2x3 + x1x3,

e3(x1, x2, x3) = x1x2x3.

In particular, for all n ∈ N≥1,
en(x1, . . . , xn) = x1 · · ·xn.(3.1)

For λ ∈ Par, let eλ = eλ1 · · · eλℓ(λ) , where ei are the elementary symmetric polynomials in n
variables.
Proposition 3.3 ([Mac15, Ch. I, §2, Eq. (2.4)]). For n ∈ N≥1, it holds that

(a) The elementary symmetric polynomials e1(x1, . . . , xn), . . . , en(x1, . . . , xn) are algebraically
independent over Z,

(b) The ring of symmetric polynomials in n variables is generated over Z by the elementary
symmetric polynomials,

Symn = Z[e1(x1, . . . , xn), . . . , en(x1, . . . , xn)].
Thus, the elements eλ(x1, . . . , xn) for λ ∈ Par, λ1 ≤ n form a Z-basis of Symn.

Proposition 3.3 is often said to be the fundamental theorem of symmetric polynomials.
Theorem 3.4. (a) The elementary symmetric polynomials e1, . . . , en together with

e−n := 1/en = x−1
1 · · ·x

−1
n(3.2)

generate LSymn as a Z-algebra. Equivalently,
LSymn = Z[e1, . . . , en, e−n].
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(b) The map given by

φ : Z[T1, . . . , Tn, Tn+1]
(TnTn+1 − 1) −→ LSymn,

Ti ↦−→ ei for i ∈ {1, . . . , n},
Tn+1 ↦−→ e−n,

is well defined and is an isomorphism.

Proof. For part (a), we need to show that any Laurent symmetric polynomial can be written
as a polynomial in e1, . . . , en, e−n. Indeed, given any ℓ(x1, . . . , xn) ∈ LSymn, we know that for
sufficiently large d ∈ N, ed

nℓ(x1, . . . , xn) ∈ Symn. By Proposition 3.3,
Symn = Z[e1, . . . , en],

and hence, there exists a polynomial q(T1, . . . , Tn) ∈ Z[T1, . . . , Tn] such that ed
nℓ(x1, . . . , xn) =

q(e1, . . . , en). Therefore, ℓ(x1, . . . , xn) = ed
−nq(e1, . . . , en).

For part (b), consider the ring morphism
φ : Z[T1, . . . , Tn, Tn+1] −→ LSymn

defined by φ(Ti) = ei for 1 ≤ i ≤ n and φ(Tn+1) = e−n, so that φ(g(T1, . . . , Tn, Tn+1)) =
g(e1, . . . , en, e−n). From part (a), we know that φ is surjective. Since TnTn+1 − 1 ∈ kerφ, we
can factor through the quotient:

(3.3)

Z[T1, . . . , Tn+1]

Z[T1, . . . , Tn+1]
(TnTn+1 − 1) LSymn

φ

φ̃

It remains to show that φ̃ is injective, or equivalently, that if φ(g) = 0 for some g(T1, . . . , Tn+1) ∈
Z[T1, . . . , Tn+1], then g(T1, . . . , Tn+1) ≡ 0 (mod TnTn+1−1). Let g(T1, . . . , Tn+1) ∈ kerφ. Without
loss of generality, suppose

g(T1, . . . , Tn+1) =
∑︂

a,b∈N
ca,b(T1, . . . , Tn−1)T a

nT
b
n+1,

where ca,b(T1, . . . , Tn−1) ∈ Z[T1, . . . , Tn−1]. Since TnTn+1 ≡ 1 (mod TnTn+1 − 1) in the quotient
Z[T1,...,Tn+1]
(TnTn+1−1) ,

g(T1, . . . , Tn+1) =
∑︂

a,b∈N
ca,b(T1, . . . , Tn−1)T a

nT
b
n+1

≡
∑︂
a≥b

ca,b(T1, . . . , Tn−1)T a−b
n +

∑︂
a<b

ca,b(T1, . . . , Tn−1)T b−a
n+1 (mod TnTn+1 − 1)

=: g′(T1, . . . , Tn+1)
This last polynomial g′(T1, . . . , Tn+1) can be written as

g′(T1, . . . , Tn+1) = g′
0(T1, . . . , Tn) +

k∑︂
j=1

g′
j(T1, . . . , Tn−1)T j

n+1,

for some k ∈ N and some polynomials
g′

0(T1, . . . , Tn) ∈ Z[T1, . . . , Tn]
g′

j(T1, . . . , Tn−1) ∈ Z[T1, . . . , Tn−1].
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By assumption, φ(g) = 0. Since the diagram (3.3) commutes, we have φ(g′) = 0 as well. As
such, we have

0 = g′(e1, . . . , en, e−n) = g′
0(e1, . . . , en) +

k∑︂
i=1

g′
i(e1, . . . , en−1)ei

−n.

Multiplying by ek
n on both sides, we get

0 = g′
0(e1, . . . , en)ek

n +
k∑︂

i=1
g′

i(e1, . . . , en−1)ek−i
n .

This is a polynomial relation of e1, . . . , en. But because e1, . . . , en are algebraically independent
over Z (see Proposition 3.3), the polynomial

g′
0(T1, . . . , Tn)T k

n +
k∑︂

i=1
g′

i(T1, . . . , Tn−1)T k−i
n

must be the 0 polynomial in Z[T1, . . . , Tn]. Then, by comparing the coefficients of the variable Tn,
we find

g′
0(T1, . . . , Tn) = g′

1(T1, . . . , Tn−1) = · · · = g′
k(T1, . . . , Tn−1) = 0.

Therefore, g′(T1, . . . , Tn+1) = 0 and g(T1, . . . , Tn+1) ≡ 0 (mod TnTn+1 − 1), as desired.

Remark 3.5. We have used in the proof of Theorem 3.4 that e−n defined in (3.2) is the inverse of
en. However, in general, it is not true that

ei(x−1
1 , . . . , x−1

n ) = ei(x1, . . . , xn)−1.(3.4)
In fact, (3.4) only holds if i = n.

Corollary 3.6. The set
{eα1

1 · · · e
αn−1
n−1 e

αn
n | (α1, . . . , αn−1, αn) ∈ Nn−1 × Z}(3.5)

forms a Z-basis of LSymn.

Proof. It follows from Theorem 3.4 that eα1
1 · · · e

αn−1
n−1 e

αn
n spans LSymn. It remains to show that the

eα1
1 · · · e

αn−1
n−1 e

αn
n are linearly independent. Assume to the contrary that there is a linear relation

0 =
∑︂

α∈Nn−1×Z
cαe

α1
1 · · · e

αn−1
n−1 e

αn
n ,(3.6)

with the cα not all zero. As the sum (3.6) is finite, there exists m = min{αn | cα ̸= 0}. For this m,
we may multiply both sides of (3.6) by e−m

n to get

0 =
∑︂

α′∈Nn

cα′e
α′

1
1 · · · e

α′
n−1

n−1 e
α′

n
n ,(3.7)

where now α′ = (α1, . . . , αn−1, αn−m) ∈ Nn. By Proposition 3.3, eα1
1 · · · e

αn−1
n−1 e

αn
n , for (α1, . . . , αn−1, αn) ∈

Nn, are linearly independent, and so 0 = cα for every cα in (3.6). Thus, the only linear relation for
{eα1

1 · · · e
αn−1
n−1 e

αn
n | (α1, . . . , αn−1, αn) ∈ Nn−1 × Z} is the trivial relation, as desired.

Definition 3.7. Let r, n ∈ N. The r-th complete homogeneous polynomial in n variables is
hr(x1, . . . , xn) =

∑︂
1≤i1≤···≤ir≤n

xi1 · · ·xir(3.8)

for r > 0. For r = 0,
h0 = 1.(3.9)

Note that we allow for repeats in the indices i1, . . . , ir in the definition of hr, whereas every
monomial in er is square-free.
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Example 3.8. For r, n = 2, we have h2(x1, x2) = x2
1 + x2

2 + x1x2.

Lemma 3.9. For all n, r ≥ 1, we have
(3.10)

er(x1, . . . , xn) = det

⎛⎜⎜⎜⎜⎝
h1 h2 · · · hr

1 h1 · · · hr−1
...

. . .
. . .

...
0 · · · 1 h1

⎞⎟⎟⎟⎟⎠ , hr(x1, . . . , xn) = det

⎛⎜⎜⎜⎜⎝
e1 e2 · · · er

1 e1 · · · er−1
...

. . .
. . .

...
0 · · · 1 e1

⎞⎟⎟⎟⎟⎠ .
Proof. This follows from the Jacobi-Trudi identities [Mac15, Eq. (3.4)–(3.5)] if one sets λ = (1r)
and λ = (r, 0, 0, . . . , 0), respectively.

Corollary 3.10. The ring morphism
ω : Z[T1, . . . , Tn] −→ Z[T1, . . . , Tn],(3.11)

Ti ↦−→ det

⎛⎜⎜⎜⎜⎝
T1 T2 · · · Ti

1 T1 · · · Ti−1
...

. . .
. . .

...
0 · · · 1 T1

⎞⎟⎟⎟⎟⎠ ,(3.12)

satisfies ω2 := ω ◦ ω = Id.

Proof. Consider the ring isomorphisms
φ : Z[T1, . . . , Tn] −→ Symn = Z[e1, . . . , en],

Ti ↦−→ ei,

and
ψ : Z[T1, . . . , Tn] −→ Symn = Z[h1, . . . , hn],

Ti ↦−→ hi.

We see that

(φ−1 ◦ ψ)(Ti) = φ−1(hi) = φ−1

⎛⎜⎜⎜⎜⎝det

⎛⎜⎜⎜⎜⎝
e1 e2 · · · ei

1 e1 · · · ei−1
...

. . .
. . .

...
0 · · · 1 e1

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠ = det

⎛⎜⎜⎜⎜⎝
T1 T2 · · · Ti

1 T1 · · · Ti−1
...

. . .
. . .

...
0 · · · 1 T1

⎞⎟⎟⎟⎟⎠ .
Thus, ω = φ−1 ◦ψ. Similarly, one can check that ω = ψ−1 ◦φ and therefore ω2 = (φ−1 ◦ψ)◦ (ψ−1 ◦
φ) = Id.

Proposition 3.11. Let n ≥ 1. Then the Laurent symmetric polynomials h1, . . . , hn, e−n generate
the ring of Laurent symmetric polynomials in n variables as a Z-algebra. Furthermore, if we let

α(T1, . . . , Tn+1) = Tn+1 det

⎛⎜⎜⎜⎜⎝
T1 T2 · · · Tn

1 T1 · · · Tn−1
...

. . .
. . .

...
0 · · · 1 T1

⎞⎟⎟⎟⎟⎠− 1

then the morphism χ described by:

χ : Z[T1, . . . , Tn+1]
(α(T1, . . . , Tn+1)) −→ Z[h1, . . . , hn, e−n] = LSymn,

Ti ↦−→ hi for i ∈ {1, . . . , n},
Tn+1 ↦−→ e−n,
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is well defined and an isomorphism.

Proof. As in the proof of Theorem 3.4, we can multiply any Laurent symmetric polynomial by a
large enough power of en to get a symmetric polynomial. Then, since Symn = Z[h1, . . . , hn] we can
deduce that LSymn = Z[h1, . . . , hn, e−n].

For defining the χ map, consider the ring morphism

τ : Z[T1, . . . , Tn, Tn+1] −→ Z[T1, . . . , Tn, Tn+1],

Ti ↦−→ det

⎛⎜⎜⎜⎜⎝
T1 T2 · · · Ti

1 T1 · · · Ti−1
...

. . .
. . .

...
0 · · · 1 T1

⎞⎟⎟⎟⎟⎠ , 1 ≤ i ≤ n,

Tn+1 ↦−→ Tn+1.

Since τ extends ω (as defined in Corollary 3.10) to another variable Tn+1 and τ(Tn+1) = Tn+1,
by Corollary 3.10, it is easily checked that τ2 = Id, so τ is an isomorphism. Moreover, since
τ(TnTn+1 − 1) = α(T1, . . . , Tn+1), we have the commutative diagram

Z[T1, . . . , Tn+1] Z[T1, . . . , Tn+1]

Z[T1, . . . , Tn+1]
(α(T1, . . . , Tn+1))

Z[T1, . . . , Tn+1]
(TnTn+1 − 1)

τ

τ̃

where τ̃ is again an isomorphism. Recall the map φ from Theorem 3.4. Define χ := φ ◦
τ̃ : Z[T1, . . . , Tn+1]/(α(T1, . . . , Tn+1)) → LSymn. Then χ is an isomorphism (since it is a com-
position of two isomorphisms), given by

χ(Ti) = det

⎛⎜⎜⎜⎜⎝
e1 e2 · · · ei

1 e1 · · · ei−1
...

. . .
. . .

...
0 · · · 1 e1

⎞⎟⎟⎟⎟⎠ = hi, 1 ≤ i ≤ n,

and χ(Tn+1) = e−n, as desired.

Definition 3.12. Let r, n ∈ N≥1. The r-th power sum in n variables is

pr(x1, . . . , xn) =
n∑︂

i=1
xr

i .(3.13)

Example 3.13. For n = 2, we have p1(x1, x2) = x1 + x2, p2(x1, x2) = x2
1 + x2

2.

Note from the above example that h2(x1, x2) = 1
2p1(x1, x2)2 + 1

2p2(x1, x2). This motivates us to
work over the rational numbers instead of the integers.

Definition 3.14. The ring of Laurent polynomials in n variables with rational coefficients is

LPoln,Q = Q[x±1
1 , . . . , x±1

n ] ∼= Q⊗Z LPoln.

In analogy to Section 2, we define an action of Sn and denote the invariant elements as LSymn,Q.
There is a canonical isomorphism, LSymn,Q

∼= Q⊗Z LSymn.

Our goal is to prove that the p1, . . . , pn, e−n are a set of generators of LSymn,Q and find the
relations between them. First, we need some preliminary results.
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Lemma 3.15. For all n,m ≥ 1, we have

en(x1, . . . , xm) = 1
n! det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p1 1 0 0 . . . 0
p2 p1 2 0 . . . 0
...

...
. . .

. . .
. . .

...
...

...
. . .

. . . 0
pn−1 pn−2 . . . . . . p1 n− 1
pn pn−1 . . . . . . p2 p1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,(3.14)

pn(x1, . . . , xm) = det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e1 1 0 0 . . . 0
2e2 e1 1 0 . . . 0
...

...
. . .

. . .
. . .

...
...

...
. . . 1 0

...
... e1 1

nen en−1 en−2 . . . . . . e1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.(3.15)

Proof. The identity (3.14) is derived in [Lit06, (6.2; 6), (6.2; 7)] (with Sr being pr and ar being er).
The case for (3.15) is similar.

Proposition 3.16. Let n ≥ 1. Then the Laurent symmetric polynomials p1, . . . , pn, e−n generate
the ring LSymn,Q := (LPoln,Q)Sn. Furthermore, if we let

β(T1, . . . , Tn+1) = 1
n!Tn+1 det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

T1 1 0 0 . . . 0
T2 T1 2 0 . . . 0
...

...
. . .

. . .
. . .

...
...

...
. . .

. . . 0
Tn−1 Tn−2 . . . . . . T1 n− 1
Tn Tn−1 . . . . . . T2 T1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
− 1,

then the morphism ϕ described by

ϕ : Q[T1, . . . , Tn+1]
(β(T1, . . . , Tn+1)) −→ Q[p1, . . . , pn, e−n] = LSymn,Q,

Ti ↦−→ pi for i ∈ {1, . . . , n},
Tn+1 ↦−→ e−n,

is well defined and an isomorphism.

Proof. The fact that p1, . . . , pn, e−n generate LSymn,Q follows from Symn,Q = Q[p1, . . . , pn] as in
the proofs of Theorem 3.4 and Proposition 3.11; we omit the details. For defining ϕ, following the
proof strategy of Proposition 3.11, we define a ring homomorphism

σ : Q[T1, . . . , Tn] −→ Q[T1, . . . , Tn],

Ti ↦−→ det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

T1 1 0 0 . . . 0
2T2 T1 1 0 . . . 0
...

...
. . .

. . .
. . .

...
...

...
. . . 1 0

...
... T1 1

iTi Ti−1 Ti−2 . . . . . . T1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,



12 HUGO FERNANDEZ, ELENA KLEINWORT, TIANZE LI, AND MARIO TORRES DANTA

Consider the isomorphisms

η : Q[T1, . . . , Tn] −→ Symn,Q,

Ti ↦−→ pi,

and

µ : Q[T1, . . . , Tn] −→ Symn,Q,

Ti ↦−→ ei.

We see from Lemma 3.15 that σ = µ−1 ◦η, and so σ−1 = η−1 ◦µ, where we use the relation between
ei and pj (j ≤ i) (3.14). As such,

σ−1 : Q[T1, . . . , Tn] −→ Q[T1, . . . , Tn],

Ti ↦−→
1
i! det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

T1 1 0 0 . . . 0
T2 T1 2 0 . . . 0
...

...
. . .

. . .
. . .

...
...

...
. . .

. . . 0
Ti−1 Ti−2 . . . . . . T1 i− 1
Ti Ti−1 . . . . . . T2 T1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

If we extend it to Q[T1, . . . , Tn+1] leaving Tn+1 fixed,

σ : Q[T1, . . . , Tn+1] −→ Q[T1, . . . , Tn+1],

Ti ↦−→ det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

T1 1 0 0 . . . 0
2T2 T1 1 0 . . . 0
...

...
. . .

. . .
. . .

...
...

...
. . . 1 0

...
... T1 1

iTi Ti−1 Ti−2 . . . . . . T1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 1 ≤ i ≤ n,

Tn+1 ↦−→ Tn+1,

then the inverse is given by

σ−1 : Q[T1, . . . , Tn+1] −→ Q[T1, . . . , Tn+1],

Ti ↦−→
1
i! det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

T1 1 0 0 . . . 0
T2 T1 2 0 . . . 0
...

...
. . .

. . .
. . .

...
...

...
. . .

. . . 0
Ti−1 Ti−2 . . . . . . T1 i− 1
Ti Ti−1 . . . . . . T2 T1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 1 ≤ i ≤ n,

Tn+1 ↦−→ Tn+1.
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Since σ−1(TnTn+1 − 1) = β(T1, . . . , Tn+1), we have a commutative diagram

Q[T1, . . . , Tn+1] Q[T1, . . . , Tn+1]

Q[T1, . . . , Tn+1]
(β(T1, . . . , Tn+1))

Q[T1, . . . , Tn+1]
(TnTn+1 − 1)

σ

σ̃

where σ̃ is again an isomorphism. Let φQ be the scalar extension of the ring isomorphism φ from
Theorem 3.4 (hence φQ is itself an isomorphism),

φQ : Q[T1, . . . , Tn, Tn+1]
(TnTn+1 − 1) −→ LSymn,Q,

Ti ↦−→ ei for i ∈ {1, . . . , n},
Tn+1 ↦−→ e−n.

Then ϕ = φQ ◦ σ̃ is an isomorphism.

4. Laurent Schur polynomials

Definition 4.1. We define the Z-module of all Laurent alternating polynomials or Laurent skew-
symmetric polynomials in n variables to be

LAltn := {f ∈ LPoln |π(f) = sgn(π)f for all π ∈ Sn},

where sgn(π) = ±1 denotes the sign of the permutation π. Similarly, let Altn := {f ∈ Poln |π(f) =
sgn(π)f for all π ∈ Sn} in the non-Laurent case.

We construct alternating polynomials by antisymmetrizing monomials. Let α ∈ SCompn and
recall that xα = xα1

1 · · ·xαn
n . We define

(4.1) aα = aα(x1, . . . , xn) :=
∑︂

π∈Sn

sgn(π)x(απ),

where απ is defined by (2.6). Then aα is an alternating polynomial.

Remark 4.2. Note that, by construction, if α has two equal entries, then aα = 0. This implies
that there are no repeated terms in the sum (4.1), so for any α ∈ SCompn, with aα ̸= 0, there
exists a unique π ∈ Sn such that απ ∈ SParn. Then aα = sgn(π)aαπ , which motivates us to restrict
our attention to aλ, where λ ∈ SParn.

Note that LAltn is not a subring of LPoln. However, if f, g ∈ LAltn, then

π(fg) = (π(f))(π(g)) = sgn(π)fsgn(π)g = fg for all π ∈ Sn,

and so fg ∈ LSymn. Moreover, if f ∈ LSymn and g ∈ LAltn, then

π(fg) = π(f)π(g) = fsgn(π)g = sgn(π)fg for all π ∈ Sn,

and so fg ∈ LAltn. It follows that LAltn is an LSymn-module, as it is closed under multiplication
by any element of LSymn.

Let δn := (n− 1, n− 2, . . . , 0) ∈ SParn.

Lemma 4.3. We have a bijection of sets

φ : SParn −→ {λ ∈ SParn | λ1 > · · · > λn} =: M.

λ ↦−→ λ+ δn.
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Proof. We show that the map is well defined, then define an inverse and prove that it maps into
SParn proving bijectivity.

For λ ∈ SParn it holds that λ1 ≥ . . . ≥ λn and thus λ + δn ∈ M . For γ ∈ M , we define
ψ(γ) = γ − δn. This defines a map from M to SParn since for γ ∈ M , γ1 > . . . > γn and thus,
γ1 − (n− 1) ≥ γ2 − (n− 2) ≥ . . . ≥ γn−1 − 1 ≥ γn − 0, so we have γ − δn ∈ SParn. As φ and ψ are
clearly inverses to each other, bijectivity follows.

Lemma 4.4. For α ∈ SCompn, it holds that

(4.2) aα = det(xαj

i )1≤i,j≤n = det

⎛⎜⎜⎜⎜⎝
xα1

1 xα2
1 . . . xαn

1
xα1

2 xα2
2 . . . xαn

2
...

...
. . .

...
xα1

n xα2
n . . . xαn

n

⎞⎟⎟⎟⎟⎠ .
Proof. By the Leibniz formula, we have

det
(︂
x

αj

i

)︂
1≤i,j≤n

=
∑︂

σ∈Sn

sgn(σ)
n∏︂

j=1
x

αj

σ(j),

which is the same as aα defined by (4.1).

Corollary 4.5. For any α ∈ SParn, and k ∈ Z we have
aα(x1, . . . , xn) = ek

−naα+(kn)(x1, . . . , xn).(4.3)

Remark 4.6. Note that, because each λ ∈ SParn has only finitely many parts unequal to zero,
there is a lower bound on the parts of λ. Thus, there exists a k ∈ N such that for all r ∈ N with
r ≥ k, λ+ (rn) ∈ Parn, and thus aλ+(rn) ∈ Altn.

Lemma 4.7. The polynomial

(4.4) aδn(x1, . . . , xn) = det
(︂
xn−j

i

)︂
1≤i,j≤n

=
∏︂

1≤i<j≤n

(xi − xj)

divides every element of Altn.

Proof. Let f ∈ Altn be arbitrary. Since f evaluates to 0 when xi = xj , it is divisible by xi − xj .
Since the xi − xj are pairwise relatively prime and Z[x1, . . . , xn] is a unique factorization domain,
their product

∏︁
1≤i<j≤n(xi − xj) divides f in Z[x1, . . . , xn].

Proposition 4.8. [Mac15, Ch. I, §3, p. 40] The map Symn → Altn, f ↦→ f aδn(x1, . . . , xn) is an
isomorphism of Symn-modules. Thus, the elements

aλ+δn(x1, . . . , xn), λ ∈ Parn,(4.5)
form a Z-basis of Altn.

We will now use this to prove the analogous statement for the Laurent alternating polynomials.

Proposition 4.9. The elements
aλ+δn(x1, . . . , xn), λ ∈ SParn,(4.6)

form a Z-basis of LAltn.

Proof. Let g ∈ LAltn. There is some k large enough such that ek
ng ∈ Altn (ek

n is symmetric so ek
ng

is alternating). By Proposition 4.8, there exist cλ ∈ Z such that ek
ng =

∑︁
λ∈Parn

cλaλ+δn . Then

g = ek
−n

∑︂
λ∈Parn

cλaλ+δn =
(4.3)

∑︂
λ∈Parn

cλaλ−(kn)+δn =
∑︂

λ′∈SParn

cλ′aλ′+δn ,

as desired.
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We have shown that the aλ+δn generate LAltn. To see that they are linearly independent,
suppose there exists a finite linear combination equal to zero,

0 =
∑︂

λ∈SParn

cλaλ+δn(x1, . . . , xn),

with cλ ∈ Z. Then there exists a k such that λ+(kn) ∈ Parn for all λ with cλ ̸= 0 (using Remark 4.6
and taking the finite maximum of the k needed for each cλ ̸= 0). Thus,

0 =
∑︂

λ∈SParn

cλe
k
naλ+δn(x1, . . . , xn)

=
∑︂

λ∈SParn

cλaλ+(kn)+δn(x1, . . . , xn)

=
∑︂

µ∈Parn

cµ−(kn)aµ+δn(x1, . . . , xn).

Thus, we get that all cλ = 0 because the aλ+δn for λ ∈ Parn are linearly independent by Proposi-
tion 4.8.

Remark 4.10. Note that the ring LSymn is a subring of LPoln which is a subring of the quotient
field of polynomials in n variables. Thus, LSymn is an integral domain.

Lemma 4.11. For any t(x1, . . . , xn) ∈ LAltn, there exists a unique element ℓ(x1, . . . , xn) ∈ LSymn

such that

t(x1, . . . , xn) = ℓ(x1, . . . , xn)aδn(x1, . . . , xn).(4.7)

Proof. By multiplying by a large enough power ek
n, we have that ek

nt(x1, . . . , xn) ∈ Altn. By
Proposition 4.8, there exists a polynomial q(x1, . . . , xn) ∈ Symn such that

ek
nt(x1, . . . , xn) = q(x1, . . . , xn)aδn(x1, . . . , xn).

Therefore, it suffices to take ℓ(x1, . . . , xn) = ek
−nq(x1, . . . , xn), which is symmetric because both

ek
−n(x1, . . . , xn) and q(x1, . . . , xn) are symmetric. This ℓ(x1, . . . , xn) is unique because LPoln is an

integral domain.

Definition 4.12. For λ ∈ SParn(k), the Laurent Schur polynomials in n variables are defined as

sλ(x1, . . . , xn) := aλ+δn(x1, . . . , xn)
aδn(x1, . . . , xn) = det(xλj+n−j

i )1≤i,j≤n

det(xn−j
i )1≤i,j≤n

∈ LSymk
n.(4.8)

In particular, if λ ∈ Parn, then sλ is the usual Schur polynomial.

Remark 4.13. Note that the second equality in Definition 4.12 is given by Lemma 4.4. The fact
that sλ(x1, . . . , xn) is a uniquely determined Laurent symmetric polynomial is due to Lemma 4.11
and LSymn being an integral domain (Remark 4.10).

Proposition 4.14. For all k ∈ Z, λ ∈ SParn, we have

sλ(x1, . . . , xn) = ek
−nsλ+(kn)(x1, . . . , xn).(4.9)

Proof. From Corollary 4.5, we have

aλ+δn(x1, . . . , xn) = ek
−naλ+(kn)+δn(x1, . . . , xn).

By Lemma 4.11, we may divide both sides by aδn(x1, . . . , xn), and the claim follows.

Theorem 4.15. The Laurent Schur polynomials sλ for λ ∈ SParn form a basis of LSymn over Z.
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Proof. For each ℓ ∈ LSymn there exists a k ∈ N such that g = ek
nℓ ∈ Symn. As the usual Schur

polynomials form a basis for Symn [Mac15, Ch. I, § 3, Eq. (3.2)], we may express g as a linear
combination of Schur polynomials:

g =
∑︂

λ∈Parn

cλsλ(x1, . . . , xn), cλ ∈ Z.

Thus,

ℓ = e−k
n

∑︂
λ∈Parn

cλsλ(x1, . . . , xn)

=
∑︂

λ∈Parn

cλe
−k
n sλ(x1, . . . , xn)

=
∑︂

λ∈Parn

cλsλ−(kn)(x1, . . . , xn)

=
∑︂

µ∈SParn

cµ+(kn)sµ(x1, . . . , xn),

where we set cµ = 0 for all µ /∈ Parn. We have thus shown that ℓ is in the span of the sλ and thus,
they span LSymn. To show that they are linearly independent, suppose there exists a finite linear
combination equal to zero:

0 =
∑︂

λ∈SParn

cλsλ(x1, . . . , xn), cλ ∈ Z.

Then there exists a k such that λ+ (kn) ∈ Parn for all λ with cλ ̸= 0 (using Remark 4.6 and taking
the finite maximum of the k needed for each cλ ̸= 0). Thus,

0 =
∑︂

λ∈SParn

cλe
k
nsλ(x1, . . . , xn)

=
∑︂

λ∈SParn

cλsλ+(kn)(x1, . . . , xn)

=
∑︂

µ∈Parn

cµ−(kn)sµ(x1, . . . , xn),

and so we get that all cλ = 0 because the sλ for λ ∈ Parn are linearly independent.

Corollary 4.16. LAltn is a free LSymn-module of rank one.

Proof. We show that LAltn is isomorphic to LSymn, as an LSymn-module, under the following
isomorphism:

φ : LSymn → LAltn,

ℓ ↦−→ aδnℓ.

The map φ sends sλ to aλ+δn . Since the former form a Z-basis of LSymn and the latter form a
Z-basis of LAltn, the statement follows.

Recall that e−r(x1, . . . , xn) = er(x−1
1 , . . . , x−1

n ). Likewise, let h−r(x1, . . . , xn) = hr(x−1
1 , . . . , x−1

n ).

Proposition 4.17. Let λ ∈ SParn, and r, d,m ∈ N such that λ+ (dn) ∈ Parn, r ≥ ℓ(λ+ (dn)) and
m ≥ ℓ((λ+ (dn))′). Then

sλ = ed
−n det(1N((λ+ (dn))i − i+ j)h(λ+(dn))i−i+j)1≤i,j≤r, and

sλ = ed
−n det(1N((λ+ (dn))′

i − i+ j)e(λ+(dn))′
i−i+j)1≤i,j≤m,
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where 1N is the indicator function, defined as

1N(x) :=
{︄

1, if x ∈ N
0, if x /∈ N.

Remark 4.18. We have used the indicator function 1N to have 0 entries where the subscript
r of er, hr are negative. This is to enforce the non-Laurent condition supposed in the original
Jacobi-Trudi formula, i.e, er = hr = 0 for r < 0 in [Mac15, Ch. I, §3, Eqs.3.4-3.5].

Proof. We only prove the first equality, as the second one is analogous. Indeed, for any λ ∈ SParn,

sλ(x1, . . . , xn) = ed
−nsλ+(dn)(x1, . . . , xn)

= ed
−n det(1N((λ+ (dn))i − i+ j)h(λ+(dn))i−i+j),

where we have used in the first equality Proposition 4.14, and the second one follows from the
Jacobi-Trudi identities for finite variables (see [Mac15, Ch. I, §3, Eqs.3.4-3.5]).

Cauchy’s formula in [Mac15, Ch. I, Eq. (4.3)] can be generalized as follows.

Proposition 4.19. Let k ∈ Z. We have

ek
n(x)ek

n(y)
n∏︂

i,j=1
(1− xiyj)−1 =

∑︂
µ∈SPar≥k

n

sµ(x)sµ(y),(4.10)

where SPar≥k
n := {µ ∈ SParn | µn ≥ k}.

Proof. From the proof of [Mac15, Ch. I, §3, Eq. (4.3)] we have
n∏︂

i,j=1
(1− xiyj)−1 =

∑︂
µ∈Parn

sµ(x)sµ(y)

= ek
−n(x)ek

−n(y)
∑︂

µ∈Parn

sµ+(kn)(x)sµ+(kn)(y)

= ek
−n(x)ek

−n(y)
∑︂

ν∈SPar≥k
n

sν(x)sν(y),

where the second equality is given by Proposition 4.14, and the third equality holds since the map

ρ : Parn −→ SPar≥k
n ,

µ ↦−→ µ+ (kn),

is bijective. Then, by multiplying by ek
n(x)ek

n(y) on both sides, the claim follows.

Definition 4.20. The Hall inner product of two Laurent symmetric polynomials f, g ∈ LSymn is

⟨f, g⟩n = 1
n! CT

⎛⎝f(x1, . . . , xn)g(x−1
1 , . . . , x−1

n )
∏︂
i̸=j

(︄
1− xi

xj

)︄⎞⎠ ,(4.11)

where CT denotes the constant term of the Laurent polynomial.

Evidently, (4.11) is a bilinear map LSymn × LSymn → Q. Later we will see that the pairing
(4.11) is indeed an inner product (i.e., symmetric and positive definite) on LSymn.

Proposition 4.21. The pairing (4.11) is symmetric.
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Proof. Let f(x) and f(x−1) be shorthands for f(x1, . . . , xn) and f(x−1
1 , . . . , x−1

n ) respectively. For
all h ∈ Z[x±1

1 , . . . , x±
n ] we have CT(h(x)) = CT(h(x−1)) and thus

⟨f, g⟩n = 1
n! CT

⎛⎝f(x1, . . . , xn)g(x−1
1 , . . . , x−1

n )
∏︂
i̸=j

(︄
1− xi

xj

)︄⎞⎠
= 1
n! CT

⎛⎝f(x−1
1 , . . . , x−1

n )g(x1, . . . , xn)
∏︂
i̸=j

(︃
1− xj

xi

)︃⎞⎠
= ⟨g, f⟩n,

since the product
∏︁

i̸=j

(︂
1− xi

xj

)︂
is invariant under exchanging i and j.

Lemma 4.22. Fix λ ∈ SParn. Then

(4.12) aλ(x−1
1 , . . . , x−1

n ) = (−1)
n(n−1)

2 aλ∨(x1, . . . , xn),

where λ∨ := (−λn, . . . ,−λ1) ∈ SParn.

Proof. It follows from (4.2) that

aλ(x−1
1 , . . . , x−1

n ) = det(x−λj

i )1≤i,j≤n.

Since

det

⎛⎜⎜⎜⎜⎜⎝
x−λ1

1 x−λ2
1 . . . x−λn

1
...

...
...

...
...

...
x−λ1

n x−λ2
n . . . x−λn

n

⎞⎟⎟⎟⎟⎟⎠ = (−1)
n(n−1)

2 det

⎛⎜⎜⎜⎜⎜⎝
x−λn

1 . . . x−λ2
1 x−λ1

1
...

...
...

...
...

...
x−λn

n . . . x−λ2
n x−λ1

n

⎞⎟⎟⎟⎟⎟⎠ ,

the result follows.

Corollary 4.23. In particular, we have

aδn(x−1
1 , . . . , x−1

n ) = (−1)
n(n−1)

2 en−1
−n aδn(x1, . . . , xn)(4.13)

Proof. From Lemma 4.22, we have

aδn(x−1
1 , . . . , x−1

n ) = (−1)
n(n−1)

2 a(δn)∨(x1, . . . , xn)

= (−1)
n(n−1)

2 en−1
−n a((n−1)n)+(δn)∨(x1, . . . , xn),

where the last equality follows from Corollary 4.5. Since ((n − 1)n) + (δn)∨ = δn, the claim
follows.

Proposition 4.24. Let λ ∈ SParn. Then we have

sλ(x−1
1 , . . . , x−1

n ) = sλ∨(x1, . . . , xn),(4.14)

where λ∨ is as defined in Lemma 4.22.

Proof. In light of (4.12), we have

sλ(x−1) = aλ+δn(x−1)
aδn(x−1) =

aλ∨+(δn)∨(x)
a(δn)∨(x)

(⋆)=
en−1

−n aλ∨+δn(x)
en−1

−n aδn(x)
= sλ∨(x),

where (⋆) follows from Corollary 4.5.
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Proposition 4.25. Let λ, µ ∈ SParn. Then the Laurent Schur polynomials sλ, sµ are orthonormal
with respect to the pairing (4.11),

⟨sλ, sµ⟩n = δλ,µ,(4.15)
where δλ,µ is the Kronecker delta, which is equal to 1 if λ = µ and 0 otherwise.

Proof. Recall the Hall inner product from Definition 4.20. It suffices to prove that

CT

⎛⎝sλ(x)sµ(x−1)
∏︂
i̸=j

(1− xi/xj)

⎞⎠ = n!δλ,µ(4.16)

The product
∏︁

i̸=j(1− xi/xj) can be written as the product of Pi,j , for all i < j, where

Pi,j :=
(︄

1− xi

xj

)︄(︃
1− xj

xi

)︃
=
(︄
xj − xi

xj

)︄(︃
xi − xj

xi

)︃
=
(︄
xj − xi

xixj

)︄
(xi−xj) = (xi−xj)(x−1

i −x
−1
j ).

This allows us to write∏︂
i̸=j

(1− xi/xj) =
∏︂

1≤i<j≤n

(xi − xj)
∏︂

1≤i<j≤n

(x−1
i − x

−1
j ) = aδn(x1, . . . , xn) aδn(x−1

1 , . . . , x−1
n ),(4.17)

where the second equality follows from Lemma 4.7. Then,

CT

⎛⎝sλ(x)sµ(x−1)
∏︂
i̸=j

(1− xi/xj)

⎞⎠ = CT
(︂
sλ(x)sµ(x−1)aδn(x) aδn(x−1)

)︂
(4.8)= CT

(︂
aλ+δn(x) aµ+δn(x−1)

)︂
.

From (4.1), we have

aλ+δn(x) aµ+δn(x−1) =

⎛⎝∑︂
σ∈Sn

sgn(σ)x(λ+δn)σ

⎞⎠⎛⎝∑︂
τ∈Sn

sgn(τ)x−(µ+δn)τ

⎞⎠
=

∑︂
σ,τ ∈Sn

sgn(σ)sgn(τ)x(λ+δn)σ−(µ+δn)τ
.

For the constant term of the Laurent polynomial aλ+δn(x) aµ+δn(x−1), we look at all σ, τ ∈ Sn such
that

(λ+ δn)σ − (µ+ δn)τ = 0.
Then (λ + δn)σ◦τ−1 = (µ + δn). As λ + δn, µ + δn ∈ SParn, each with no repeated elements, and
σ ◦ τ−1 is a set-wise bijection, λ+ δn and µ+ δn must have the same parts. Since both are ordered,
it follows that λ+ δn = µ+ δn. Then by Lemma 4.3, λ = µ, and so σ ◦ τ−1 must be the identity,
and σ = τ . Thus, if λ ̸= µ, we have

CT

⎛⎝sλ(x)sµ(x−1)
∏︂
i̸=j

(1− xi/xj)

⎞⎠ = 0.

If λ = µ, then by the above discussion, σ = τ , and so we have

CT

⎛⎝ ∑︂
σ,ν∈Sn

sgn(σ)sgn(ν)x(λ+δn)σ−(µ+δn)ν

⎞⎠ =
∑︂

σ∈Sn

sgn(σ)2 = |Sn| = n!,(4.18)

as desired.

As the Laurent Schur polynomials form a basis for LSymn, the following corollaries hold.

Corollary 4.26. The pairing (4.11) is positive-definite (i.e., ⟨f(x1, . . . , xn), f(x1, . . . , xn)⟩n > 0,
for f(x1, . . . , xn) ̸= 0).
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Remark 4.27. Proposition 4.25 also implies the pairing is symmetric, which provides another
proof for the fact that the pairing is symmetric, in addition to Proposition 4.21, where it is shown
directly. Together with Proposition 4.21, we have shown the pairing (4.11) is indeed an inner
product, as promised.

Corollary 4.28. The Hall inner product (4.11) is a map LSymn × LSymn → Z.

Corollary 4.29. For all d, r ∈ Z we have

⟨ed
n, e

r
n⟩n = δdr.(4.19)

Proof. Since s0 = 1 by Proposition 4.14, we have ek
n = s(kn).

Definition 4.30. Let

sλ(x) =
∑︂

µ∈SParn

Kλ,µmµ(x).(4.20)

The Kλ,µ are called generalized Kostka numbers. This sum is finite, since Laurent monomial sym-
metric polynomials form a basis of LSymn.

Recall λ∨ := (−λn, . . . ,−λ1) from Lemma 4.22. Consider the ring homomorphism

LPoln −→ LPoln, xi ↦−→ x−1
i .(4.21)

Proposition 4.31. Let Γ denote the restriction of (4.21) to LSymn. Then the following hold:
(a) Γ(sλ(x)) = sλ∨(x),
(b) Γ(mλ(x)) = mλ∨(x),
(c) Γ is an involution,
(d) Γ is an isometry.

Here, x is a shorthand for x1, . . . , xn.

Proof. Part (a) is a restatement of Proposition 4.24. For (b), recall by definition,

mλ(x1, . . . , xn) =
∑︂

β∈λSn

xβ, λ ∈ SParn(k).

Then
Γ(mλ(x1, . . . , xn)) =

∑︂
β∈λSn

x−β =
∑︂

−β∈λSn

xβ =
∑︂

β∈λ∨Sn

xβ.

(c) is clear. Finally, (d) follows from (a) since it shows that the image of an orthonormal basis is
an orthonormal basis.

Corollary 4.32. Under sλ ↦→ sλ∨ and mµ ↦→ mµ∨, where λ∨, µ∨ are as defined in Lemma 4.22,
we have that Kλ,µ = Kλ∨,µ∨.

5. Laurent symmetric functions

Definition 5.1. For an alphabet X = (X1, X2, . . . ), Λ(X) denotes the ring of symmetric functions
in the variables X1, X2, . . . .

We use the term functions to distinguish this ring from the ring of symmetric polynomials in
finitely many variables.

Definition 5.2. Let X = (X1, X2, . . . ) and Y = (Y1, Y2, . . . ) be two independent alphabets. The
ring of Laurent symmetric functions in infinitely many variables is

LSym := Λ(X)⊗Z Λ(Y )(5.1)
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Remark 5.3. Since the tensor product commutes with direct sums, we have

Λ(X)⊗Z Λ(Y ) =
⨁︂

k,ℓ∈N
Λk(X)⊗Z Λℓ(Y ).(5.2)

The submodules Λk(X) ⊗Z Λℓ(Y ) are of finite rank and yield a N2 grading of LSym. We can use
this to construct a Z-grading

Λ(X)⊗Z Λ(Y ) =
⨁︂
r∈Z

⨁︂
k−ℓ=r
k,ℓ∈N

Λk(X)⊗Z Λℓ(Y ),

where the submodules of degree r are
⨁︁

k−ℓ=r
k,ℓ∈N

Λk(X)⊗Z Λℓ(Y ). Note that in this case the graded

components are abelian groups of infinite rank.

We extend the elementary symmetric functions er(x1, x2, . . . ) defined in [Mac15, Ch. I, §2, p. 19]
to Laurent symmetric functions as follows.

Definition 5.4. For r ∈ Z we define the Laurent elementary symmetric functions in infinite
variables as follows.

er = er(X), r > 0,
er = e−r(Y ), r < 0,
e0 = 1,

where er(X), er(Y ) for r > 0 denote the elementary symmetric function in the variables X1, X2, . . . ,
Y1, Y2, . . . .

By the fundamental theorem of symmetric functions [Mac15, Ch. I, §2], we have Λ(X) =
Z[e1(X), e2(X), . . . ], where e1(X), e2(X), . . . are algebraically independent. It follows that

Proposition 5.5. We have

LSym = Z[e1(X), e2(X), . . . , e1(Y ), e2(Y ), . . . ],

where the elements e1(X), e2(X), . . . , e1(Y ), e2(Y ), . . . are algebraically independent. With the no-
tation of Definition 5.4 we have

LSym = Z[e±1, e±2, . . . ](5.3)

Similarly, we extend the definitions of the complete homogeneous symmetric functions hr and
the power sums pr in [Mac15, Ch. I, §2 pp.21-23] to the Laurent symmetric functions.

Definition 5.6. For r ∈ Z, we define

hr =

⎧⎪⎪⎨⎪⎪⎩
hr(X), r > 0,
h−r(Y ), r < 0,
1, r = 0,

(5.4)

and

pr =
{︄
pr(X), r > 0,
p−r(Y ), r < 0.

(5.5)

Note we do not define p0.

Definition 5.7. For n ≥ 1, we define a ring homomorphism

ρn : LSym→ LSymn
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on the generators er by
ρn(er(X)) = er(x1, . . . , xn),(5.6)

and

ρn(er(Y )) = er(x−1
1 , . . . , x−1

n ) (⋆)=
{︄
en−r(x1, . . . , xn)en(x1, . . . , xn)−1, 0 ≤ r ≤ n,
0. r > n

(5.7)

Since er(X), er(Y ) freely generate LSym as a Z-algebra, (5.6) and (5.7) together define a unique
ring homomorphism.

Remark 5.8. The equality (⋆) follows from the definition that

en−r(x1, . . . , xn) =
∑︂

1≤i1<···<in−r≤n

xi1 · · ·xin−r ,

and en(x1, . . . , xn) = x1 · · ·xn, so we have

en−r(x1, . . . , xn)en(x1, . . . , xn)−1 =

⎛⎝ ∑︂
1≤i1<···<in−r≤n

xi1 · · ·xin−r

⎞⎠ (x1 · · ·xn)−1

=
∑︂

1≤i1<···<ir≤n

x−1
i1
· · ·x−1

ir

= er(x−1
1 , . . . , x−1

n ).

The alphabets X and Y are independent in the ring of Laurent symmetric functions. Under the
specialization to the finite variable case, however, they get mapped to xi and x−1

i respectively and
thus become inverses to each other.

Since we are working with symmetric functions alongside symmetric polynomials, hereafter, we
will denote elementary symmetric polynomials er(x1, . . . , xn) by e

(n)
r , to distinguish them from

elementary symmetric functions, which we will denote by er.

Definition 5.9. For r such that 0 ≤ r ≤ n, let

e
(n)
−r := e(n)

r (x−1).(5.8)

It is desirable to have a description of LSym as an inverse limit relating it to the finite variable
case.

Definition 5.10. For d ≥ 1, set
Ad := Z[e1(X), . . . , ed(X), e1(Y ), . . . , ed(Y )] ⊆ LSym.

Proposition 5.11. For d ≥ 1 and n ≥ 2d+ 1,
ρn|Ad

: Ad −→ LSymn

is injective.

Proof. Since e1(X), . . . , ed(X), e1(Y ), . . . , ed(Y ) are algebraically independent in LSym, to show
ρn|Ad

is injective, it suffices to check that, if n ≥ 2d+ 1, the set

{ρn(e1(X)), . . . , ρn(ed(X)), ρn(e1(Y )), . . . , ρn(ed(Y ))} =
{︂
e

(n)
1 , . . . , e

(n)
d , e

(n)
n−1/e

(n)
n , . . . , e

(n)
n−d/e

(n)
n

}︂
is algebraically independent in LSymn.

Let f(T1, . . . , T2d) ∈ Z[T1, . . . , T2d] be such that f(e(n)
1 , . . . , e

(n)
d , e

(n)
n−1/e

(n)
n , . . . , e

(n)
n−d/e

(n)
n ) = 0. If

we express f(T1, . . . , T2d) as a finite sum

f(T1, . . . , T2d) =
∑︂

α∈N2d

cαT
α1
1 · · ·T

α2d
2d , cα ∈ Z,
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we have that

0 =
∑︂

α∈N2d

cα

(︂
e

(n)
1

)︂α1
· · ·
(︂
e

(n)
d

)︂αd

⎛⎝e(n)
n−1

e
(n)
n

⎞⎠αd+1

· · ·

⎛⎝e(n)
n−d

e
(n)
n

⎞⎠α2d

=
∑︂

α∈N2d

cα

(︂
e

(n)
1

)︂α1
· · ·
(︂
e

(n)
d

)︂αd
(︂
e

(n)
n−1

)︂αd+1 · · ·
(︂
e

(n)
n−d

)︂α2d
(︂
e(n)

n

)︂−(αd+1+···α2d)
.

Because n− d ≥ d+ 1, the set

{
(︂
e

(n)
1

)︂α1
· · ·
(︂
e

(n)
d

)︂αd
(︂
e

(n)
n−1

)︂αd+1 · · ·
(︂
e

(n)
n−d

)︂α2d
(︂
e(n)

n

)︂−(αd+1+···α2d)
| (α1, . . . , α2d) ∈ N2d}(5.9)

is a subset of the basis (3.5) in Corollary 3.6. Thus, the set (5.9) is linearly independent. As a
consequence, cα = 0 for all α ∈ N2d. We conclude that the polynomial f(T1, . . . , T2d) is the zero
polynomial.
Corollary 5.12. For n, d ∈ N≥1, we denote by Ad,n the image of ρn|Ad

in LSymn. Then, Ad,n =
Z[e(n)

±1 , . . . , e
(n)
±d ] ⊆ LSymn and

ρn|Ad
: Ad −→ Ad,n

is an isomorphism for n ≥ 2d+ 1.
This motivates the following definition.

Definition 5.13. For m ≥ n ≥ 2d+ 1, define
π(d)

m,n : Ad,m −→ Ad,n, π(d)
m,n(ρm(F )) = ρn(F ), F ∈ Ad.(5.10)

That is, we define
π(d)

m,n := ρn|Ad
◦ (ρm|Ad

)−1.(5.11)

From (5.11), we see that π(d)
m,n is a ring isomorphism for all m ≥ n ≥ 2d+ 1. By definition,

π(d)
m,n(e(m)

i ) = e
(n)
i , −d ≤ i ≤ d.

In particular, π(d)
l,n = π

(d)
m,n ◦ π(d)

l,m for l ≥ m ≥ n ≥ 2d + 1, and therefore the {π(d)
m,n : Ad,m → Ad,n}

form an inverse system of rings. Because all π(d)
m,n and ρn|Ad

are isomorphisms and they commute,
i.e.

Ad

Ad,m Ad,n,

ρm
ρn

π
(d)
m,n

we get that
Ad
∼= lim←−

n≥2d+1
Ad,n.(5.12)

Additionally, the Ad form a system of subrings of LSym which exhaust the ring, that is,⋃︂
d≥1

Ad = LSym.(5.13)

This implies that LSym = lim−→d≥1Ad. Thus, we have proven the following theorem.

Theorem 5.14. With the notation above, we have Ad
∼= lim←−n≥2d+1Ad,n, and hence

LSym = lim−→
d

Ad
∼= lim−→

d

lim←−
n≥2d+1

Ad,n,(5.14)

where the inverse limit is with respect to the maps π(d)
m,n defined in (5.11).
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We extend the generating functions for the elementary symmetric functions and the homogeneous
symmetric functions from [Mac15, Ch. I, §2 Eqs. 2.2, 2.5, 2.10] to Laurent symmetric functions.
Define

E+(t) :=
∑︂
r≥0

er(X)tr, E−(t) :=
∑︂
r≥0

er(Y )tr,(5.15)

and
H+(t) :=

∑︂
r≥0

hr(X)tr, H−(t) :=
∑︂
r≥0

hr(Y )tr.(5.16)

Proposition 5.15. We have
E+(t)H+(−t) = 1, E−(t)H−(−t) = 1.(5.17)

Proof. Both identities follow from [Mac15, Ch. I, §2, Eq. (2.6)].

As for the non-Laurent case, we define the Laurent symmetric functions over Q by
LSymQ := Q⊗Z LSym.(5.18)

Proposition 5.16. There is an isomorphism
LSymQ

∼= ΛQ(X)⊗Q ΛQ(Y )

Proof. Using the integral isomorphism LSym ∼= Λ(X) ⊗Z Λ(Y ) together with the canonical base
change isomorphism R′ ⊗R (M ⊗R N) ∼= (R′ ⊗R M)⊗R′ (R′ ⊗R N) for extension of scalars from Z
to Q, we obtain:

LSymQ = Q⊗Z LSym
∼= Q⊗Z (Λ(X)⊗Z Λ(Y ))
∼= (Q⊗Z Λ(X))⊗Q (Q⊗Z Λ(Y ))
= ΛQ(X)⊗Q ΛQ(Y ).

Recall the definition of pr for r ∈ Z \ {0} in Definition 5.6.

Corollary 5.17. Over Q, we have that
LSymQ = Q[p±1, p±2, . . . ],

where p±1, p±2, . . . are algebraically independent.

Proof. Indeed, we know that ΛQ(X) = Q[p1, p2, . . . ] (see [Mac15, Ch. I §2]). Therefore, we have
LSymQ

∼= Q[p1(X), p2(X), . . . ]⊗Q Q[p1(Y ), p2(Y ), . . . ] ∼= Q[p1(X), p2(X), . . . , p1(Y ), p2(Y ), . . . ].

Proposition 5.18. For ρn, with n, r ≥ 1, we have

ρn(pr) =
n∑︂

i=1
xr

i , ρn(p−r) =
n∑︂

i=1
x−r

i .

Proof. For r ≥ 1, it suffices to show that the diagram

Λ(X) Λ(X)⊗Z Λ(Y )

Symn LSymn,

ρX
n

ρn
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commutes, where ρX
n denotes the restriction to finitely many variables in the non-Laurent symmetric

polynomials as given in [Mac15, Ch. I, §2, pp.18-19]. It suffices to show ρX
n (er) = ρn(er) (since the

er’s are generators and ρn is a ring homomorphism). This follows immediately from the definition
of ρn, since we have

ρX
n (er) = e(n)

r = ρn(er).
We also note that the diagram

(5.19)
Λ(X)⊗ Λ(Y ) Λ(X)⊗ Λ(Y )

LSymn LSymn

σ

ρn ρn

Γ

commutes, where σ is defined by σ(X) = Y and σ(Y ) = X and Γ is defined in (4.21), giving
symmetry in X and Y . The commutativity of the diagram can also be checked by considering the
images of the generators er for r ∈ Z. Then, using (5.19) and knowing that ρn(pr) = p

(n)
r for r > 0,

we can deduce that images of pr for r < 0 under the ρn map are the ones stated.

6. Laurent Schur functions

In the following we denote a signed partition by a pair of partitions λ, µ ∈ Par. Recall that for
any n ≥ ℓ(λ) + ℓ(µ) the signed partition can be expressed as an n-tuple

(λ1, . . . , λr, 0, . . . , 0,−µs, . . . ,−µ1),
where r = ℓ(λ) and s = ℓ(µ). Accordingly, for n ≥ r + s, let

s
(n)
λ,µ := s(λ1,...,λr,0,...,0,−µs,...,−µ1)(x1, . . . , xn),

where the right hand side is a Laurent Schur polynomial in n variables as defined in Definition 4.12.
The number of zeros added in the middle of the partition is n− ℓ(λ)− ℓ(µ).

For λ, µ ∈ Par, let sλ/µ denote the skew Schur function by

sλ/µ :=
∑︂

ν∈Par
⟨sλ, sµsν⟩sν ,(6.1)

which lies in the ring of symmetric functions (see [Mac15, Ch. I, §5, Eq. (5.3)]). Here, ⟨·, ·⟩ is the
Hall inner product for usual symmetric functions (i.e. defined such that the Schur functions are
orthonormal). Likewise, let ⊇ be the relation given by

λ ⊇ µ ⇐⇒ λi ≥ µi for all i.(6.2)
Equivalently, λ ⊇ µ if and only if the Young diagram of µ embeds in that of λ. For example,
λ = (4, 3, 2, 1) and µ = (3, 2, 1) are embedded as follows.

Thus, we may associate a skew Young diagram with λ/µ, as the following example shows.
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Definition 6.1. For λ, µ ∈ Par we define the Laurent Schur function sλ,µ by

sλ,µ :=
∑︂

ν∈Par
(−1)|ν|sλ/ν(X) sµ/ν′(Y ).(6.3)

The sum is finite as there are only finitely many ν with ν ⊆ λ and ν ′ ⊆ µ [Mac15, Ch. I, §5,
Eq. (5.7)].
Proposition 6.2 ([Koi89, Prop. 2.2, Thm. 2.3]). The Laurent Schur functions are well-behaved
with respect to the restriction to finitely many variables. That is, for n ≥ ℓ(λ) + ℓ(µ), we have

ρn(sλ,µ) = s
(n)
λ,µ.(6.4)

Proposition 6.3 ([Koi89, Cor. 2.3.2]). The Laurent Schur functions sλ,µ, λ, µ ∈ Par, form a basis
of LSym.

These two propositions motivate the following definition of the Hall inner product in the ring of
Laurent symmetric functions.
Definition 6.4. We define the Hall inner product on LSym such that

⟨sλ,µ, sα,β⟩ = δλαδµβ.(6.5)
As the Laurent Schur functions form a basis of LSym, the pairing (6.5) uniquely defines an inner
product.
Proposition 6.5. Let

F =
∑︂

α(λ,µ)sλ,µ, G =
∑︂

γ(β,η)sβ,η ∈ LSym.(6.6)

Then, for all n ≥ max(ℓ(λ) + ℓ(µ), ℓ(β) + ℓ(η)) where the maximum is taken over all pairs λ, µ and
β, η for which α(λ,µ) ̸= 0 and γ(β,η) ̸= 0, we have

⟨F,G⟩ = ⟨ρn(F ), ρn(G)⟩n.(6.7)
Proof. Let n be as stated above. We compute

⟨F,G⟩ =
⟨︄ ∑︂

λ,µ∈Par
α(λ,µ)sλ,µ,

∑︂
β,η∈Par

γ(β,η)sβ,η

⟩︄

=
∑︂

λ,µ∈Par

∑︂
β,η∈Par

α(λ,µ)γ(β,η)⟨sλ,µ, sβ,η⟩

(6.5)=
∑︂

λ,µ∈Par
α(λ,µ)γ(λ,µ).

On the other hand, by Definition 5.7, ρn is linear, so we have

ρn(F ) = ρn

⎛⎝ ∑︂
λ,µ∈Par

α(λ,µ)sλ,µ

⎞⎠ =
∑︂

λ,µ∈Par
α(λ,µ)ρn(sλ,µ),

similarly
ρn(G) =

∑︂
γ(β,η)s

(n)
β,η.

Hence, exploiting the orthogonality of the Schur polynomials in n variables with respect to ⟨·, ·⟩n,
the right hand side of (6.7) becomes

⟨ρn(F ), ρn(G)⟩n =
⟨︄
ρn

⎛⎝ ∑︂
λ,µ∈Par

α(λ,µ)sλ,µ

⎞⎠ , ρn

⎛⎝ ∑︂
β,η∈Par

γ(β,η)sβ,η

⎞⎠⟩︄
n

=
∑︂

λ,µ∈Par

∑︂
β,η∈Par

α(λ,µ)γ(β,η)⟨ρn(sλ,µ), ρn(sβ,η)⟩n
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(∗)=
∑︂

λ,µ∈Par

∑︂
β,η∈Par

α(λ,µ)γ(β,η)⟨s
(n)
λ,µ, s

(n)
β,η⟩n

=
∑︂

λ,µ∈Par
α(λ,µ)γ(λ,µ),

where we invoke in (∗) Proposition 6.2 and (4.15).

7. Representations of the general linear group

Throughout this section all vector spaces will be over C. Also we write GLn = GL(n,C).
Definition 7.1. A representation (over C) of a group G is a pair (ρ, V ), where V is a vector space
and ρ is a group homomorphism
(7.1) ρ : G −→ GL(V ), g ↦−→ ρ(g).
When ρ and V are understood, we denote ρ(g)·v by g ·v, and refer to ρ (or V ) as the representation.

Note that if V is finite dimensional, then by choosing a basis of V , (7.1) is the same as a group
homomorphism ρ : G→ GLm, where m = dimV .
Remark 7.2. The category of representations of a group G can be identified with the category of
G-modules. This identification can be used to define subrepresentations, quotients, tensor products
and sums. However, we will give the definitions explicitly here, for greater clarity and note that
they behave well with respect to this identification.
Example 7.3.

1) For any G and V , the homomorphism ρ : g ↦→ Id for all g ∈ G, where Id is the identity
linear transformation V → V , is the trivial representation.

2) Let V = Cn and ρ = Id: GLn → GLn. The pair (Cn, Id) is said to be a standard represen-
tation of GLn.

Definition 7.4. If W ⊆ V is a vector subspace of V invariant under ρW (g) := ρ(g)
⃓⃓
W

for all g ∈ G,
then (ρW ,W ) is a subrepresentation of (ρ, V ). A representation V is said to be irreducible if it has
no nontrivial subrepresentations.
Definition 7.5. If W is a subrepresentation of V , then ρ induces an action on the quotient space
V/W given by

ρ̃(g)(v +W ) := ρ(g)v +W.(7.2)
The quotient space V/W together with ρ̃ is said to be the quotient representation V/W .
Definition 7.6. Two representations (ρ, V ) and (σ,W ) of G are said to be isomorphic if there
exists a linear isomorphism f : V →W such that f ◦ ρ(g) = σ(g) ◦ f for all g ∈ G.
Definition 7.7. If H ⊆ G is a subgroup of G, and ρ : G → GL(V ) is a representation of G, then
ρ restricts to a representation of H as
(7.3) ρ|H : H → GL(V ), h ↦→ ρ(h),
which is said to be the restriction representation, denoted ResG

Hρ = ρ|H .
Definition 7.8. In finite dimensions, a representation ρ : GLn → GL(V ) of GLn is said to be
polynomial (resp. rational) if, given a basis of V with m elements, the entries of the matrix of ρ(g)
are polynomial (resp. rational) in the matrix entries gi,j for all g ∈ GLn. That is, for 1 ≤ i, j ≤ m,
we have
(7.4) ρ(g)ij = f(g11, g12, . . . , gnn)
for some f ∈ C[X11, . . . , Xnn] (resp. C[Xij , det(X)−1]). Note that we use C[Xij , det(X)−1] instead
of C(X11, . . . , Xnn) because a rational representation must have matrix coefficients that are regular.
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Remark 7.9. Definition 7.8 is well defined and independent of the choice of basis since changing the
basis yields a matrix whose coefficients are linear combinations of the coefficients of the matrix in
the previous basis, and linear combinations of polynomial (resp. rational) functions are polynomial
(resp. rational) functions.

Definition 7.10. Given a representation ρ : GLn → GL(V ), with V a finite-dimensional vector
space, we define its character χρ by

χρ(g) = Tr(ρ(g)),
where Tr denotes the trace of the matrix ρ(g). In the following, given x1, . . . , xn ∈ C∗ then
χρ(x1, . . . , xn) will be a shorthand for χρ(diag(x1, . . . , xn)), where diag(x1, . . . , xn) is the diagonal
matrix with entries x1, . . . , xn.

Remark 7.11. The character is well defined because it is independent of the choice of the basis
of V . If Cρ(g)C−1 is the matrix representation of ρ(g) in another basis,

Tr(Cρ(g)C−1) = Tr(C−1Cρ(g)) = Tr(ρ(g))
by the cyclic property of the trace.

Definition 7.12. Let H ⊆ GLn be the subgroup of diagonal matrices, and ρ : GLn → GL(V ) be a
representation of GLn. Let t = diag(t1, . . . , tn) ∈ H. For any tuple α ∈ Zn, we define an α-induced
function

α̃ : H −→ C,
t ↦−→ α̃(t) = tα1

1 · · · t
αn
n .

We say v ∈ V, v ̸= 0 is a weight vector with weight α if
t · v = α̃(t)v = tα1

1 · · · t
αn
n v for all t ∈ H.(7.5)

Let Vα := {v ∈ V | t · v = α̃(t)v, for all t ∈ H}. If Vα ̸= {0}, we say Vα is the weight space of
weight α.

Let B be the subgroup of all upper triangular matrices in GLn, called the Borel subgroup. A
weight vector v in a representation V is called a highest weight vector if

Bv ⊆ C∗v.

Remark 7.13. Every finite dimensional rational representation V of GLn can be described as a
direct sum of its weight spaces,

V =
⨁︂

α∈Zn

Vα,(7.6)

(see [Ful97, §8.2, p. 116]). Using (7.6), the character χV (x) on H may be expressed as

χV (x) =
∑︂

α∈Zn

dim(Vα)xα1
1 · · ·x

αn
n , x ∈ H.(7.7)

For a proof, see, for example, [Ful97, §8.2, p.120]. Thus, we can regard the characters as Laurent
polynomials.

Proposition 7.14 ([Ful97, §8.2, Th. 2]). The rational irreducible representations of GLn are in-
dexed by their highest weights α = (α1 ≥ · · · ≥ αn), where αi ∈ Z.

Example 7.15. Consider GL2(C), and C[x, y]m the vector space of homogeneous polynomials of
degree m, which is generated by {xm, xm−1y, . . . , xym−1, ym}. The elements of the vector space are
given by

p(x, y) =
m∑︂

i=0
aix

iym−i with ai ∈ C.
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By definition, elements of GL2 are of the form

g =
(︃
a b
c d

)︃
, with ad− bc ̸= 0.

We can define an action of GL2 on C[x, y]m by(︃
a b
c d

)︃
· f(x, y) = f(ax+ cy, bx+ dy).(7.8)

Let T ⊂ GL2(C) be the torus of diagonal matrices (b, c = 0). For any g =
(︃
a 0
0 d

)︃
∈ T , the action

yields x ↦→ ax, y ↦→ dy. Thus, for every i ∈ {0, . . . ,m}, the elements k xiym−i (k ∈ C∗) are weight
vectors of weight (i,m− i).

Indeed, these are the only weight vectors for T . If a general polynomial p(x, y) =
∑︁m

j=0 cjx
jym−j

is a weight vector for T , there must exist a character λ : T → C∗ such that g · p(x, y) = λ(g)p(x, y)
for all g ∈ T . This requires

m∑︂
j=0

cja
jdm−jxjym−j =

m∑︂
j=0

cjλ(g)xjym−j ∀a, d ∈ C∗,

which implies cja
jdm−j = cjλ(g) for all j. Therefore, all non-zero terms in p(x, y) must correspond

to the exact same weight character ajdm−j for every a, d ∈ C∗. This holds simultaneously for all
elements of T if and only if cj = 0 for all but a single index i. Thus, non-zero monomials k xiym−i

are the only weight vectors of T .
Note that in particular, elements of the form kxm are highest weight vectors, since a ̸= 0 for all

g ∈ B. We claim there is no other highest weight vector, for suppose k xiym−i is a weight vector of
highest weight, then for all

g =
(︃
a b
0 d

)︃
∈ B,

we have
(7.9) λg k x

iym−i = g · k xiym−i = k aixi(bx+ dy)m−i, λg ∈ C∗.

If i < m, (bx+dy)m−i expands into
∑︁

j(bx)j(dy)m−i−j , but λg k x
iym−i is a monomial. Since a, b, d

are arbitrary, the first equality in (7.9) does not hold unless i = m.

In Example 7.15, the representation with the map in (7.8) and the vector space C[x, y]m is what
we will later call S(m)C2.

For λ ∈ Parn, let [λ] denote the set of boxes in the Young diagram of λ. For a vector space V ,
define

V ×λ :=
∏︂

b∈[λ]
V.

We refer to elements of V ×λ as fillings of the Young diagram of λ by vectors of V , i.e. an assignment
of a vector vb ∈ V to each box b ∈ [λ]. Choose a numbering T of the boxes of the Young diagram
of λ by the numbers 1, . . . , r, where r = |λ|. Then from a filling (v1, . . . , vr), where vi, 1 ≤ i ≤ r is
the vector in the box labeled by i ∈ {1, . . . , r}, we have a map

V ×λ −→ V ⊗r, (v1, . . . , vr) ↦−→ v1 ⊗ · · · ⊗ vr.(7.10)

Definition 7.16. Fix a numbering of the r boxes of T by the set {1, . . . , r}. For each row R of
T , let IR ⊆ {1, . . . , r} denote the set of labels of the boxes in R, and for each column C of T , let
IC ⊆ {1, . . . , r} denote the set of labels of the boxes in C. Define RT and CT to be the subgroups
of Sr preserving the rows and columns of T setwise, respectively. That is,

RT = {σ ∈ Sr : σ(IR) = IR for every row R of T},(7.11a)
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CT = {σ ∈ Sr : σ(IC) = IC for every column C of T}.(7.11b)

Let the symmetric group Sr act on V ⊗r by permuting tensor factors. Define endomorphisms of
V ⊗r

aT =
∑︂

σ∈RT

σ, bT =
∑︂

σ∈CT

sgn(σ)σ.(7.12)

Thus aT symmetrizes tensor factors lying in the same row of T , while bT antisymmetrizes tensor
factors lying in the same column of T .

For each pair aT , bT , the corresponding Young symmetrizer is
yT = bTaT ∈ CSr.(7.13)

Note that some authors, such as Weyman in [Wey03], define the Young symmetrizer as
yT = aT bT ∈ CSr,

which gives a Schur module isomorphic to ours.

Definition 7.17. We define the Schur module to be
SλV = im

(︁
yT : V ⊗r −→ V ⊗r)︁ .(7.14)

Later we will define a GL(V )-representation on the vector space Sλ(V ), hence the term Schur
module.

Remark 7.18. Since im(yT ) is naturally isomorphic to V ⊗r/ ker(yT ), (7.14) realizes SλV as a
subquotient of V ⊗r.

Proposition 7.19 ([FH91, §4.1, Eq. (4.12), §4.2, Lem. 4.26]). The element yT is a nonzero scalar
multiple of an idempotent,

y2
T = hλyT ,(7.15)

where hλ is the product of the hook lengths (see Definition 2.6) of the boxes of λ.

It follows that one may equivalently use the idempotent

eT = 1
hλ
yT ,(7.16)

to get
SλV = eT

(︁
V ⊗r)︁ .(7.17)

Proposition 7.20. Given a linear map ϕ : V →W , define
ϕ⊗r : V ⊗r −→W⊗r, v1 ⊗ · · · ⊗ vr ↦−→ ϕ(v1)⊗ · · · ⊗ ϕ(vr),(7.18)

and extend linearly. Let
Sλ(ϕ) : Sλ(V ) −→ Sλ(W ), Sλ(ϕ) = ϕ⊗r|Sλ(V ).(7.19)

The map (7.19) is well defined and the assignments V ↦→ Sλ(V ), ϕ ↦→ Sλ(ϕ) define a functor.

Proof. Let ξ ∈ Sλ(V ). We want to show that (7.19) is well defined. That is,(︁
ϕ⊗r)︁ (ξ) ∈ Sλ(W ) = yT,W (W⊗r).

Since ξ ∈ yT,V (V ⊗r), there exists some ζ ∈ V ⊗r such that ξ = yT,V (ζ). If ϕ⊗r ◦ yT,V = yT,W ◦ ϕ⊗r,
then (︁

ϕ⊗r)︁ (ξ) =
(︁
ϕ⊗r ◦ yT,V

)︁
(ζ)

=
(︁
yT,W ◦ ϕ⊗r)︁ (ζ)
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= yT,W

(︁
ϕ⊗r(ζ)

)︁
∈ Sλ(W ),

where we have used that ϕ⊗r(ζ) ∈W⊗r. It remains to show ϕ⊗r ◦ yT,V = yT,W ◦ϕ⊗r. Indeed, since
the Young symmetrizers are linear combinations of σ ∈ Sr, we only need to show ϕ⊗r commutes
with σ. As both ϕ⊗r and σ are linear, it suffices to show that the commutation holds on an arbitrary
pure tensor v1 ⊗ · · · ⊗ vr ∈ V ⊗r. But because ϕ⊗r acts by applying ϕ to each factor vi, 1 ≤ i ≤ r
in the tensor power v1 ⊗ · · · ⊗ vr, clearly ϕ⊗r commutes with permutation of the indices. Thus
ϕ⊗r ◦ yT,V = yT,W ◦ ϕ⊗r, as desired.

Finally, it is easily checked that Sλ(IdV ) = IdSλV and Sλ(φ ◦ ψ) = Sλ(φ) ◦ Sλ(ψ) for any linear
maps ψ : V →W and φ : W → U between vector spaces V,W , and U .

Definition 7.21. For a representation (ρ, V ), a representation on the Schur module Sλ(V ) is given
by
(7.20) Sλ(ρ) : GLn → GL(SλV ), Sλ(ρ)(g) := Sλ(ρ(g)),
where the right hand side is defined by (7.19).

Remark 7.22. There are, in fact, many other equivalent ways to define the Schur module (see, for
example, [Ful97, §8]). It is shown (up to the Young symmetrizer convention) in [Wey03, Lem. 2.2.13]
that Definition 7.16 is equivalent to the one given in [Ful97, §8].

Proposition 7.23. The GLn-module (7.17) is independent of the choice of T up to isomorphism.

Proof. This follows from the fact that (7.17) is the unique (up to isomorphism) irreducible polyno-
mial GLn-module of highest weight λ, provided ℓ(λ) ≤ n [Ful97, §8.2 Thm. 2]. If ℓ(λ) > n, then
SλV = 0.

Theorem 7.24 ([Ful97, §8.3 (14)]). Let λ ∈ Parn. Then for all x1, . . . , xn ∈ C∗ we have
χSλVn

(diag(x1, . . . , xn)) = sλ(x1, . . . , xn)(7.21)

Definition 7.25. For k ∈ Z, the determinant representations over C, denoted by detk, are given
by

g · v = det(g)kv, for all v ∈ C.(7.22)

Note that for k ∈ N, this is a polynomial representation, and for k ∈ Z<0 it is a rational
representation, as in Definition 7.8.

Definition 7.26. Let V1, V2 be two vector spaces equipped with representations ρ1 : GLn → GL(V1)
and ρ2 : GLn → GL(V2). The tensor product of these representations is the representation
ρ : GLn → GL(V1 ⊗ V2) given by

ρ(g)(v1 ⊗ v2) = ρ1(g)(v1)⊗ ρ2(g)(v2).(7.23)

Proposition 7.27. Let λ, ˆ︁λ ∈ Parn and k, ˆ︁k ∈ Z such that λ+ (kn) = ˆ︁λ+ (ˆ︁kn). Then

SλVn ⊗ detk ∼= Sˆ︁λVn ⊗ detˆ︁k .(7.24)

Proof. This is an immediate consequence of [Ful97, §8.2, Th. 2] (note that Fulton denotes SλVn by
Eλ and detk by D⊗k).

Definition 7.28. For λ ∈ SParn we define the irreducible rational representation Rλ
n of highest

weight λ as

(7.25) Rλ
n = Sˆ︁λVn ⊗

k
det

where ˆ︁λ ∈ Parn and k ∈ Z are such that λ = ˆ︁λ+ (kn).



32 HUGO FERNANDEZ, ELENA KLEINWORT, TIANZE LI, AND MARIO TORRES DANTA

Note that k ∈ Z can be negative, so λ = ˆ︁λ+ (kn) can indeed be every signed partition in SParn.
Moreover, Rλ is well defined up to isomorphism by Proposition 7.27.

Proposition 7.29 ([Ful97, §8.2]). For every λ ∈ SParn, the representation Rλ
n of GLn is irre-

ducible. Furthermore, every irreducible rational representation of GLn is isomorphic to one of the
Rλ

n.

Thus, the irreducible rational representations of GLn are indexed by signed partitions of length
at most n.

Proposition 7.30. For every λ ∈ SParn and x1, . . . , xn ∈ C∗ the character of the irreducible
rational representation Rλ is given by

χRλ
n

= sλ(7.26)
as Laurent polynomials in x1, . . . , xn.

Proof. Recall Rλ = Sˆ︁λVn⊗detk. For any representations ρV : GLn −→ GL(V ), ρW : GLn → GL(W )
we have χρV ⊗W = χρV · χρW , where ρV ⊗W denotes the tensor representation of ρV and ρW . For
x = diag(x1, . . . , xn),

χRλ(x) (7.25)= χ
Sˆ︁λ(Cn)

(x)χdetk(x)

(7.21)= sˆ︁λ(x1, . . . , xn)(x1 · · ·xn)k

= ek
nsˆ︁λ(x1, . . . , xn)

(4.9)= sˆ︁λ+(kn)(x1, . . . , xn)

= sλ(x1, . . . , xn).

Definition 7.31. Let V ∨ = Hom(V,C). For a representation (ρ, V ) of a group G, the dual
representation is the pair (ρ∨, V ∨), where(︁

ρ∨(g)f
)︁
(v) = f

(︁
ρ(g−1)v

)︁
(7.27)
for all g ∈ G, f ∈ V ∨, and v ∈ V .

If V is finite dimensional, then (7.27) implies
ρ∨(g) = ρt(g−1),(7.28)

where ρt(g−1) denotes the transpose of ρ(g−1).

Proposition 7.32 ([ABW82, Th. II.4.1]). Let Vn be the standard representation. For a partition
λ with ℓ(λ) ≤ n, we have

Sλ(V ∨
n ) ∼= (SλVn)∨.(7.29)

Remark 7.33. In [ABW82], the authors distinguish between Schur and Weyl functors. However,
since we are working over a field of characteristic zero, these two functors are isomorphic.

Recall from Theorem 7.24 that χSλVn
(x1, . . . , xn) = sλ(x1, . . . , xn).

Proposition 7.34. Let λ ∈ Parn, and x be a shorthand for the variables x1, . . . , xn. Then, we
have

χ(SλVn)∨(x) = sλ(x−1
1 , . . . , x−1

n ) = Γ(χSλVn
(x)),(7.30)

where Γ is the map defined in Proposition 4.31.
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Proof. Let W = SλVn and let diag(x) = diag(x1, . . . , xn). By Definition 7.31,

ρW ∨(diag(x)) = ρW (diag(x)−1)t.

Therefore,
χW ∨(diag(x)) = Tr

(︁
ρW (diag(x)−1)t)︁

= Tr
(︁
ρW (diag(x)−1)

)︁
= χW (diag(x)−1)
= sλ(x−1

1 , . . . , x−1
n ).

The last equality follows from Theorem 7.24, and the equality with Γ(χW (x)) follows from Propo-
sition 4.31.

Recall from Proposition 4.24 that for λ ∈ SParn, we have sλ(x−1
1 , . . . , x−1

n ) = sλ∨(x1, . . . , xn),
where λ∨ = (−λn, . . . ,−λ1) ∈ SParn. For this reason, λ∨ is called the dual partition of λ. Note that
this definition is independent of n since if we write λ = (µ, ν) it is easily checked that λ∨ = (ν, µ).

8. The infinite dimensional general linear group

In this section, we restrict our attention to algebraic representations of GL∞. Note that the
standard (natural) representation V and its restricted dual V∨ are infinite-dimensional. While the
trivial representation (and its finite direct sums) are finite-dimensional, every non-trivial simple
algebraic representation of GL∞ is infinite-dimensional.

Definition 8.1. We define the infinite dimensional general linear group as

GL∞ = lim−→
n≥1

GLn,(8.1)

where the maps for the direct limit are given by

GLn ↪→ GLn+1, M ↦−→
(︃
M 0
0 1

)︃
.(8.2)

Since the natural maps GLn ↪→ GL(C∞) commute with the arrows in the direct limit, we get an
injection GL∞ ↪→ GL(C∞), and we can identify GL∞ with a subgroup of GL(C∞), which allows
us to work with elements of GL∞ as infinite matrices. Thus, GL∞ consists of infinite invertible
matrices that differ from the identity matrix in only finitely many entries.

Definition 8.2. In the following we let V = C∞ be the natural representation (i.e. the GL∞
representation with ρ the injection into GL(C∞) previously mentioned). The restricted dual of V
is

V∨ = lim−→
n≥1

(Cn)∨(8.3)

where the maps for the direct limit are given by

(Cn)∨ ↪→ (Cn+1)∨, e∨
i ↦−→ e∨

i(8.4)

where e∨
i , 1 ≤ i ≤ n denotes the dual basis to the standard basis of Cn. We may identify each

e∨
n ∈ (Cn)∨ with its image in V∨ (this makes sense since the maps (Cn)∨ → V∨ are injective), then

the e∨
n , n ∈ N≥1 form a basis of V∨.

Note also that each (Cn)∨ comes with a representation of GLn (the dual of the standard one)
and the maps (Cn)∨ ↪→ (Cn+1)∨ commute with the action of GLn (where (Cn+1)∨ is given by the
restriction representation from GLn+1 to GLn). This induces a representation of GL∞ on V∨.
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Definition 8.3. For n,m ∈ N, let Tn,m := V ⊗n ⊗ (V∨)⊗m. An algebraic representation of GL∞ is
a representation that is a subquotient (i.e. a quotient of a subrepresentation) of finite direct sums
of Tn,m.

Note that algebraic representations of GL∞ are the infinite dimensional analogue of rational
representations of GLn. Henceforth, all representations of GL∞ we consider will be algebraic
unless otherwise indicated.

Definition 8.4. Let (V, ρ) be a representation of GL∞. A weight vector v ∈ V is a nonzero vector,
such that there exists a weight α = (α1, α2, . . . ) with αi ∈ Z and an r ∈ N such that αi = 0 for all
i > r, and, for every s ≥ r and every g = diag(g1, . . . , gs, 1, 1, . . . ) ∈ GL∞,

ρ(g)v = gα1
1 · · · g

αr
r v = gα1

1 · · · g
αs
s v.

Proposition 8.5 ([SS15, §3.1.7]). An algebraic representation of GL∞ decomposes into weight
spaces.

Proposition 8.6 ([SS15, Prop. 3.1.4]). For every signed partition (λ, µ) there is an irreducible
representation Vλ,µ of GL∞. Furthermore, these form an irredundant complete set of irreducible
representations.

For the explicit definition of Vλ,µ, see [SS15, §3.1.2]. In particular, we have V(1),∅ = V and
V∅,(1) = V∨.

We now extend character theory to the representations of GL∞. Unfortunately, there is no
obvious way to generalize Definition 7.10 since non-trivial simple algebraic representations are
infinite-dimensional. Likewise, we cannot generalize (7.7) since the weight spaces can be infinite
dimensional as well. Thus, we turn to the formalism of the Grothendieck ring.

Definition 8.7. The representation ring of the GL∞ group, (or the Grothendieck ring), denoted
R(GL∞), is the abelian group generated by isomorphism classes of algebraic GL∞ representations
[W ], modulo the relations

[W ]− [W ′]− [W ′′] = 0(8.5)

for all exact sequences 0 → W ′ → W → W ′′ → 0 of GL∞ representations. Multiplication in the
Grothendieck ring is given by the bilinear extension of

[W ] · [U ] = [W ⊗ U ].(8.6)

Example 8.8. The relation

[W ] + [U ] = [W ⊕ U ]

is given by the exact sequence 0→W →W ⊕ U → U → 0.

Definition 8.9. Let W be a representation. A composition series is a series of subrepresentations

0 = W0 ⊊W1 ⊊ · · · ⊊Wn = W

such that the quotients Wi+1/Wi, called composition factors, are irreducible.
Proposition 8.10.

(a) Any algebraic representation of GL∞ has a composition series.
(b) Any two composition series have the same length and, up to reordering, isomorphic compo-

sition factors.

Proof. (a) is proved in [SS15, Prop. 3.1.5]. (b) is a consequence of the Jordan-Hölder theorem for
finite length modules.
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Proposition 8.11. Let W be a representation and 0 = W0 ⊊W1 ⊊ · · · ⊊Wn = W be a composition
series. Then,

[W ] = [Wn/Wn−1] + · · ·+ [W1/W0].(8.7)
Thus, the simple representations span R(GL∞) as an abelian group.

Proof. Using induction on the length of the composition series, and noting that we have the exact
sequence 0→Wn−1 →Wn →Wn/Wn−1 → 0, we get

[Wn] = [Wn/Wn−1] + [Wn−1] = [Wn/Wn−1] + [Wn−1/Wn−2] + · · ·+ [W1/W0],
where the second equality is given by using the induction hypothesis on Wn−1, which has length
n− 1.

Proposition 8.11 can be strengthened to show that these simple representations are also linearly
independent.

Proposition 8.12 ([Rot17, C-4.93]). The isomorphism classes of the simple representations form
a basis of R(GL∞).

Note that it may happen for two non-isomorphic GL∞ representations W,U that [W ] = [U ] in
R(GL∞) since non-semisimple representations of GL∞ exist (see [SS15, 1.2.2]). Indeed, take any
non-semisimple representation W and let W1, . . . ,Wn be its composition factors, then

[W ] = [W1] + · · ·+ [Wn] = [W1 ⊕ · · · ⊕Wn].
But clearly W is not isomorphic to W1 ⊕ · · · ⊕Wn since that would make W semisimple.

Theorem 8.13 ([SS19, §3.2], [Koi89, §2]). There is a ring isomorphism
ch : R(GL∞) −→ LSym

such that ch(Vλ,µ) = sλ,µ.

Definition 8.14. Given a representation V of GL∞, we define its character χV ∈ LSym as
χV = ch([V ]).(8.8)

The characters allow us to obtain information about the group representations from the structure
of LSym.

In general, sλ,µ ̸= sλ,∅s∅,µ, which we illustrate in Example 8.15 below.

Example 8.15. Let λ = µ = (1). We have s(1),∅ = s1(X) and s∅,(1) = s1(Y ). Therefore, the
product s(1),∅s∅,(1) is given by s1(X)s1(Y ). Applying Definition 6.1 with λ = µ = (1), we get

s(1),(1) = s1(X)s1(Y )− 1.
Hence, we have
(8.9) s(1),∅s∅,(1) = s(1),(1) + 1,
so in particular, s(1),(1) ̸= s(1),∅s∅,(1).

Equation (8.9) implies that the composition factors of V ⊗ V∨ = V(1),∅ ⊗ V∅,(1) are V(1),(1) and
V∅,∅ = C (the trivial representation). However, V ⊗ V∨ is not semisimple [SS15, §3.1.1], thus, it
cannot be isomorphic to the semisimple representation V(1),(1) ⊕ C.

In the analogous finite-dimensional case n > 1, applying ρn to (8.9) gives

χVn⊗V ∨
n

= s
(n)
(1),(1) + 1.

Under the natural GLn-equivariant isomorphism
Vn ⊗ V ∨

n −→ End(Vn), v ⊗ f ↦−→
(︁
w ↦→ f(w)v

)︁
,
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the action on End(Vn) is conjugation. Since trace is invariant under conjugation, the decomposition
End(Vn) = sln ⊕ C IdVn

is a decomposition into GLn-subrepresentations. Hence
Vn ⊗ V ∨

n
∼= sln ⊕ C.

Thus, unlike V ⊗ V∨, the finite-dimensional tensor product splits as a direct sum.
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