MidTerm - Solutions, MAT3141, Fall2010

1. The first solution:
From the definition of T" we find that

T(v1) = v and T(vs) = —v,.
Then
(2T + S)(v1) = 2T (v1) + S(v1) = 201 + (v1 + v2) = 3vy + vy
and
(2T + ) (va) = 2T (v3) + S(v) = 2(—v2) + (v1 — v3) = v1 — 3vs.
We have
(2T + 9)%(v1) = (2T + S)(3vy + v2) = 3(3vy + v2) + (v1 — 3vg) = 10v;

and
(2T + S)OQ(’UQ) = (3'111 + U2) — 3(1}1 — 31)2) = 10U2

Therefore,
(2T + 5)°%(v1 + v2) = 10v; + 10vs.

The second solution:
The transformation matrices of 7" and S with respect to the basis {vy, v, }

are
1 0 1 1
=y ) a4
Then
3 1
Msrys =2M7p + Mg = 1 -3
and

10 0
M(2T+S)°2 = (M2T+S>2 = ( 0 10 )
Since the vector vy 4+ vy has coordinates (1,1),
(1,1) - Marss)- = (10, 10).

Hence, (2T + S)°%(vy + v2) = 10v; + 10v,.



2. (a)
We have for p1,p, € V

T@y+mwzl<m+pw@nwx=[}mua+mu»mm:

1 1
| @ des [ el do = T() + T
0 0
and fora e R, peV
1 1
T(a-p)= / (a-p)(x)xde=a- / p(z)r de =a-T(p).
0 0
This shows that the map T is additive and homogeneous, hence, it is linear.

(b)

We have



3. (a) Note that 1 = —1.

We have
2 +1=a2" 2+ 1)+ (2> + 1),
PHl=x-(®+1)+ (z+1),
2?4+ 1= (x+1)(z+1).
Hence, ged(pi(z), p2(z)) = 2 + 1.
(b)
We have

(x+1) =pi(x)+ 2 (2> +1)=pi(2) +x- (pa(a) + 2°pi(2)) =

= (2° + Dp1(z) + zpo(2).



()

Note that all coefficients of U are divisible by (x — 1). Namely,
2 —1=(z—1)(z+1),
P +r—2=(r—1)(z+2),
?—1=(z—- 12> +x+1).
Therefore,

I B 0 LY _ o g
U=(z-1) <x+2 22 +r+1 0)_(x DU

Consider the matrix

r+1 0 111 0
r+2 2>2+x+1 0[]0 1
1 0 0
0 1 0
0 0 1

We reduce its upper-left corner U’ to the canonical form:
I. We perform Cy — (z + 1)Cj:

0 0 111 0
T+ 2 224+z+1 0/0 1

1 0 0

0 1 0
—(x+1) 0 1

II. We perform the Euclidean division

Prr+l=(—-1) (v +2)+3

and then Cy — (x — 1)C4:

0 0 1110
T+ 2 3 0]0 1

1 —(x—1) 0

0 1 0
—(zx+1) 22-1 1




I11. We do €y — Z2Cy:

0 0 111 0
0 3 0 1
S (e =1) 0
e g
. (x+1)(x;+x+1) 2-1 1
IV. Finally, we permute C < Cj:
1 0 0 10
0 3 0 0 1
z24x41
T
0 1 Y
1 22-1 _(m+1)(:§+:c+1)

Hence,
PuQ=p(w-v0)e=@-1n-rra=( oY 00

The elementary divisors are d; = (z — 1), dy = 3(z — 1),

_ 2 +a+1
10 0 1—=z —§+2
1 221 (z+1)(x2+2+1)
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