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Preface

These are notes for the course Real Analysis (MAT 3120, or its French version MAT 3520)
at the University of Ottawa. Students are expected to have a knowledge of mutlivariable
calculus and elementary real analysis, including the concepts of supremum, infimum, the
topology of R™ (including compactness), and uniform continuity. They are also expected to
have familiarity with sequences and series of functions, and the notion of uniform conver-
gence.

In Real Analysis, we explore analysis over the real numbers in a more general setting.
We begin with the concept of a metric space, where we discuss the ideas of convergence,
sequences, completeness, sequential compactness, and isometry. We then move to the more
general setting of a topological space, where we explore the notions of closed sets, separability,
compactness, continuity, path-connectedness, and completions. In the second half of the
course, we encounter the concept of a normed vector spaces, something which has both a
vector space structure and a topological one. We finish the course with a brief discussion of
inner product spaces and Hilbert spaces.

Acknowledgement: Portions of these notes (especially Chapter 4) are based on lecture
notes by Vladimir Pestov. Other parts follow the text [Coh03].

Alistair Savage Ottawa, 2016.

Course website: http://alistairsavage.ca/mat3520/
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Chapter 1

Metric spaces

In this chapter, we encounter the concept of a metric space. Intuitively speaking, this is a
set with a good notion of distance. We will see that many of the concepts familiar from your
study of analysis in R™ can be generalized to the setting of metric spaces.

Throughout these notes, we let N = {0, 1,2,...} denote the set of nonnegative integers,
and let N, = {1,2,3,...,} denote the set of positive integers.

1.1 Definitions and examples

In this section, we define metric spaces and discuss a number of examples. We begin with
some motivation. You have seen in previous courses various notions of convergence. For
example, you have seen:

e Convergence of sequences of real numbers.

e Convergence of sequences of functions (e.g. Taylor series):

n
. b
lim E — =€
Nn—00 k!
k=0

so the sequence of functions

$2

1, 14z, 1+:1:—|—2!,...

converges to the function e”.

Although these two settings seem different (real numbers versus functions), the underlying
idea is the same. Namely, elements in the sequence get “closer together”. One of the
main goals in Real Analysis will be to explore an abstract setting in which we can discuss
convergence. The two examples above should be special cases of our more general treatment.
What we need is some precise notion of distance. This is the motivation behind the definition
of a metric space.

Definition 1.1.1 (Metric space). A metric space is a pair (X,d) where X is a nonempty
set and d is a mapping d: X x X — R5o = {r € R | r > 0} with the following properties:

1
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(M1) for all z,y € X, d(x,y) = 0 if and only if x =y (separation),
(M2) for all z,y € X, d(x,y) = d(y,x) (symmetry),
(M3) for all z,y,z € X, d(x, z) < d(x,y) + d(y, z) (triangle inequality).

The mapping d is called the metric (or distance function) for the space. We often call
elements of X points.

Remark 1.1.2. Sometimes the notation r or p (Greek letter “rho”) is used instead of d.

Remark 1.1.3. It is possible to define many different metrics on a set X. A metric space
is the set X together with the metric d. However, if the metric is clear from the context
(e.g. if we are working with a set X on which we pick a metric d once and for all, and never
work with a different one), then we will sometimes refer to the set X itself as a metric space,
leaving the metric d inferred.

Remark 1.1.4. The fact that d takes non-negative values actually follows from the axioms.
If d: X x X — R is any mapping satisfying (M1)—(M3), then
0=d(z,z) <d(z,y) +dy,z) = 2d(z,y) = d(z,y) >0,
for all z,y € X.
Ezample 1.1.5 (Standard metric on R). If X is any nonempty set of real numbers (for

instance, if X = R) then
d(l’,y):’$—y’, x>yER7
defines a metric on X. This is called the standard, usual, or natural metric on such a set

X. Whenever we refer to R as a metric space, without specifying the metric, we mean this
standard metric.

Definition 1.1.6 (Metric subspace). Suppose (X, d) is a metric space and Y is a nonempty
subset of X. Let d|y be the restriction of d to Y (i.e. the restriction of the mapping d to
Y xY). That is, for all y,z € Y/,

d|Y<y7 Z) = d(y> Z)

Then (Y, d|y) is a metric space, called a metric subspace of (X, d). The metric d|y is called
the induced metric.

Example 1.1.7. We have already seen an example of induced metrics when we defined the
standard metric on any subspace of R. In essence, we defined a metric on R and thus have
the induced metric on any nonempty subset of R, such as N, Q, {1/n | n € N, }, etc.

We will return to the subject of metric subspaces in more detail a bit later.

Ezxample 1.1.8 (Discrete metric). For an arbitrary nonempty set X, one can define the dis-
crete metric (or trivial metric, or 0-1 metric) by

1 ifx #y,
0 ifx=y.

do—1(z,y) = {
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Ezample 1.1.9 (Euclidean metric). Consider the set R? and define d by

d(%y) = \/(951 - ?/1)2 + (xz - 312)2 for x = (Ila@), Yy = (y171/2) € R

This is the usual definition of distance between points in the plane and axiom (M3) is the
usual triangle inequality.
More generally, on R™ define d by

n

d(xay): Z('rk_yk)Q fOI‘l’:(.’L'l,...,.I'n), y:(yhayn)eRn
k=1

We will prove that this defines a metric on R", called the Euclidean metric. Whenever we
refer to R™ as a metric space, we will always imply that the Euclidean metric is used. The
metric space R” (with this metric) is called Fuclidean space or Euclidean n-space. Note that
the n = 1 case is the metric of Example 1.1.5 and the n = 2 case is the metric defined above.

It is easy to see that axioms (M1) and (M2) are satisfied by the Euclidean metric. To
prove (M3) is also satisfied, we need the following.

Proposition 1.1.10 (Cauchy—Schwarz inequality). Let (ay,...,a,),(b1,...,b,) € R". Then

(£on) = (£4) (£2) o

Proof. Define the function ¢: R — R by

n

Y(u) = (apu+by)’, uweR.

k=1
Expanding the squares gives
k=1 k=1 k=1

Note that 9 (u) is of the form Au? + 2Bu + C, where

A:zn:ai, Bzzn:akbk, C:Zn:bz
k=1 k=1 k=1

Since ¥ (u) is a sum of squares, we have ¥ (u) > 0 for all u € R. Therefore, since 9 is a
polynomial in u of degree at most two, the graph of ¢ is an upwards facing parabola which
can have at most one zero. Therefore, the discriminant (2B)* — 4AC cannot be positive.
Thus,

n 2 n n
(2B)? —4AC <0 — B*-AC<0 — <Zakbk> - (Zaz> <sz> <0. O
k=1 k=1

k=1
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Proposition 1.1.11. If (ay,...,a,), (b1,...,b,) € R™, then

n

k=1 k=1

k=1

Proof. First take the square root of both sides of the Cauchy—Schwarz inequality (1.1) to get

< [San| <\ Yo, Yo
k=1 k=1 k=1 k=1
Then
S 2w Yo < Yok St S Y
k=1 k=1 k=1 k=1 k=1 k=1 k=1
and so
2
Z(ak + bk)2 S (lz + b%
k=1 k=1 k=1
Taking square roots of both sides gives the inequality (1.2). O

Corollary 1.1.12. The Euclidean metric satisfies the triangle inequality (M3) and so is
indeed a metric on R™.

Proof. Simply take ap = xp — yx and by = yr — 25 in Proposition 1.1.11. O

Ezample 1.1.13 (fP-metric on R™). It is possible to generalize the above Euclidean metric
and define a family of metrics d,, p > 1, on R" by

dy(z,y) = (Z |vg — ykl”) N (1.3)

This is called the (P-metric on R™. One can prove that (1.3) defines a metric, but the
verification of (M3) is more difficult (it is the so-called Hoélder inequality). Note that dy is
just the Euclidean metric.

Ezxample 1.1.14 (£*°-metric on R"™). One can consider the limiting case p — oo of the £P-
metric. Namely, define the £°°-metric on R™ by

See Exercises 1.1.8 and 1.1.9.

To emphasize that one must be careful about making assumptions based on intuition in
a general metric space, consider the circle in R? of radius r with centre (a,b) when one is
using the metric d,. This is the set

{(z,y) € R* | do((a,b), (x,y)) =1} = {(z,y) € R* | max{|z —al, |y —b]} =7}.



1.1. DEFINITIONS AND EXAMPLES )

b+ r—+

(a,b)

So our “circle” is actually a square!

Example 1.1.15 (/7 and Euclidean metrics on C*). We can define the (P-metric d,,, p > 1, on
C™ by exactly the same formula (1.3). In the case p = 2, we often denote it simply by d,

d(l‘,y) = Z‘xk_ykP? xvye(cn‘
k=1

This is called the Fuclidean metric on C". Whenever we refer to C" as a metric space, we
imply this metric.

Remark 1.1.16. The term Fuclidean space typically refers to R™ with the standard metric
and not C".

Remark 1.1.17. It is important to remember that in an abstract metric space, we only have
a notion of distance and there is no additional structure like addition, multiplication, etc.
While some of our particular examples (like C" and R™) have such structure, these are special
cases. One must resist the urge to add or subtract points in general metric spaces.

We can attempt to generalize our example of C" with the Euclidean metric by taking
n — oo (then n-tuples become infinite sequences). The Euclidean metric then becomes an
infinite series and one must be careful about convergence.

Definition 1.1.18 (¢? space). Denote by ¢? the set of all complex-valued sequences x1, 7o, . . .
for which the series Y -, |xx|? converges. Define a metric on % by

[e. 9]

d(l‘,y) = Z‘Ik_ykPa

k=1
where © = (z1,22,...), y = (y1,¥2,...). We also denote the metric space itself by 2.

In order for our definition to be valid, we have to show that the infinite sum defining
d(z,y) converges for any x,y € ¢* and that d satisfies the axioms of a metric.
We first show that d(x,y) is always finite for z,y € 2. We have

n n n

Dol =yl < | D (awl + D2 < | D lael2 | D Il
k=1

k=1 k=1 k=1
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where in the first inequality we used the fact that |z — yx| < |zx| + |yx| for all k (this is
the triangle inequality in Euclidean 1-space) and in the second inequality we took ay = ||,
br = |yx| in Proposition 1.1.11. On the right-hand side, we have the partial sums for the
series Y o, |zk|* and D", |yk|*. These series converge since this is precisely the condition
that 2,y € ¢2. Since the terms of these series are nonnegative, we have

n oo o
Z|$k—yk|2 < z:|90k|2Jr Z|yk|2-
k=1 k=1 k=1

This shows that the partial sums of the series Y ;- |z — yx|? form a bounded sequence.
This sequence of partial sums is increasing since each of the terms |z — yx| > 0. Thus, the
series converges and we have that

d(z,y) = | Y (el + 1)) < D e+ | el
k=1 k=1 k=1

Thus d(z,y) is finite.

We now need to check that d is a metric (i.e. that it satisfies axioms (M1)—(M3)). Axioms
(M1) and (M2) are obvious, so it remains to show the triangle inequality. Suppose = =
(r1,29,...),y = (y1,¥2,...),2 = (21, 29, ... ) € £*. By the triangle inequality in R (Euclidean
1-space), we have

\z — 2| = [ — yi) + (ye — 26)| < |2k — yel + lye — 2k

n n

> e =zl < D (e = wel + lue — 2eD)® < (D Joe = wl>+ | D v — zl?
h=1 k=1

k=1 k=1

by taking ay = |zx—yi| and by = |yx, — 2x| in Proposition 1.1.11. Then, by the same argument
as above, we have

o oo o
D e =z < D = w2 D) e — 2l
k=1 k=1 k=1

which is precisely the statement d(z, z) < d(x,y) + d(y, 2).

Definition 1.1.19 (¢? space). For p > 1, denote by ¢? the set of all complex-valued sequences
Ty, To, ... for which the series Y, | |zx|" converges. Define a metric on ¢# by

o 1/p
d(z,y) = (Z o — M) ,
k=1

where x = (21, 29,...), ¥y = (Y1, Y2, ... ). We also denote the metric space itself by ¢P.
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One can show that the metric on /7 is well-defined (i.e. the sums involved converge) and
satisfies axioms (M1)—(M3) but we will not do so in this course.

Remark 1.1.20. Why do we restrict ourselves to p > 17 The reason is that the triangle
inequality is no longer satisfied for 0 < p < 1. However, for these values of p,

o0

d(z,y) = Z |2x — i’

k=1

(without the pth root) still defines a metric.

Remark 1.1.21. Fix a natural number n. Note that if z = (21, zs, .. .) is a sequence such that
xr = 0 for all £k > n, then x € (P for any p. In this way, we can view R” as a metric subspace
of /P. The induced metric is simply the /P-metric we defined on R" earlier in Example 1.1.13,
hence the notation. Note that [Coh03] uses the notation [, instead of (7.

Example 1.1.22 (¢! space). Taking p = 1 in the definition of ¢! space (Definition 1.1.19), we
see that ¢! is the set of all complex-valued sequences x1, 2, . .. for which the series > 7, |z
converges. The metric is given by

d(z,y) = Z |2k — Yil-
k=1

As we did for R", we can take the limit p — oo in the definition of /7 space to obtain the
following.

Ezample 1.1.23 (£>° space). Denote by £>° the set of all complex-valued bounded sequences.
(Recall that a sequence (x,) is bounded if there exists a number L > 0 such that |z,| < L
for all n.) Then

d(x,y) = sup |z, — yn|

neNL

is well-defined for every z,y € £*° (due to the boundedness of both = and y and therefore of
their difference) and one can verify that it defines a metric on £*°. See Exercise 1.1.13.

We now consider some metrics on spaces of functions. For a,b € R with a < b, let Cla, 0]
denote the space of all continuous functions on the closed interval [a, b].

Ezample 1.1.24 (Uniform metric on Cfa,b]). Define

d(z,y) = max [o(t) —y(t)], =,y € Cla,b].
Note that |z —y| is a continuous function since x and y are (and the absolute value function
is continuous). Therefore, it attains a maximum on the closed interval [a,b] and so d is
well-defined. It is called the uniform metric (or sup metric) on Cla,b]. We check that it
is indeed a metric. It clearly takes nonnegative values. It is also clear that d(z,z) = 0. If
x # y, then there exists a ¢y € [a, b] such that z(to) # y(to), so
d(w,y) = max |x(t) — y(t)] = [z(to) — y(to)| > 0,

a<t<b
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and so d(x,y) # 0. Thus (M1) is satisfied. It is clear that (M2) is also satisfied. It remains
to show (M3). Suppose z,y,z € Cla,b] and s € [a,b]. Then, by the triangle inequality for
R, we have

|2(s) = 2(s)| < |2(s) = y(s)] + [y(s) — 2(s)]

< max fo(t) = y(t)| + ma [y(t) - =(1)

a<t<b

=d(z,y) + d(y, 2).

Hence
d(z,z) = max |z(t) — z(¢)| < d(z,y) + d(y, 2),

a<t<b

and so (M3) is satisfied. We will refer to the space C|a, b] with this metric simply by C|a, b].

Ezxample 1.1.25 (The metric space Ci[a,b]). We define another metric on the space Cla, b]

by
d(x,y) / |z(t) — y(t)] dt.

Since |x — y| is continuous on the closed interval [a, b], it is integrable on that interval. So
d is well-defined and clearly takes nonnegative values. This is perhaps our first example
where (M1) is not completely obvious. It is clear that * = y = d(x,y) = 0, but the
reverse implication requires some argument. Here we have to use the fact that |z — y| is
continuous. Suppose x # y. Then there exists a tg € [a,b] such that x(ty) # y(ty). Let
e = |z(ty) —y(to)| > 0. Then, since |z —y| is continuous, there exists an interval I containing
to of length 6 > 0 such that |z(t) — y(t)| > €¢/2 for all t € I. Then

b
d(z,y) = / |z(t) — y(t)| dt > de/2 > 0.

Thus (M1) is satisfied. Condition (M2) is clear. Now suppose z,y, z € C[a,b]. Then for all
a <t <b, we have

[5(t) — 2(0)] < J2(t) — y()] + [9() — 2(3).
Thus
dw2) = [ lalt) = sto)lde < [ (lo(0) = ol0)] + lote) — =(0)]) e
= [l — ylo)lde + [ lole) = 0] dt = dGa.) + dly. )
and so (M3) is satisfied. We denote the space Cla, b] with this metric by Ci[a, b].

Ezxample 1.1.26 (The metric space Cyla,b]). For p > 0, we can define a metric on Cla, b] by

1/p
(/ |z(t) |pdt) , z,y € Cla,b].
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We denote C|a,b] with this metric by Cpla,b]. We will not prove that this is a metric for
general p. Note that the p = 1 case is simply the metric space of Example 1.1.25. In addition,
the metric space of Example 1.1.24 can be viewed as the p — oo limit of Cy[a,b]. That the
p = 2 case is a metric space can be proved using an integral version of the Cauchy—Schwarz
inequality. See Exercise 1.1.14.

Example 1.1.27 (Baire space). Let ZN+ denote the set of all infinite integer sequences x =
(1, 22,...), v; € Z. For v = (x1,29,...),y = (y1,Y2,...) € ZN+, define

(xa y) ) o-min{ilziAy}  therwise.

For example, the distance between
(1,2,3,4,5,...,) and (1,2,3,0,0,0,...)

is 274 = 1/16. It is easy to see that axioms (M1) and (M2) are satisfied. The triangle
inequality (M3) can be verified as follows. Suppose x,y, z € ZN+. We wish to prove that

d(z,z) < d(z,y) +d(y, 2). (1.4)

If at least any two of the elements x,y,z are equal, then the inequality (1.4) is trivially
satisfied (check this for yourself). Thus we can assume that z,y, z are all different.

Let 7 be the smallest natural number such that x; = y; = z; for all j < ¢ while z;,y;, 2
are not all the same. Such a number exists by our assumption. It follows that d(z,z) < 27
However, at least one of the numbers d(x,y) and d(y, z) is exactly equal to 27 (otherwise we
would have z; = y; = z;, contradicting our choice of 7). Thus the number on the right-hand
side of (1.4) is > 27" and so (1.4) is satisfied.

Exercises.

1.1.1. Suppose X is a nonempty set and d is the discrete metric on X. Describe the sets
{reX |dzy <r}, yeX, reRs,.

Hint: Your answer should depend on r.

1.1.2. What is the only possible metric on a singleton (a set with one element)?

1.1.3.  (a) Suppose (X,d) is a metric space and o € R, @ > 0. Show that ad, defined by
(ad)(z,y) = ad(x,y), =,yeX,

is a metric on X.
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(b) Show that if X is a set with more than one element, then there are infinitely many
metrics on X.

1.1.4 ([Coh03, Ex. 2.4(1)]). If (X, d) is a metric space, and x,y, z,u € X, prove that

1.1.5 ([Coh03, Ex. 2.4(2)]). If (X, d) is a metric space and z1,xs,...,x, € X (n > 2), prove
that
d(zy,x,) < d(z1,22) + d(x2, 23) + - - - + d(Tp—1, Tp).

1.1.6 ([Coh03, Ex. 2.4(3)]). Suppose d; and ds are two metrics on the same set X. Show
that d3 and dy4, given by

dg(l’,y):dl(x,y)‘i‘dg(l',y), xuyeXa
d4($ay) Zmax{dl(:v,y),dg(:v,y)}, $,y€X,

are also metrics on X.

1.1.7. Note that, when p = 1, the metric defined in (1.3) becomes

dl(xay):Z|xk_yk|a $7y€Rn-
k=1

Verify that this does indeed define a metric on R".

1.1.8. Justify the limit statement made in Example 1.1.14. More precisely, show that if
(1‘1, To, ... ,$n), (yl, Yo, ... ;yn) S Rn, then

n 1/p
. n
lim Z|xk—yk| = max |z — Y|
P00 \ £ k=1

1.1.9. Verify that dy (see Example 1.1.14) is indeed a metric on R™.

1.1.10. Show that d(z,y), as defined in Example 1.1.22, converges for all z,y € ¢!, and that
d defines a metric on /!,

1.1.11. Draw the sets
{(z,y) € R? | d,((0,0), (z,y)) = 1}

for p = %,1,2,3,00.

1.1.12. Show that ¢! is indeed a metric space. Namely, show that its metric is well-defined
(i.e. the relevant series converge) and that it satisfies axioms (M1)—(M3).

1.1.13. Verify that the metric of £ (see Example 1.1.23) satisfies axioms (M1)-(M3).

1.1.14 ([Coh03, Ex. 2.4(6)]). Let f and g be continuous functions defined on [a, b].
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(a) Derive the integral form of the Cauchy—Schwarz inequality:

(/ ) dt)2 <(/ b roya) ([ b (o))" ).

(b) Show that there is equality if and only if f = g for some constant [.

(¢) Use this Cauchy—Schwarz inequality to deduce the triangle inequality for the mapping
d of Example 1.1.26 with p = 2.

1.1.15 ([Coh03, Ex. 2.4(7)]). Let X be the set of all continuous functions defined on the
whole real line which are zero outside some interval (not necessarily the same interval for
different functions). Show that

d(e,y) = max |o(t) — (1), @y € X,

defines a metric on X.

1.1.16 ([Coh03, Ex. 2.4(8)]). Fix n € Ny, and let X be the set of all n x n matrices with
complex entries. Show that d; and ds, defined by

d\(A, B) = max |ajy —bisl,  da(A, B) = max Z|agk bil:
1<k<n

where A = (a;x), B = (bjx) € X, are both metrics on X.

1.1.17 ([Coh03, Ex. 2.4(11)]). Let X be any nonempty set and let p: X x X — R be a
mapping such that

(a) for all z,y € X, we have p(x,y) = 0 if and only if z = y, and
(b) pla,) < p(,2) + p(z,y) for all 2,9, 2 € X.
Show that p is a metric on X.

1.1.18 ([Coh03, Ex. 2.4(12)]). We say (X,d) is a semimetric space if X is a nonempty set
and d is a mapping d: X x X — Ry satisfying d(z,z) = 0 for all z € X and (M2) and
(M3). (In other words, we drop the “only if” requirement in (M1).) Show that (X,d) is a
semimetric space, but not a metric space, when

(a) X is the set of all integrable functions on [a, b] and

d(f,g) = /If (t)]dt, f,geX;

(b) X is the set of all differentiable functions on [a, b] and

d(f,9) = max [f'(t) —g'(t), f,g€X.

a<t<b
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1.2 Convergence in a metric space

Having defined metric spaces and seen a number of examples, we turn our attention to the
notion of convergence.

Definition 1.2.1 (Sequence). A sequence is a mapping whose domain is the set N, of
positive integers. If X is any set, a sequence in X is a mapping N, — X. If (X,d) is a
metric space, a sequence in (X, d) is a sequence in X.

Since many of our examples of metric spaces (such as ¢?) involve sequences, we adopt a

system of notation to avoid confusing sequences which are elements of a metric space with
sequences in that metric space.

e We use the notation (z1,zs,...) to denote sequences which are elements of a metric
space, such as /P.

e We use the notation {z,}>2, or {x,} or 21,22, ... to denote a sequence of elements of
a metric space.

Definition 1.2.2 (Convergence). A sequence {z,} in a metric space (X, d) is said to converge
to an element z € X if lim,,_,o d(z,,x) = 0. That is, {z,} converges to z if for any € > 0
there exists a positive integer N such that

n>N = d(z,,x) <e.

Then z is called the limit of the sequence and we write z,, — x, or lim,,_,, x, = x, or simply
limz,, = z.

Remark 1.2.3. Note that the point to which a sequence converges must be a point of the
metric space. For instance, the sequence {%} does not converge in (0,1] (with the usual
metric) since 0 ¢ (0, 1]. Similarly, consider the metric space (Q,d) where d is the natural
metric. Then the sequence {x,} where

= 1
W=D
k=0
does not converge in this metric space (since e € Q).

Remark 1.2.4. 1f d and d’ are two metrics on a set X, it is possible for a sequence in X to
converge in (X, d) but not in (X, d’). For instance, suppose X = R, d is the natural metric,
d' is the discrete metric, and {x,} is either of the sequences of Remark 1.2.3. Then {z,}
converges (to e or 0) in (X, d) but does not converge in (X, d’), since d'(zp,e) = d'(z,,0) =1
for all n.

Proposition 1.2.5. If a sequence in a metric space is convergent, then the limit is unique.

Proof. Suppose {z,} is a convergent sequence in a metric space (X, d) and both z,, — x and
x, — y for some z,y € X. Then, for any n € N,

0<d(z,y) <d(z,z,)+ dzn,y) =dT,,x)+ dT,,Y).

Since d(x,,x) — 0 and d(x,,y) — 0, we must have d(x,y) = 0 and hence x = y. O
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Let us take a closer look at convergence in C™ with the usual metric d. Let {z,} be a
sequence in this space. Each x,, is an ordered m-tuple. We write

Ty = (Tp1, Tn2, - Tom), N ENL.

Suppose that the sequence converges to an element y = (y1,...,y,) € C™. Thus, by defini-
tion,

A0, y) = | D [Tnk — w2 = 0.
k=1

Note that for each j = 1,2,...,m, we have

m
0 < |zn; —ys] < Z |Znk — Yl
k=1

Thus, for each j, we have z,; — y; as n — oo. In other words, each of the sequences
{xn;}22,, 7 =1,2,...,n, is convergent (and converges to y;). Conversely, if z, ; — y; for
each j, then d(z,,y) — 0. Therefore, convergence of a sequence in C™ is equivalent to
convergence of components. The same is true for R™, by exactly the same argument.

Now consider the metric space ¢?. Suppose {r,} is a convergent sequence in ¢, with

limit y = (y1,¥2,...). Say
Tp = (Tp1, Tn2,...), n €N,

Then, for each j € N,

k=1

and hence x,, ; — y; as n — oo. Hence convergence of a sequence in ¢? implies convergence
of components.
However, unlike in C™, the converse is not true. Consider the sequence {e, }, where

er = (1,0,0,0,...),
er = (0,1,0,0,...),
es = (0,0,1,0,...),

The sequence of kth components converges to 0 for each k, since every component is
eventually zero (more precisely, the kth component of e; is zero for j > k). However,
y = (0,0,0,...) is not lime, since d(e,,y) = 1 for all n. In fact, it will follow from later
results that the sequence {e, } does not converge at all. This is essentially because the terms
in the sequence do not get closer together; rather they stay at a distance 1 from each other.
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Exercises.

1.2.1. Show that if we replace the usual metric on C™ (or R™) by the ¢P-metric, it remains
true that convergence in this metric space is equivalent to convergence of components.

1.2.2 ([Coh03, Ex. 2.9(14)]). In a semimetric space (see Exercise 1.1.18), convergence of
a sequence is defined as it is in a metric space. Let (X,d) be the semimetric space of
Exercise 1.1.18(b), with @ = 0, b = 3. Show that the sequence {z,}, where z,(t) = t"
(0 < ¢ < 1)is convergent and that any constant function on [0, 3] serves as its limit. (Hence,

convergent sequences in semimetric spaces need not have unique limits.)

1.3 Sequences of functions

In this section we discuss sequences of functions and various types of convergence for such
sequences.

Suppose {f,} is a sequence of real-valued (or complex-valued) functions, all having the
same domain D.

Definition 1.3.1 (Pointwise convergence). We say that the sequence {f,} converges point-
wise if, for all € D, the sequence {f,(z)} of real (or complex) numbers converges. In
this case, the function f with domain D defined by f(z) = lim f,(z), x € D, is called the
pointwise limit of {f,}. We write lim f, = f or f, — f.

Remark 1.3.2. Another way of writing the definition of pointwise convergence is that {f,}
converges pointwise to f if for all e > 0 and = € D, there exists a positive integer N (x) such
that

n>N@) = |fule) - f@)] <e

It is important to note that N(z) depends on z. That is, we can choose a different value
of N(z) for each = (and €). It is for this reason that we use the notation N(z), instead of
simply N.

Ezxample 1.3.3. For n € Ny, let f,(z) = x/n, x € R. Then {f,} is a sequence of functions
with domain R. This sequence converges pointwise to f(x) = 0, the zero function.

Definition 1.3.4 (Uniform convergence). Let { f,} be a sequence of real-valued (or complex-
valued) functions with domain D and f be another function with the same domain. We say
that the sequence {f,} converges uniformly to f if for all € > 0, there exists a positive integer
N such that

n>N = |fu(z)— f(z)|<e VaxeD.

We write f,, = f and call f the uniform limit of the sequence {f,}.

Remark 1.3.5. Note that, for each €, we need to find one N that works for all x. This is
different from the situation for pointwise convergence, where N can depend on =x.
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Ezxamples 1.3.6. (a) Consider the sequence of Example 1.3.3. This sequence does not con-
verge uniformly to the zero function. This can be seen as follows. For any choice of
positive integer n, we have

|fn(z) — 0] = Jl > 1 for all x > n.
n

Thus, the condition in Definition 1.3.4 cannot be satisfied for any ¢ < 1.

(b) For all n € N, define a function f,: R — R by

falz) = {; t1/m i Z%

Then {f,} converges uniformly to the constant function 2.

Proposition 1.3.7. A sequence of functions {f.} in Cla,b] (with the uniform metric) con-
verges in this metric space if and only if it converges uniformly.

Proof. Suppose {f,} is convergent in Ca,b] (with the uniform metric) with limit f. Then

d(fn, f) = max [ f,(t) — f(£)| = 0.

a<t<b

Therefore, by the definition of a limit, for every € > 0, we can find a positive integer N such
that

n>N = max|f,(t) — f(t)| <e.

a<t<b
Thus
n>N = |[f,(t)— f(t)| <eVte]ab].
Thus f, = f. The converse is left as an (easy) exercise. O

Remark 1.3.8. Proposition 1.3.7 justifies the name uniform metric.

Exercises.

1.3.1. Prove the converse statement whose proof was omitted in the proof of Proposi-
tion 1.3.7.
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1.4 Complete metric spaces

We would like to be able to determine that a sequence converges without having to know
the limit in advance. This should have something to do with the terms in a sequence getting
closer and closer together.

Definition 1.4.1 (Cauchy sequence). A sequence {z,} in a metric space (X,d) is called a
Cauchy sequence if, for all € > 0, there exists a positive integer N such that

m,n >N = d(z,,x,) <.

Definition 1.4.2 (Complete metric space). A metric space is said to be complete if every
Cauchy sequence in the space converges.

Theorem 1.4.3 (Completeness of the real numbers). The metric space R (with the usual
metric) is complete.

Proof. You have seen this result in previous analysis courses. It can also be found, for
example, in [Coh03, Th. 1.7.12]. H

Ezxample 1.4.4. The set Q of rational numbers is not complete. For example, consider the
sequence {x,} where x, is equal to the decimal expansion of 7 truncated after the nth
decimal place:

T = 3.1
3 = 3.141

Then {z,} is a Cauchy sequence since |z, — z,,| < 107" for n,m > N. However, this
sequence does not converge in QQ, since 7 is not a rational number.

Theorem 1.4.5. Fvery convergent sequence in a metric space is a Cauchy sequence.

Proof. Suppose {z,} is a convergent sequence in a metric space (X, d), with limz,, = z. Let
€ > 0. By definition of convergence of a sequence, there exists an integer N such that

n>N = d(z,,z) <

N

Then, for all n,m > N, we have
A0y 2n) < d(an, 7) + d(&, 2p) = dn, @) + A7) < 5+ 5 = e

Thus {z,} is a Cauchy sequence. O
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So in a metric space, every convergent sequence is a Cauchy sequence, but Cauchy se-
quences do not necessarily converge (unless the metric space is complete).
At the end of Section 1.2, we considered the sequence e; = (1,0,0,...),es = (0,1,0,0,...),
. in % and argued that this sequence did not converge to (0,0,0,...) in £ even though it
did converge to this element componentwise. We can now prove that the sequence {e,} in
fact does not converge at all. This is because when n # m, we have d(e,, ep,) = v/2. Thus
{e,} is not a Cauchy sequence and so, by Theorem 1.4.5, it does not converge. Proving that
a sequence does not converge is one important use of Theorem 1.4.5.

Ezample 1.4.6 (C is complete). We will show that the metric space C, with the natural
metric, is complete. Let {z,, = u, + iv,} be a Cauchy sequence in C, where u,, v, € R for
all n € Ny. Since {z,} is a Cauchy sequence, for all ¢ > 0 there exists an N such that
m,n >N = |z, — | < €. Now,

|xn - xm| = |(un +wn) - (um +wm)| = |(Un — Up) + 1(Vn — Um)|

= \/(un — Up)? + (U — V)2

Therefore,

n,m >N = |ty — | <V (Un — m)? + (U — V)2 = |2 — 2| < €.
Similarly,
n,m >N = |v, — v,| <e

Thus {u,} and {v,} are Cauchy sequences in R. Since R is complete, these sequences
converge to some real numbers u and v (respectively). Let z = u + iv € C. Now, for any
€ > 0, there exists an N such that |u, — u| < ¢/2 and |v, —v| < €/2 for all n > N. Then

0 <d(zp,x) = |x,—2| = [(Up+ivy) — (u+iv)| = |(up—u)+i(v, —v)| < Uy —ul+|v, —v| <,

for all n > N. Thus, the sequence {z,} is convergent. Therefore, every Cauchy sequence in
C converges and so C is complete.

Ezample 1.4.7 (¢% is complete). Let {x,} be a Cauchy sequence in ¢, where x,, = (T 1, Tp2, - - -

By the definition of the space (2, the series Y p-, |z, x|? converges for all n. Since {z,} is a
Cauchy sequence, for any € > 0, there exists an N such that

o
m,n >N — d(xn,xm) = Z |$nk - xm,k|2 <E.
k=1

This implies that
(o]
m,n>N — Z [T — Tmi|® < €
k=1

and hence
m,n >N = |Tpr — Tmi| <€ VEkeN,.

).
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Thus, for each k € N, {x,x} is a Cauchy sequence in C. Since C is complete, this sequence
converges. Let y, = lim,, oo Tnx and set y = (y1,¥2,...). We will prove that z,, — vy as
n — oo.

Forany r=1,2,...,

r

o
Z |k — xm7k|2 < Z |Tn ke — xm7k|2 < € for all m,n > N.
k=1 k=1

Thus, since x,,  — Yy as m — oo, we have

Z |Zns — yn|? < € for all n > N. (1.5)
k=1

By the triangle inequality in C", we have

r r r r 0
Z |yk|2 S Z |yk - mn7k|2 + Z |‘rn,k|2 S €+ Z |xn,k|2 S €+ Z |xn,k|27
k=1 k=1 k=1 k=1 k=1

for all n > N. Now, the series > .~ |z,x|*> converges since z,, € ¢*. Therefore, the series
> r—q lyk|? converges and hence y € ¢2. Then, by (1.5), we have

d(w,,y) = Z |Tn ke — yi|? < e for all n > N.
k=1

Therefore {x,} converges to y in (2.

Remark 1.4.8 (/7 is complete). An argument similar to the one above shows that in fact ¢*
is complete for p > 1. See Exercise 1.4.3.

Ezample 1.4.9 (R™ and C" are complete). The argument for £? can easily be adapted to show
that R” and C" are complete. Or, one can use the fact that R® and C" can be viewed as
subspaces of £2. Then consider a Cauchy sequence {z;} in C". Since this is also a sequence
in (2, which is complete, this sequence converges to some point x in ¢2. We have seen that
convergence in £? implies convergence of components. But since the kth component of each
x; is zero for k > n, the same must be true of the limiting point . Thus x € C”. Since the
standard metric on C" is just the restriction of the metric of £2, we see that {x;} converges
to x in C". A similar argument works for R".

Example 1.4.10. The argument of Example 1.4.9 also shows that R™ and C" are complete
in the ¢P- and (*°-metrics.

Ezample 1.4.11 (Cla,b] is complete). Suppose {x,} is a Cauchy sequence in Cfa,b]. Then
for all € > 0, we can find an N > 0 such that

m,n >N = max |z,(t) — z,(t)] <e.
a<t<b
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Thus, for each t € [a, b], we have
m,n >N = |z,(t) — z,(t)] <e, (1.6)

and so {z,(t)} is a Cauchy sequence in R. Since R is complete, we know that the sequence
{z,(t)} converges to some real number, which we denote by x(¢). This defines a function x
on [a,b]. If we take the limit m — oo in (1.6), we see that for all ¢ € [a, b],

n>N = |z,(t) —z(t)] <e

This implies that the sequence {z,} converges uniformly to x.

It remains to show that x is continuous. Fix s € [a, b]. We will show that x is continuous
at s. Choose € > 0. Since {x,} converges uniformly to = and {z,(s)} converges to x(s), we
can find N > 0 such that

n>N, telab = |z(t) —z,(t)] <¢€/3,

and
n>N = |z,(s) —z(s)| <¢/3.

Now fix an n > N. Since z,, is continuous, we can choose a d > 0 such that
|t —s| <6, te€a,b] = |z,(t) —xn(s)| <€/3.
Then, whenever |t — s| < d, we have
|2(t) — x(s)| = [(x(t) = 2n(t)) + (2n(t) = 2n(s)) + (xn(s) — (s))]
<|x(t) — xn ()] + |20(t) — 2o (s)| + |zn(s) — z(s)| < €/3+€/3+¢€/3 =¢.
Thus, z is continuous at s. Since s was arbitrary, x is continuous.

Ezample 1.4.12 (C]a, b is not complete ([Coh03, 2.4(6)])). In order to show that C[a, b] is
not complete it suffices to find an example of a Cauchy sequence in this space that does not
converge. We will consider the case where a < 0 and b > 1, but our example can easily be
modified for other values of a and b. Define the sequence of functions {z,} in Ci[a,b] by

0, a<t<0,

Then b w 1 y
d(wn,:cm):< / |xn(t)—xm(t)|pdt) < (M) .

Therefore, for any € > 0,

1
n,m>— = d(xp, Ty) < €.
€
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Thus {z,} is a Cauchy sequence. We show that this sequence does not converge. Let g be
the function defined on [a, b] by

and let f be any continuous function on [a, b].
For all n € N, we have

l9(t) = F(O)] = (g(t) — zn(t)) — (2a(t) = FE)] < g(t) — 2n(B)] + |2a(t) — F(2)].

Thus X
[ 100~ swlars [~ walar s [ o) - sl

The integral on the left is fa |f(t)|dt + fo |1 — f(t)|dt. Since f is continuous, at least one of
these terms must be positive (since we cannot have both f(0) =0 and f(0) = 1). The first
integral on the right approaches zero as n — oo (by an inequality similar to the one we used
to show the sequence {z,} is Cauchy). Thus, we cannot have

d(xy, f / |z, (t) — f(t)|dt — 0,

for any continuous function f. Therefore {z,} does not converge in Ci|a,b].

Remark 1.4.13. The previous example shows that a set can be complete when equipped with
one metric and not complete with others.

Remark 1.4.14. In fact, Example 1.4.12 can be generalized, to show that C,a,b], p > 0, is
not complete. The proof uses Hélder’s inequality.

Recall (from previous analysis courses) that any subsequence of a convergent sequence
is itself convergent. However, a sequence which does not converge can still have convergent

subsequences. For example
1 1.1

7_72a_a37_7"'
2773 4
does not converge but has the convergent subsequence 1

5 %, .... The next result shows us
that this cannot happen for Cauchy sequences.

Proposition 1.4.15. In a metric space, any Cauchy sequence having a convergent subse-
quence 1is itself convergent, with the same limit.

Remark 1.4.16. Of course, the theorem is trivial if the metric space is complete, but it holds
in any metric space.

Proof. Suppose {z,} is a Cauchy sequence in a metric space (X,d). Let {z,, } be a con-
vergent subsequence of {z,,} with limit . Then for any € > 0, there exists N; > 0 such
that

k>N = d(z,,,z) < g
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Since {x,} is a Cauchy sequence, there also exists Ny > 0 such that
m,n > Ny = d(z,, T,) < g
Let N = max{Ny, No} and choose k > N. Then n; >k > N and so

n>N = d(z,,z) <d@,, )+ dz,,, ) < %4_ % — ¢

Thus {z,} converges to x. O

Exercises.

1.4.1 ([Coh03, Ex. 2.9(1)]). Use the inequality of Exercise 1.1.4 to prove that if {z,} and
{yn} are convergent sequences in a metric space and lim z,, = x, limy,, = y, then d(z,, y,) —
d(x,y), where d is the metric for the space.

1.4.2 ([Coh03, Ex. 2.9(2)]). Let {z,} and {y,} be two Cauchy sequences in a complete metric
space, with metric d. Prove that they have the same limit if and only if d(z,,y,) — 0.

1.4.3. Show that ¢! is complete (see Example 1.1.22).
1.4.4. Show that ¢>° is complete (see Example 1.1.23).
1.4.5. Is a nonempty set with the discrete metric complete?

1.4.6 ([Coh03, Ex. 2.9(3)]). Show that the sequence {z,} defined in Example 1.4.12 is not a
Cauchy sequence in Cla, b], where a < 0 and 1 < b.

1.4.7 ([Coh03, Ex. 2.9(12)]). Why does the counterexample in Example 1.4.12 fail when
a=07

1.5 Subspaces of metric spaces

Recall the definition of a metric subspace and the induced metric from Definition 1.1.6. Note
that if Y is a metric subspace of X, then it is possible to have a sequence in (Y, d) which
converges to a point in X that is not in Y. For instance, see Example 1.4.4 (there X = R
and Y = Q).

Definition 1.5.1 (Closed subspace). A subspace S of a metric space X is said to be (se-
quentially) closed if it contains the limits of all the sequences in S that converge in X.

Remark 1.5.2. We will sometimes use the more precise term ‘sequentially closed’; instead of
just ‘closed’, later on when we discuss topology and consider closed sets, where ‘closed’ has
a different meaning.
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Ezamples 1.5.3.  (a) A closed interval [a, b], a < b is a closed subspace of R (with the usual
metric).

b) {(z,0) | z € R} is a closed subspace of R? (with the usual metric).

For a fixed positive number ¢, {z | z € C, |z| < ¢} is a closed subspace of C.

(c

)
)
d) For a fixed positive number ¢, {z | z € C, |z| < ¢} is not a closed subspace of C.
)
)

(
(

In a metric space with the discrete metric, all subspaces are closed.

(e
(f

The argument in Example 1.4.9 shows that R"™ and C" are closed subspaces of £* (in
fact, of /7 for 1 < p < 00).

(g) Every metric space is a closed subspace of itself. Note that it need not be complete.
In the definition of closed subspace, we only require that the limit of any sequence that
converges in the larger metric space be in the subspace. For instance for a < b, (a,b)
is a closed subspace of itself, but not a closed subspace of R.

Proposition 1.5.4. A subspace of a complete metric space is complete if and only if it is
closed.

Proof. Suppose S is a closed subspace of a complete metric space X. Let {x,} be a Cauchy
sequence in S. Then it is also a Cauchy sequence in X. Since X is complete, {x,} converges
to some point x € X. Then, since S is closed, x € S. Thus every Cauchy sequence in S
converges in S, and so S is complete.

Now assume that S is a complete subspace of a complete metric space X. Let {z,} be
a sequence in S that, as a sequence in X, converges to some point z € X. Then {z,} is
a Cauchy sequence in X (by Theorem 1.4.5) and hence also in S. Since S is complete, we
have x € S. Thus S is closed. O

Definition 1.5.5 (Diameter). Let (X, d) be a metric space and let S be a nonempty subset
of X. The number

6(5) = sup{d(z,y) | z,y € S}
is called the diameter of the set S.

Definition 1.5.6 (Bounded subset of a metric space). A subset of a metric space is said to
be bounded if it is empty or if it has a finite diameter.

Ezxample 1.5.7. Any Cauchy sequence in a metric space is bounded.

Proof. Let {x,} be a Cauchy sequence in a metric space (X,d). Fix ¢ > 0. Then we can
find N > 0 such that
n,m>N = d(z,,z,) <e.

In particular,
n>N = d(z,,zn11) <€

Let
K = max{d(zp,zn41) [ n=1,2,...,N}.
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So
d(xp,xn41) < K +¢€ forallne N,.

Then, for all n,m € N, we have, by the triangle inequality,
d($n,$m) < d(l’n, xN—O—l) + d<xm7xN+1) < Q(K + 6)'

Thus we have an upper bound on the set {d(z,,z,) | n,m € N, }. Hence the supremum of
this set is finite and so {z,} is bounded. O

Exercises.

1.5.1. Suppose that S is a nonempty subset of a metric space (X, d). Show that S is bounded
if and only if there exists a point # € X and a number K > 0 such that d(z,y) < K for all
y € S. Loosely speaking, this says that a subset is bounded if and only if it is contained in
some ball in X of finite radius.

1.5.2. Show that any convergent sequence in a metric space is bounded.

1.5.3 ([Coh03, Ex. 2.9(10)]). If {z,} is a complex-valued sequence, and z, — z, prove that
|zn| = |2|. Hence show that the subset {w | w € C, |w| < ¢} of C is closed for any positive
real number c.

1.5.4 ([Coh03, Ex. 2.9(11)]). Let Y be the set of all complex-valued sequences (yi,ya, .. .)
for which |yx| < 1/k, k € N,. Define d by

d(l’,y) = lek_yk‘27 33;3/€Y~
k=1
Prove that (Y, d) is a subspace of ¢, and that it is closed.

1.6 Mappings between metric spaces

In this section, we discuss mappings between metric spaces.

Definition 1.6.1. A mapping from the metric space (X,d) to the metric space (Y,d’) is
simply a map of sets A: X — Y.

We will often omit parentheses when dealing with mappings of metric spaces. Hence we
write Ax instead of A(z). If A: X — Y and B: Y — Z, we denote their composition by
BA, which is a map from X to Z. Recall that composition of maps is associative, so if

AW - X, B: X —-Y,and C: Y — Z, then C(BA) = (CB)A. Thus we can write CBA
without any risk of ambiguity.
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If A: X — X, then we can compose A with itself and for n a positive integer, we define
A" =AA--- A (n factors).
By convention, A° is the identity mapping /: X — X defined by Iz = x for all z € X.

Ezample 1.6.2. Define the mapping A: Cla,b] — R by

Az = /abx@) dt.

Note that the mapping A is well defined because any continuous function on the interval
[a, b] is integrable over that interval.

Ezample 1.6.3. Suppose we view elements of C™ as column vectors (i.e. n x 1 matrices with
complex entries). If B is an m X n complex matrix, then B defines a mapping C* — C™
by sending x € C" to Bx € C™. In such examples, we will often denote the matrix and the
corresponding map by the same letter.

Since in a metric space we have a notion of distance, it should make sense to speak of
the continuity (or lack of continuity) of a mapping between metric spaces.

Definition 1.6.4 (Sequentially continuous mapping). Suppose X and Y are metric spaces.
We say a mapping A: X — Y is (sequentially) continuous at x € X if for every convergent
sequence {x,} in X with limit z, {Ax,} is a convergent sequence in Y with limit Az. The
mapping A is said to be (sequentially) continuous on X, or simply (sequentially) continuous,
if it is (sequentially) continuous at every point of X.

Remark 1.6.5. Later, in Section 4.6, we will see another definition of continuity, which is
why we sometimes insert the word ‘sequentially” above. However, we will see that for metric
spaces, the two definitions are the same and so there is no risk of confusion.

Ezample 1.6.6. Consider the mapping A of Example 1.6.2. Suppose {z,} is a convergent
sequence in Cla, b] with limit . Choose € > 0. Then, by the definition of the uniform metric
on Cla, b], there exists an N > 0 such that

€

n>N = £?§)|xn(t)—x(t)| <y

Thus .
n>N = |z,(t) —z(t)| < . Vitelab.

Then

d(Azx,, Ax) = |Az,, — Az

/abxn(t) dt — /abm(t) dt'

/ (1) — (1) dt]
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b
< [ foatt) - o)

<)
~—J, b—a

“(b-a)

:b—a

= €.

dt

Therefore Az,, — Axz. Hence A is continuous.

Exercises.

1.6.1. Show that the mappings described in Example 1.6.3 are continuous.



Chapter 2
The Fixed Point Theorem

In this chapter we prove the Fixed Point Theorem for metric spaces and discuss some appli-
cations of this important result.

2.1 The Fixed Point Theorem

In this section, we will only consider mappings from a metric space into itself.

Definition 2.1.1 (Fixed points and contractions). Suppose A is a mapping from a metric
space (X, d) into itself.

(a) A point z € X such that Az = x is called a fized point of the mapping A.

(b) The mapping A is called a contraction mapping (or a contraction) if there exists a real
number «, with 0 < a < 1, such that

d(Az, Ay) < ad(z,y) for all z,y € X.

Such an « is called a contraction constant for A.
Proposition 2.1.2. Contraction mappings are continuous.

Proof. Suppose A is a contraction mapping on a metric space (X,d) and that {z,} is a
convergent sequence in X with limit z. Let « be a contraction constant for A. Then

0 < d(Az,, Az) < ad(x,,x) < d(zp, ) — 0,
and so d(Az,, Az) — 0 (in other words, Az,, — Ax). O

Remark 2.1.3. Note that the converse of the Proposition 2.1.2 is not true. For instance, the
identity mapping is not a contraction mapping but it is certainly continuous. Note also that
the proof did not use the fact that 0 < o < 1, and so could be somewhat generalized.

Theorem 2.1.4 (Fixed Point Theorem). Every contraction mapping on a complete metric
space has exactly one fixed point.

26
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Proof. Suppose (X, d) is a complete metric space and A is a contraction mapping on X with
contraction constant . Take any point xy € X and define a sequence {z,} in X by

Tp = Ax, 1 = A"zy, n €N,
We show that {z,} is a Cauchy sequence. For k > 1, we have
d(zg, 2p_1) = d(AFzg, AFag)
== d(A(Ak_ll’()), A(Ak_2l’0))

ad(A* xg, AF22)
o d(AF 2wy, AF 3 ag)

IN A

IN

o (A, x).

Now, to show that {z,} is a Cauchy sequence, we need to consider d(z,, x,,) for large values
of m and n. Since d(x,,x,,) = d(Tm, T,), we may assume that 1 < m < n. Then

d(xp, ) = d(A"xo, A™x0)
< d(A"xg, A" ag) + (A" g, A Pag) + -+ d(A™ g, Arg) (A inequality)
< o™ Yd(Axg, 1)) + a"2d(Azg, 1) + - - - + o™ d( Az, 7)
=a"™(l+a+a’+-+a" " "d(x1,z0)
a™(l—a™™m)

11—«

d(x1,x9) (sum of a geometric series)

«Q
<
T 1-«

d(xy,z0) (since 0 < o < 1).

Since 0 < a < 1, we have ™ — 0 as m — oo. Thus, for any € > 0, we have d(x,,x,,) < €
for m and n sufficiently large. Therefore {z,} is a Cauchy sequence. Since X is complete,
this sequence converges to some point x € X.

We will show that z is a fixed point of A. For any positive integer n, we have

0 <d(Az,z) < d(Azx,x,) + d(zy, v) = d(Ax, Az,—) + d(2), ) < ad(x, 1) + d(xp, T).

Since d(z,,z) — 0 and d(z,z,—1) — 0, we have d(Az,x) = 0 and so Az = x. Thus z is a
fixed point of A. Now suppose y is another fixed point of A. Then

d(z,y) = d(Az, Ay) < ad(z,y).

Since av < 1, this can only be true if d(z,y) = 0. So z = y. Therefore, z is the unique fixed
point of A. n

We can in fact prove a slight generalization of the fixed point theorem that is useful in
some applications.

Theorem 2.1.5. Suppose A is a mapping on a complete metric space such that A™ is a
contraction for somen € N.. Then A has a unique fized point.
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Proof. By the Fixed Point Theorem, A™ has a unique fixed point z. So A"x = x. Since
AM(Az) = Ao = A(A"r) = Ax,

we have that Ax is also a fixed point of A”. But by the Fixed Point Theorem, A™ has a
unique fixed point. Thus Az = z. In other words, z is also a fixed point of A. Now suppose
that y is another fixed point of A. Then

Ay = A" Ay) = A"y = = Ay =y,
and so y is also a fixed point of A”. Thus x = y by the uniqueness in the Fixed Point
Theorem. O
Exercises.

2.1.1 ([Coh03, Ex. 3.5(3)]). Consider R" with the metric
di(z,y) =Y |re— |, z,y €R"
k=1

(See Exercise 1.1.7.) Show that this metric is complete. (Hint: One approach is to use
Exercise 1.4.3.) Call this metric space X. Define a mapping M: X — X by y = Mz, where
r € X, and

n

Yj :ch,kfk—i‘bj, j=12,...,n,
k=1

with all ¢;5,b; € R. Prove that M is a contraction mapping on X if
£ < L.
0< rknalxz; lcir| <
j:

2.1.2 ([Coh03, Ex. 3.5(8)]). Let A be a mapping from a complete metric space (X,d) into
itself. Prove that if the contraction condition is weakened to

d(Az, Ay) < d(x,y) V v,y € X, x #y,
then the existence of a fixed point is no longer assured.

2.1.3 ([Coh03, Ex. 3.5(10)]). Let ¢ be the set of all convergent complex-valued sequences and
define a mapping d: ¢ x ¢ = R>¢ by

d(z,y) :s§p|xk —ykl, = (r1,72,...), y = (Y1,¥2,...) € c.
—1

(a) Prove that (c,d) is a metric space and that it is complete.
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(b) Define a mapping A on ¢ by

1 1 1
A(I‘l,l'g,l‘g,. . -7) = (51'2, 51‘371564’ s 7) .

Prove that A is a contraction and hence that A has a unique fixed point (immediately
obtained by inspection). Suppose this point is to be obtained by iteration and let

2@ 20 @) denote the successive iterates. Taking z(® = (I, %, %, i, ...), show
that 2™ has kth component
k!

n=01,2..., k=12,....

(n+k—1)(n+k)?

(¢) Define a mapping B on ¢ by

B( Y= (14 St S 1 Syt b1+ St
T1,T2,T3,...) = 21‘2 31‘3, 21‘3 31’4, 21‘4 31‘5,... .

Prove that B is a contraction. Find the fixed point of B (by any means).

2.2 Applications

We now turn to some applications of the Fixed Point Theorem. Suppose f: [a,b] — [a,b] is
a function for which there exists a constant 0 < K < 1 such that

|f(z1) = f(x2)| < Koy — 29| ¥V 21,79 € [a,b].

We say [ satisfies the Lipschitz condition with Lipschitz constant K (see Definition 4.6.9).
Note that the interval [a,b] with the usual metric is complete (it is a closed subset of R,
which is complete), and that f is a contraction mapping. So the Fixed Point Theorem tells
us that the equation f(x) = z has a unique solution.

In particular, if f: [a,b] — [a, ] is differentiable and there exists a 0 < K < 1 such that

If'(z)| < K V€ la,b],

then f(z) = « has a unique solution. This is because the Mean Value Theorem of differential
calculus tell us that, for any 1, xe € [a,b], 1 < z3, there exists a point ¢, 1 < ¢ < xg, such
that

|f(21) = f(z2)] = [f'(c) (21 — 2)| = [ f/(e)||v1 — 22| < K]wy — 29],

and so f satisfies the Lipschitz condition with constant K < 1.
Ezxample 2.2.1. Let us show that the equation
' =21 — 1224+ 1=0

has a unique solution in the interval [0, 1]. Note that the equation is equivalent to

1 1 1
=28 41 =120 = —z*— 2P+

R’ Tt T "
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Define a function f by

1, 145 1
Then solving the original equation is equivalent to solving the equation f(x) = x. We first
check that the image of f is contained in [0, 1]. To see this, note that

1 1
f’(a:):§x3—§x2:0 — 1’22 -3)=0 = z=0o0r g
So f has no critical points in the interval [0,1]. Since f(0) = 55 and f(1) = 0, we have
f(10,1]) < [0, 1].
Now, for z € [0, 1],
|f(x)] = 13:3 1:132 14——<1
327|732

Therefore, our conditions are met and so f has a unique fixed point. To find it, we can take
xo = 0 and begin applying f. We get

x1 = f(0) = 0.0833, x5 = f(r1) =~ 0.0832, x3= f(r3)=0.08324,....
To 5 decimal places, the root is 0.08324.

As another example, let us consider systems of linear equations. Suppose we want to

solve the linear system
Axr=b

for some n x n matrix A and b € R" (viewed as a column vector). In order to apply the
Fixed Point Theorem, we need the equation in the form f(z) = z. So we write

Ar=b <= 22— Az+b=0 <= ([-Azxr+b=2 < Cr+b=uz, whereC=1-A.

So we define a mapping M: R” — R" by Mx = Cz + b and we are looking to solve the
equation Mx = x. Since R" is a complete metric space, there will be a unique solution
if M is a contraction mapping. Let us find some conditions that will imply that M is a
contraction mapping. For y, z € R", we have

d(My, MZ) = \ i <i CikYk + bj> — (i CikRk + bj>>

j=1 k=1 k=1

n

= \ ; cik(Yk — Zk))

o) ()

<.
I
-

<

3
=
(]
uﬁw
=
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and so M 1is a contraction if

n n
0< Z Z c?k < L.
j=1 k=1
(Note that this is a sufficient condition, but not necessary). If this condition is satisfied,
then one can solve the equation in question by iteration.
Note that here we used the standard metric on R". However, we are free to use any
metric we like as long as it makes R™ a complete metric space. For instance, we could use

the metric d (see Example 1.1.14). Recall that we know (R", d,) is complete. We have

doo(My, M z) = 1%3% (Z CikYk + bj) - <Z CikZk + bj) |

k=1 k=1

n
= Imax chk(yk — Zk)
k=1

1<j<n

n
< o 3 el -
_1rglg<ﬁglk_llcjkl|yk 2|

n
< Z . _
<2 el - max [y — 2l

= (fg&;@;@ﬂ) dos(y, 2).

So M is a contraction in this metric if

n
0< lrgjaglz leje] < 1.
k=1
So we see that we might choose to work with different metrics depending on our particular
application. For instance, it is possible for a matrix to satisfy one of the above conditions

and not the other.

Remark 2.2.2. For further applications of the Fixed Point Theorem to differential and inte-
gral equations, see [Coh03, §3.3].

Exercises.

2.2.1 ([Coh03, Ex. 3.5(2a)]). Show that
2t +82%+320 —32=0

has a unique solution in the interval [0,1].
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2.2.2 ([Coh03, Ex. 3.5(4)]). Use the Fixed Point Theorem to show that the following sys-
tems of equations have unique solutions. (No adjustment of the coefficients, by dividing an
equation through by some number, for example, should be necessary.)

(a)

T -+ gz o= 2

T+ 3y = -1

2z + 1y + 2z = 1
(b)

T 4+ 3y — sz = x—3

—tr + 2y = y+1

%x }ly — }lz = z+5



Chapter 3

Compactness

In previous courses, you have encountered the notion of a compact subset of R". We now
discuss compactness in the more general setting of metric spaces.

3.1 Sequentially compact sets

Recall, from Proposition 1.4.15 that, in a metric space, any Cauchy sequence having a
convergent subsequence is itself convergent, with the same limit. We will use this fact
several times in this section.

Definition 3.1.1 (Sequentially compact). A subset of a metric space is called (sequentially)
compact if every sequence in the subset has a convergent subsequence (that converges to a
point in the subset).

Remarks 3.1.2.  (a) The use of the word ‘sequentially’ is to distinguish this notion of com-
pactness from another (involving open covers). We will examine the relationship be-
tween the two properties a bit later in the course (see Theorem 4.5.9).

(b) We can apply Definition 3.1.1 to the entire metric space. So a metric space is compact
if every sequence in it has a convergent subsequence.

(c) We consider the empty set to be a compact subset of any metric space.
Proposition 3.1.3. A compact metric space is complete.

Proof. Let {x,} be a Cauchy sequence in a compact metric space. By the definition of
compactness, {z,} has a convergent subsequence. Then, by Proposition 1.4.15, {z,} is itself
convergent. O

Remarks 3.1.4. (a) We will often use the contrapositive form of this theorem: If a metric
space is not complete, then it is not compact.

(b) It is possible for a metric space to be complete but not compact. For instance, we
know that R is complete but 1,2,3,... is a sequence with no convergent subsequence.
Hence R is not compact.

33
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Theorem 3.1.5. Every compact subset of a metric space is closed.

Proof. Suppose S is a compact subset of a metric space X. Let {x,} be a sequence in S that
converges to a point z € X. This implies, in particular, that {z,} is a Cauchy sequence.
Since S is compact, {x,} has a subsequence which converges to a point y € S. Then, by
Proposition 1.4.15, we know that {x,} is convergent in S and so x = y € S, by uniqueness
of limits. Hence S is closed. O]

Remark 3.1.6. Note that the converse of the above theorem is not true. For instance, R is
a closed subset of itself but is not compact.

Theorem 3.1.7. Every compact subset of a metric space is bounded.

Proof. We will prove the result by contradiction. Since the theorem is clear for the empty
set, we assume S is a nonempty compact subset of a metric space (X, d) and that S is not
bounded. We will construct a sequence in S with no convergent subsequence.

Choose any element z; € S. We cannot have d(x,z;) < 1 for all x € S since this would
imply (by the triangle inequality) that 6(S) < 2 (recall that 6(S) is the diameter of the
subset S). Therefore, we can find a point 25 € S with d(x9,z1) > 1. Let

)\1 = 1, )\2 = )\1 + d(l’g,l‘l) =1+ d(l’g,ﬂfl).

We cannot have d(z, z1) < Ag for all z € S since this would imply that 6(.S) < 2X,. Therefore,
we can find a point 3 € S with d(z3, 1) > Aa. Let

A3 =M +d(xs, x1) = 1+ d(x3,27).

Continuing in this manner, we construct a sequence {z,} in S and an increasing sequence
of numbers {\,} such that

d(.fEn,iCl):An—lZ)\n,l, 77,:2,3,....
Then, for any n > m > 2, we have
)\m S )\nfl S d(ﬂ?n,$1) S d(l’n,l'm) + d(l’m, xl) = d(l’n, zm) + )\m - 17

and so d(z,, z,,) > 1. Therefore, the sequence {x,} cannot have a convergent subsequence
(since no subsequence can be a Cauchy sequence). This contradicts the assumption that S
is a compact subset of X. Therefore, S is bounded. ]

Remark 3.1.8. The converse to the above theorem is false. For instance, (0, 1) is a bounded
subset of R but it is not compact by Theorem 3.1.5, since it is not closed.

Theorem 3.1.9. A subset of R" is compact if and only if it is both closed and bounded.

Proof. We already know from Theorems 3.1.5 and 3.1.7 that if a subset of R” is compact, it is
closed and bounded. The converse (in fact, both implications) was done in previous courses.
The proof can also be found, for example, in [Coh03, Th. 4.1.6]. For the case n =1 (and, in
some references, in the general case), this is known as the Bolzano—Weierstrass theorem. [
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Ezxample 3.1.10. Theorem 3.1.9 is not true for arbitrary metric spaces. A useful example to
keep in mind is the subset
S={e;|1=1,2,...}

of the metric space 2. Here e; is the usual sequence with a 1 in the ith position and a 0 in
every other position. Since

d(em,en) = V2 for m #n,

we see that 6(S) = /2 and so S is bounded. Since the sequence ei,es,es,... has no
convergent subsequence, the set S is not compact. Note that S is closed since any sequence
in S which converges in £2 must be eventually constant (i.e. the range of the sequence is finite)
and thus convergent in .S. So S is an example of a subset which is closed and bounded, but
not compact. So

compact = (closed and bounded)

but the converse is not true for an arbitrary metric space. However, in certain metric spaces,
such as R"™, the converse is true.

In a compact metric spaces, we have the following partial converse to Theorem 3.1.9.
Lemma 3.1.11. Every closed subset of a compact metric space is compact.

Proof. The proof of this lemma is left as an exercise (Exercise 3.1.2). [

Exercises.

3.1.1 ([Coh03, Ex. 4.5(2)]). (a) Prove that any finite subset of a metric space is compact.

et x be the limit of a convergent sequence {x,} in a metric space. Prove that the se
b) Let x be the limit of gent i tri P that th t
{z, 21,29, 23,...} is compact.

3.1.2. Prove Lemma 3.1.11.

3.1.3. Suppose X is a nonempty set with the discrete metric. Is X compact? Which subsets
of X are compact?

3.1.4. Show that Baire space Z"+ (see Example 1.1.27) is not compact.

3.2 Sequences of functions and the Arzela—Ascoli The-
orem

Definition 3.2.1. Suppose F is a family of real-valued (or complex-valued) functions on a
fixed metric space (X, d) and D is a subset of X.
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(a) We say the family F' is uniformly bounded on D if there exists an M > 0 such that

feF xeD = |f(x)] < M.

(b) We say F' is equicontinuous at a point x € D if, for any € > 0, there exists a § > 0
such that

feF 2 eD,dz2)<d = |flx)— fa)| <e.

(¢) We say F' is uniformly equicontinuous on D if, for any € > 0, there exists a § > 0 such
that
feF x,a €D, dza)<d = |f(x)— f(2)] <e

Remarks 3.2.2.  (a) Note that the definition of ‘uniformly bounded’ does not depend on
any metric on F. However, if F' C C|[a,b] has the uniform metric, then ‘uniformly
bounded’ is the same as ‘bounded’. However, for subsets of C}[a,b] the two notions
are different (Exercise 3.2.1).

(b) Similarly, the definition of (uniform) equicontinuity is independent of any metric on
F'. However, if the domain of the functions in an equicontinuous family F' is [a, b] and
F is given the uniform metric, then F' is clearly a subspace of Cla, b].

(c) The definition of uniform equicontinuity could be extended to the case where the
functions in F' take values in any fixed metric space, instead of R or C. Then the
condition becomes that for any € > 0, there exists a 6 > 0 such that

feF, x,2 €D, dz)<d = d(f(z),f(2)) <e.
Similarly, one can define equicontinuity in this more general situation.

(d) The definition of uniformly bounded could be extended to the case where the functions
in F' takes values in any ‘normed space’ (see Chapter 5).

(e) The reference [Coh03] uses the term ‘equicontinuous’ to mean what we call ‘uniformly
equicontinuous’.

Example 3.2.3. The set of functions {z,z* x3,...} on [0, 1] is not uniformly equicontinuous,
even though each individual function is continuous. To see this, note that for 0 < ¢ < 1, in
order to ensure that

|z" —1"|=1—-2"<e for0<z <1,

weneed x> (1 — )/ or 1 —2 < 1— (1 —¢)"/" Since (1 —¢)"/" = 1 as n — oo, there is
no 0 > 0 such that
1—z|<d = [2"—1"<e VneN;.

For R™ (or C™), we have nice criteria for when a set is compact. Namely, the compact
sets are precisely the closed and bounded sets. It turns out that we can also develop criteria
for when subsets of C|[a, b] are compact.
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Theorem 3.2.4 (Arzela—Ascoli Theorem). A subset F' of the metric space C|a,b] is compact
if and only iof F' is closed, uniformly bounded, and uniformly equicontinuous.

Proof. First suppose that F' is closed, uniformly bounded, and uniformly equicontinuous.
We will show that F'is compact. Suppose {f,} is a sequence in F'. We prove that {f,} has
a convergent subsequence. The proof involves six steps.

Step 1. We know that Q N [a, b] is countable. Let {1, xs,...} be an enumeration of the
elements of this set.

Step 2. Since F' is uniformly bounded, we can find an M > 0 such that
@) <M Yzelab), neN,.

In particular, we have

fulz1)| < M VneN,.

Thus the sequence {f,(z1)}7, is contained in the interval [-M, M]. Since [—M, M] is
compact, this sequence has a convergent subsequence {f,, (z1)}. So we have a subsequence
{fn.} of the sequence {f,} which converges pointwise at ;.

Let us write this subsequence as {f”}> |, instead of { fn, 322, in an effort to make the
notation somewhat easier to follow. We now apply the same reasoning as above to the

sequence {fM}. We have o)
fn T2 S M Vne N+7

and so the sequence { j}gl)(mg)} of real numbers has a convergent subsequence { frgi)(xg)}. So
we have chosen a subsequence { f,gi)} of { fr(Ll)} which converges pointwise at z; and z3. We
write this new sequence as { féz)}.

Continuing in this manner, we construct sequences { fém)};’le for m € N, such that for
each m, the sequence { fr(bm)}ff’:l is a subsequence of { f,,} converging pointwise at z1, xa, . .., Tp,.
Furthermore, each sequence is a subsequence of the one before it.

Step 3. We have constructed sequences

1 1 1
1()7 f2()a ?E)v"'v

2 2 2
1()7 f2()a ?E)v"'v

3 3 3
f1()7 f2()’ ?E)v"'7

Let f* = fT(Ln) Thus {f"} is the ‘diagonal’ sequence. For each m > n, the sequence
fm, fmHl . is a subsequence of {f£m>}5;<;1. Thus f™, f™*! ... converges pointwise at
T1,%2,...,T,. Since the addition of points at the beginning of a sequence does not alter its
convergence, the sequence {f"}> | also converges at 1, s, ..., Z,,. Since this is true for all
m, we see that {f"} converges at all points 1, zs,... (i.e. all points of Q N [a, b]).

Step 4. We now show that {f"} is a convergent sequence. Choose € > 0. Since the
sequence {f"} is a subset of F', which is uniformly equicontinuous, there exists § > 0 such
that

1
neNy, o/,2" €la,b], |2/ —2"| <d = |f"(2") — fM(2")] < 3¢ (3.1)
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Choose K rational points in [a, b] such that every point of [a, b] lies within § of one of those
rational point (we can do this since § > 0 and b — a < o0). Renumbering if necessary, we
can assume these rational points are x1,...,rx. Thus

Vo € [a,b] i€ {1,2,..., K} such that |[x — x;| < 4.

Step 5. Since {f"(z;)}52, is a convergent sequence for each ¢ = 1,2,..., K (note that
the number of values of i is finite), we can choose a N > 0 such that

1
m,n>N = \f”(a:i)—fm(xi)]<§e Vi=12,..., K.

Step 6. Let x € [a,b]. As in Step 4, we can choose a point z;, ¢ = 1,2, ..., K, such that
|z — x;] < 6. Then, by (3.1),

1
|f"(z) = f"(2)] < 3¢ VneN;.
Therefore

() = [ (@) < [f"(2) = (@)l + [ (@) = f" (@a)| + [ (@) = 7 ()]
1 1 1
< §6+§€+§€:€,

for all m,n > N. Since our choice of = € [a,b] was arbitrary, it follows that

mon > N = d(f, ") = max |f"(x) - (o) <
Therefore { f"} is a Cauchy sequence in F'. Since F' is a closed subset of the complete metric
space C|a, b], it is complete by Proposition 1.5.4. Thus { "} converges. Hence F is compact.

It remains to show the other implication asserted in the statement of the theorem. Sup-
pose F'is a compact subset of Cla, b]. We already know from Theorem 3.1.5 that F' is closed.
By Theorem 3.1.7, F' is bounded in the uniform metric and hence uniformly bounded. It
remains to show that F' is uniformly equicontinuous. For this, we will use the following two
facts.

(a) A metric space is sequentially compact if and only if it is compact in the sense you
learned in previous courses (any open cover has a finite subcover). We will return to
this issue later in the course (see Theorem 4.5.9).

(b) If a real-valued function f is continuous on a closed interval [a, b] then it is uniformly
continuous on that interval. This means that for all € > 0, there exists a 6 > 0 such
that

r1,%9 € [a,b], |1 — 22| <d = [f(x1) — f(z2)] < e

(See Definition 5.5.1.) You may have seen this in previous courses. In any case,
this is left as an exercise for you if you have not seen it (Exercise 3.2.4). See also
Theorem 5.5.2, which is more general.
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Assuming these facts, we continue with the proof. By the above, all elements of F' are
uniformly continuous on [a, b]. Therefore, for all f € F', we can choose a d; such that

T, %9 € [a,b], |v1 —xa] < dp = |f(21) — f(z2)| < €/3.

Let
By ={ge F|d(f.g) < e/3}

Here d(f, g) is the distance in the uniform metric. Then for all g € By, we have
x1, T2 € [a,b], |z — 2| < 0y

—> lg(e1) = g(aa)] < lg(en) = Flan)] + 1 (w1) = F@)l +1f () = glaa)] < 5+ 5+ 5 =

The {By} form an open cover of F' (since f € By for all f € F'). Strictly speaking, we have
not yet discussed open sets in metric spaces, but we will see that ‘balls” of the form Bj are

open sets in metric spaces. Since F' is compact, there exists a finite subcover {By,, ..., By, }.
Let § = min{dy,,...,ds,}. Then

r1, 73 € [a,0], |11 — 29| <6, g€ F = |g(71) — g(22)| < e
Hence F' is uniformly equicontinuous. O]

Remark 3.2.5. Some references (including [Coh03]), refer to Theorem 3.2.4 as the Ascoli
Theorem and only include the ‘if” part.

In light of Theorem 3.2.4, is it useful to have easy-to-check criteria for a family of functions
to be uniformly equicontinuous.

Lemma 3.2.6. Suppose F is a family of differentiable functions defined on the same interval
la,b] and there exists a number K for which

If'(x)] <K V feF, xelab.
Then F is uniformly equicontinuous.
Proof. Suppose € > 0 and let § = ¢/K. Then
21— 22| <6 = [f(@1) — flaz)| < Klz1 — 22| < Kd =,

for all f € F. (Here we are using the mean value theorem in calculus.) Hence F' is uniformly
equicontinuous. ]

Exercises.
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3.2.1 ([Coh03, Ex. 4.5(7)]). Let F be a subset of C[a, b]. Prove that F is a uniformly bounded
family if and only if it is bounded. Show however that if F is considered as a subset of C'[a, b],
then F' may be bounded but not uniformly bounded. (See Remark 3.2.2(a).)

3.2.2 ([Coh03, Ex. 4.5(8)]). Let K and « be fixed positive numbers and let F' be a subset of
C'la, b] such that, for all f € F' and any points 2, 2" € [a, b,

7~ Fa) < Kla! — ]
Show that F' is equicontinuous.

3.2.3 ([Coh03, Ex. 4.5(9)]). Let F' be a bounded subset of Cla,b]. Prove that the set of all

functions g, where
ow) = [ f@)dt FeF a<esh
is uniformly bounded and equicontinuous.

3.2.4. Prove that if a real-valued function f is continuous on a closed interval [a, b] then it
is uniformly continuous on that interval.

3.3 Compactness and mappings

In this section we look at the interplay between compact sets and mappings between metric
spaces.

Theorem 3.3.1. Suppose X,Y are metric spaces and A: X — Y is a continuous mapping.
If S is a compact subset of X, then its image A(S) is a compact subset of Y.

Proof. It S is empty, the result is trivial. So assume S is not empty. Suppose {y,} is a
sequence in A(S). We wish to show that {y,} has a convergent subsequence. For each n, we
can find z,, € S such that Az, = y,. Since S is compact, the sequence {z, } has a convergent
subsequence {z,, } with some limit x € S. Then Az € A(S). Since A is continuous, we have
Yn, = Az, — Azx. Thus {y,, } is a convergent subsequence. Therefore A(S) is compact. [

Corollary 3.3.2. If X is a metric space, f: X — R is a continuous mapping, and S is
any nonempty compact set in X, then [ attains its maximum and minimum on S. In other
words, there exist points Tmax and Ty tn S such that

f(xmin) S f(-r) S f(xmax) V xr € S

Proof. By Theorem 3.3.1, f(S) is compact. Thus, by Theorem 3.1.9, f(S) is closed and
bounded. But we know from previous courses that closed and bounded subsets of R contain
a maximum and minimum. O]

Theorem 3.3.3. Suppose S is a nonempty compact subset of a metric space (X,d) and
x € X. Then there exists a point p € S such that d(p,x) is a minimum.
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Proof. Define f: X — R by f(y) = d(y,z) for y € X. So we wish to minimize f. First, we
claim that f is continuous. If {y,} is a sequence in X and y, — y, then

[f(yn) = F@)] = d(yn, ¥) — d(y,7)| < d(yn, y).

The last inequality is true since

A(Yn, ) < d(Yn,y) + d(y, x) = d(yn,v) — d(y,x) < d(Yn,y),

and
d(y, z) < d(y,yn) + d(Yn, v) = d(yn, ) — d(y,x) > —d(Yn, y).

Therefore f(y,) — f(y) since d(y,,y) — 0. This shows that f is continuous on X. Therefore,
by Corollary 3.3.2, f attains its minimum at some point p € S. O]

Remarks 3.3.4. (a) Theorem 3.3.3 does not imply that the point p is the unique point in
S minimizing the distance to z.

(b) Theorem 3.3.3 gives no method for actually finding such a point p.
Example 3.3.5. Fix n € N; and M > 0. Let
F={aa" +a, 12" "+ +ap|a; € [-M,M], 0 <z <1},

Then F'is a uniformly bounded and uniformly equicontinuous family of functions on the
interval [0, 1]. To see that F' is uniformly bounded, note that for f € F, we have

|f(@)] < lan] + |an—1| + - -+ + [ao| < nM.
To see that F' is uniformly equicontinuous, note that for all f € F, we have

n(n + 1)M

Y

' (@)] = [nana™ "+ + @] < nlag| + (0= Dana]+ -+ |ar| <

and so we can apply Lemma 3.2.6. One can also show that F' is a closed subset of C[0, 1].
Thus, by the Arzela-Ascoli Theorem (Theorem 3.2.4), F' is compact in C[0,1]. Therefore,
by Theorem 3.3.3, for any continuous function f on the interval [0, 1], there exist values of
ag, Ay, ..., a, in [—M, M| such that

e 1/(2) = (ana” + -+ )|
is a minimum. This is called a minimaz approximation of f. As noted above, it may not be
unique.

Typically the advantage of minimax approximations lies in the fact that we are ap-
proximating an arbitrary continuous functions by ‘nice’ ones. This has many applications
including image compression (where one approximates the data in some image by simpler
data taking less room to store).

You were asked to show in Exercise 2.1.2 that if the contraction condition is weakened to
d(Azx, Ay) < d(z,y) for all x,y, the existence of a fixed point is no longer assured. However,
in a compact metric space, this condition is enough.
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Proposition 3.3.6. Suppose (X, d) is a compact metric space and A: X — X is a mapping
such that
d(Az, Ay) < d(z,y) YVaz,yeX,z#y.

Then A has a unique fized point in X.

Proof. Suppose {x,} is a convergent sequence in X with x,, — x. Then
0 < d(Az,, Az) < d(zp,z) — 0,

and so A is continuous. (This is essentially the same argument we used to show that a
contraction is continuous in the proof of Proposition 2.1.2.) Define

B: X - R, B(z)=d(z,Az), x¢€ X.
By Exercise 1.4.1, we have
Bz, = d(x,, Ax,) — d(z, Axr) = Bz,

and so B is continuous. Since X is compact, it follows from Corollary 3.3.2 that B attains
a minimum. So By = min,cx Bz for some y € X. Thus

d(y, Ay) < d(z,Az) VzeX.
Suppose d(y, Ay) > 0. Then
B(Ay) = d(Ay, A(Ay)) < d(y, Ay) = By.

But this contradicts our choice of y. Therefore d(y, Ay) = 0 and so Ay = y. Thus y is a
fixed point of A.
Now suppose Az = z for some z € X, z # y. Then

d(y, z) = d(Ay, Az) < d(y, 2),

which is a contradiction. Thus y is the unique fixed point of A. m



Chapter 4

Topological spaces

In this chapter, we move from metric spaces to an even more general setting: topological
spaces. Topological spaces have no notion of distance, but do have open and closed subsets.
We will see that all metric spaces can naturally be given the structure of a topological space,
but the reverse is not true.

4.1 Definitions

We have already seen some topological terms—mnamely ‘compact’ and ‘closed’.

Definition 4.1.1 (Topology). A topology on a nonempty set X is a collection 7 of subsets
of X with the following properties:

(T1) 9,X €T,
(T2) T is closed under arbitrary unions: (Jycs7 € T for any S C T,

(T3) T is closed under finite intersections: Ty N1y € T for all T}, Ty € T.

The pair (X, 7)) is called a topological space and the sets T € T are called the open sets in
(X,T). A subset S of X is said to be closed in (X, T) if its complement S¢ = X \ S is an
open set in (X, 7). We sometimes refer to open and closed subsets of X (instead of (X, 7))
when the topology is clear from the context.

Remarks 4.1.2.  (a) It follows from (T3) that the intersection of any finite number of open
sets in X is again an open set in X.

(b) The case where X has only one element will sometimes be an exception to various
theorems we will prove. Thus we will often assume X has at least two elements.

Ezxample 4.1.3 (Discrete and indiscrete topologies). For any (nonempty) set X, we have the
discrete topology
7:11ax = {A | A - X}

consisting of all subsets of X and the indiscrete topology (or trivial topology)
Tmin = {@7 X}

43
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Definition 4.1.4 (Weaker/stronger topology). If 73 and 7, are two topologies on a set X
such that 77 C Ts, then we say T is weaker (or coarser) than Ty, and T is stronger (or
finer) than 7.

Therefore, on any given set, the discrete topology is the strongest topology of all and the
indiscrete topology is the weakest topology.

Ezample 4.1.5. Let X = {1,2,3,4} and

T = {®7 {1}7 {17 2}7 {27 3}’ {17 2, 3}>X}>

75 = {®7 {2}7 {3}7 {2,3},X},

7?’) = {®7 {1}7 {2}7 {17 2}7 {17 27 3}7 X}7
T.=A{2,{1},{2},{1,2},{1,2,3},{1,2,3,4}, X }.

Then
(a) 71 is not a topology since {1,2},{2,3} € 71 but {1,2} N {2,3} = {2} £ 7.

(b) 73, T3, and T, are all topologies since they all contain @ and X and are closed under
arbitrary unions and finite intersections.

(c) T3 is weaker than 7y since T3 C Ty.
(d) 75 is neither weaker nor stronger than 73 or 7.
Proposition 4.1.6. In any topological space (X,T), the following properties hold.
(a) The empty set, &, and the whole space, X, are closed.
(b) The union of finitely many closed sets is closed.
(c) The intersection of any family of closed sets is closed
Proof.  (a) This follows from the fact that ot = X, X0 = &, and both X and @ are open.

(b) Suppose Fi, ..., F, are closed sets. According to De Morgan’s laws,

n B n
()0
=1 =1

Since the F; are closed, the F° are open and hence so is their intersection Ny FL.

(c) This proof is left as an exercise (Exercise 4.1.1).

]

Definition 4.1.7 (Interior and closure). Suppose (X, 7)) is a topological space and S is a
subset of X.
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(a) The interior of S is the union of all open sets contained in S and is denoted by int S
or S°. Thus
S°=U{UeT|UCS}

If we wish to emphasize the ambient metric space, we write intx S.

(b) The closure of S is the intersection of all closed sets containing S and is denoted by
clS or S. Thus
S=n{zcx|zteT, SC2z}.

Therefore, S° is the largest open set contained in S and S is the smallest closed set containing

S.

Now that we have defined topological spaces in general, we would like to restrict our
attention to metric spaces. We would like to be able to define a natural topology on any
metric space. We can do this as follows.

Definition 4.1.8 (Metric topology). Suppose (X, d) is a metric space.
(a) For g € X and r > 0, the set
B(xg,r) ={z € X | d(z,x0) <71}
is called the open ball in X with centre xy and radius r.

(b) A subset U of X is open if U = @ or if for all z € U there exists an € > 0 such that
B(z,e) CU.

(¢) The metric topology on X is the collection of open sets as defined above. This topology
is denoted 7;. In other words, we define

Ta={2}U{U C X |VxeU Je>0 tel que B(z,e) CU}.

Of course, we should justify that 7; is actually a topology. It is trivial to see that
2, X € Ty. Now suppose that U; € T, for all ¢ in some indexing set I and let U = UZ.GI U;.
We want to show that U € T (that is, U is open in the sense defined above). Let x € U. Then
x € U; for some i € I. But since U; € Ty, we can find an r > 0 such that B(x,r) CU; CU.
Thus U € 7;.

Now suppose that Uy, U, € T;. We want to show that Uy NUy € Ty Let x € Uy N Us.
Then we can find €; and €; such that B(z,e;) C Uy and B(x,€y) C Uy, Let € = min{ey, €3}
Then

B(z,€) C B(z,e1) CU; and B(z,e) C B(z,€e) C Us.

Thus B(x,e) C Uy NUs. Hence Uy NU, € Ty

Whenever we refer to a metric space as a topological space, we will assume we are working
with the metric topology.

Recall that a singleton is a set with one element.
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Ezxample 4.1.9. Suppose X is a metric space with the discrete metric. Then for all x € X,
{z} = B(x,1) is an open set in X. Since every subset A C X is a union of singletons (since
A = U,cafa}), we see that all subsets of X are open. Thus, the metric topology is the
discrete topology (which is good since we use the word ‘discrete’ for both).

Ezample 4.1.10. Consider the metric space Cla,b] and f € C|a,b]. Then, for r > 0,
B(f,r) = {g € Cla,8] | f(@) —r < g(x) < f(z) +7V 3 € [0, 8]}

Thus B(f,r) consists of all the continuous functions on [a, b] that differ from f at any point
by at most 7.

Examples 4.1.11.  (a) intg Q = Q, since every metric space is an open subset of itself.

(b) intg Q = @, since every nonempty open interval in R (note that the open balls of R
are the open intervals) contains an irrational number and so cannot be a subset of Q.

(c) intgrla,b] = (a,b).
(d intR{O} = .
intoy{0} = {0}.

In a metric space equipped with the discrete topology, every set is open and hence the
interior of any subset A is A itself.

(S

)
)
)
f)

(
(

Exercises.

4.1.1. Prove Proposition 4.1.6(c).

4.1.2 ([Coh03, Ex. 5.7(1)]). Let X = {a,b,c,d},
Ti ={2,{a}, {b},{a,b},{a,b,c},{a,b,d}, X}, and
To ={2,{a},{a,b},{a,c},{a,b,c}, X}.
(a) Verify that 7; and 75 are topologies on X.

(b) In (X, 77), find the closed sets, and find the interiors and closures of {a}, {c}, and
{a,c}.
(¢) Do the same for (X, 73).

4.1.3.  (a) Suppose X is a nonempty set with the discrete topology Tmax. Find int .S and
S for any subset S of X.

(b) Suppose X is a nonempty set with the indiscrete topology Tmin. Find int S and S for
any subset S of X.

4.1.4. Prove that every open ball in a metric space is an open set.
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4.2 Closed sets

We have now given two definitions of closed sets in the context of metric spaces. We defined
a sequentially closed set in Definition 1.5.1 and we have now defined a closed set coming
from the metric topology. This would be very confusing were it not for the fact that these
two definitions actually coincide (as we will now see).

Theorem 4.2.1. Suppose (X,d) is a metric space with the metric topology Tq. A subset of
X s closed in (X, Ty) if and only if it is sequentially closed in (X, d).

Proof. Suppose that S is a closed set in (X, 7;). Since the case S = & is trivial, we assume
S # @. We wish to show that S is sequentially closed. Let {z,} be a sequence in S which
converges to a point x € X. If ¢ € S, then z € SC. Since S is closed, SC is open. Thus
there exists an open ball B(z,¢€) C SC. But this implies that d(x,,x) > € for all n, which
contradicts the fact that x,, — x. Thus x € S and so §' is sequentially closed.

Now assume that S is sequentially closed. Again we may assume S # @&. We wish to
show that S is a closed set, i.e. that SC is open. If this is not the case, then there exists a
point z € S such that no open ball centred at z is contained in SC. In other words, every
open ball centred at x contains a point of S. Thus, for each n € N, , we can choose a point
z, € S with z, € B(z,2). Then {z,} is a sequence in S with d(z,,z) = £ — 0. Hence
limx, = x. Since S is sequentially closed, z € S. But this contradicts the fact that z € SC.
Hence S is open and so S is closed. O]

Remarks 4.2.2.  (a) Theorem 4.2.1 only holds for the metric topology. There are topo-
logical spaces in which ‘closed’ is not the same as ‘sequentially closed’ (they have
sequentially closed sets that are not closed).

(b) We have seen that we can turn any metric space into a topological space using the
metric topology. It is natural to ask if one can reverse this procedure in some way.
More precisely, given a topological space (X, T), can one always define a metric d on X
such that 7; = T? The answer is no. If it is possible to define such a metric, we say the
space is metrizable. A simple example of a topological space that is not metrizable is
X = {1, 2} with the indiscrete topology (see Exercise 4.2.1). There are theorems which
state that all topological spaces satisfying certain additional conditions are metrizable
(these are known as metrization theorems).

Remarks 4.2.3.  (a) A subset A of a metric space (X,d) can be both closed and open, so
one property does not exclude the other. For instance, X and & are both open and
closed. In a discrete metric space, every subset is open and hence every subset is also
closed. (Sometimes sets that are both open and closed are called clopen.)

(b) It is also possible for a subset A of a metric space (X, d) to be neither open nor closed.
For example, consider any interval of the form [a,b), a < b, in R, with the usual metric.
It is not open because it does not contain any open ball centred at a and it is not closed
because A® = (00, a) U [b, 00) is not open (it does not contain any open ball centred at
b). Therefore, if you have proven that a subset of X is not open, that does not mean
that it is closed (and vice versa).
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(c) Of course, there exist sets which are open but not closed (for instance, (a,b), a < b, in
R) and sets are that are closed but not open (for instance, [a,b], a < b, in R).

Proposition 4.2.4. Every singleton in a metric space is closed in it.

Proof. Let (X, d) be a metric space and # € X. We must show that {z}¢ is open. Choose
any y € {z}t. Then y # = and so d(z,y) > 0. Let € = d(x,y). Then the open ball B(y,¢)
does not contain = and so B(y, €) C {z}°. Since y was arbitrary, {z}° is open. O

Definition 4.2.5 (Neighbourhood, cluster point, derived set). Suppose X is a topological
space.

(a) A neighbourhood of a point z € X is any open set in X containing x.

(b) A point z € X is called a cluster point (or limit point) for S C X if every neighbourhood
of x contains a point of S other than x.

(c) The set of all cluster points of a subset S of X is called the derived set of S and is
denoted by S’.

(d) A point z € X is called a closure point (or adherent point) for S C X if every
neighbourhood of = contains a point of S.

Remarks 4.2.6. (a) Note that in the definitions of cluster points and closure points, = need
not be a point of S.

(b) Note the difference between a cluster point and a closure point. In the definition of a
cluster point, we require the neighbourhood of x to contain a point of S other than x
itself, whereas in the definition of a closure point, we allow x itself. Thus, a closure
point is either a cluster point for S or a point of S.

(¢c) A point x € X is a closure point for S C X if and only if = € S. In other words,
the closure S of a subset S is precisely the set of its closure points (hence the name
‘closure point’).

(d) A point x € X which is a closure point for S C X but not a cluster point, is called an
1solated point of S.

(e) Sometimes the term ‘neighbourhood of x’ is used to mean any subset containing some
ball centred at x. We then use the term open neighbourhood if we require that this set
be open.

Proposition 4.2.7. Suppose S is a subset of a metric space X. Then x € X is a closure
point for S if and only if some sequence in S converges to x.

Proof. This proof is left as an exercise (Exercise 4.2.2). O
Example 4.2.8. Let S = {0} U (1, 2], considered as a subset of R.

(a) 0, 1 and 2 are closure points of S (of course, they are not the only closure points).
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(b) 1 and 2 are cluster points of S, but 0 is not.
(¢) S={0}U]1,2].

Ezample 4.2.9. Suppose X is a nonempty set with the discrete topology Tmax. Then {z} is
a neighbourhood of = that does not contain any other point of X. Hence

(a) no point can be a cluster point for any subset of X,
(b) the only closure points of a subset S of X are the points of S itself, and
(c) the closure of any subset S of X is S itself.

Example 4.2.10. Suppose X is a nonempty set with the indiscrete topology 7min. Then for
any r € X, X is the only neighbourhood of x. Thus every point « € X is a cluster point for
every subset of X, except {x} and @. Furthermore, for A C X, we have

Ao o fA=g,
)X ifA4D

Proposition 4.2.11. A set S in a topological space is closed if and only if it contains its
cluster points, that is, S’ C S.

Proof. Let X be a topological space and S C X. Assume first that S is closed. If S = X,
then S’ C S and we are done. Otherwise SC is a nonempty open subset of X. For any
z € St the set SP is itself a neighbourhood of 2 containing no point of S. So z ¢ S'. Thus,
taking the contrapositive, x € S’ = x € S. Hence S’ C S.

Now assume that S’ C S. We want to show that SC is open. If St = &, we are done. So
assume S® # @ and choose = € SC. This means that z ¢ S’ (since S’ C S). Hence z is not
a cluster point for S and so there exists some neighbourhood U, of z with U C SC. Let

V=] U..

zest

Then V C S% and V is open since it is a union of open sets. Since every point z of SC is
contained in U, C V, we have that S® = V. Hence SC is open and so S is closed. n

Remark 4.2.12. Since a closure point for S is either a cluster point for S or a point of S
itself, another way of stating Proposition 4.2.11 is that a set .S in a topological space is closed
if and only if it contains its closure points (and hence is equal to its set of closure points,
since every point of S is a closure point by definition).

Corollary 4.2.13. A subset S of a metric space is closed if and only if it is equal to its
closure: S =S.

Proof. This follows immediately from Remark 4.2.12 since any subset S is contained in its
set of closure points (since points of S are closure points of 5). n

We now summarize some useful properties of closures.
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Theorem 4.2.14. Let (X,d) be a metric space and let A, B C X. Then the following
statements are true:

(a) cl@ =,

(b) ACclA,

(c) if AC B, then clA C cl B (we say that closure is monotonic)

(d) cl(cl A) = cl A.
Proof. The proofs of these statements are left as an exercise (Exercise 4.2.3). [

Definition 4.2.15 (Closed ball). For a point zy of a metric space X and r > 0, the closed
ball with centre zy and radius r is the set

B x,7) = {z € X | d(x,x0) <1}

One can prove that B (zg,r) is a closed subset of X (see Exercise 4.2.4). In addition, it
is clear that the closed ball B(z,r) contains the corresponding open ball B(x,r). However,
in general, the closure cl B(z,r) is not equal to the closed ball B(z, ).

Ezample 4.2.16. Let X be a metric space with the discrete metric containing at least two
points and choose x € X. Then

cl B(x,1) = cl{a} = {z},

while
BYz,1) = X # {z},
since | X| > 2.
Definition 4.2.17 (Boundary point). A point x € X of a metric space is called a boundary

point of a subset A C X if for all € > 0, the open ball B(z,€) contains points from both A
and AC.

Equivalently, = is a boundary point for A if and only if z is a closure point for both A
and AC.

Still equivalently: x is a boundary point for A if and only if = is a closure point for A
and not an interior point of A.

Definition 4.2.18 (Boundary). Suppose A is a subset of a metric space X. The boundary
of A (in X) is the set of all boundary points of A and is denoted bd A. When we wish to
emphasize the ambient metric space, we write bdx A.

By the above remarks, we have
bd A =clA\int A.

Ezample 4.2.19. We have bdg(0,1) = bdg[0, 1] = bdg[0, 1) = {0, 1}.
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Example 4.2.20. We have bdg Q = R. This is because every nonempty interval in R contains
both rational points (points of Q) and irrational points (points of QE). However, bdg Q = @,
because the intersection of any neighourhood of a point in Q with the complement of QQ in
Q (which is the empty set) is empty. We see here that the boundary points of a subset (in
this case Q) depend on the ambient metric space (in this case, R versus Q).

Ezxample 4.2.21. We have bdr @ = &. The empty set has no boundary points.

Theorem 4.2.22. Let A be a subset of a metric space X. The following statements are
equivalent.

(a) clx A=X.

(b) Every point of X is a closure point for A.

(c) For every x € X and e > 0, the open ball B(x,€) meets A.
(d) Every nonempty open subset of X contains a point of A.

Proof. (a) = (d): Let V be a nonempty open subset of X. Since V is nonempty, it
contains a point x. By (a) and Remark 4.2.12) every point of X is a closure point of A.
Hence z is a closure point of A and so V', being a neighbourhood of x, contains a point of A.

(d) = (c): This is trivial, since every open ball is a nonempty open set.

(¢c) = (b): Let 2 € X. For all € > 0, the ball B(z,€) meets A. Thus z is a closure
point for A.

(b) = (a): This follows from Remark 4.2.6(c). O

Definition 4.2.23 (Everywhere dense set). A subset A of a metric space X is everywhere
dense (or simply dense) in X if it satisfies at least one (therefore all) of the equivalent
conditions in Theorem 4.2.22.

Theorem 4.2.24 (Density theorem). The set Q is everywhere dense in R (with the usual
metric). Equivalently, every real number is the limit of a sequence of rational numbers; or,
every nonempty open interval in R contains at least one rational number; or, the closure of
Q in R s R dtself; or, every element of R is a closure point for Q.

Proof. 1t suffices to prove that there is a rational number between any two distinct real
numbers. Let a,b € R, and a < b. We will find a rational number between a and b.
To begin with, assume that a > 0. By Archimedes’ Axiom, there is a natural number n

such that n(b —a) > 1, that is,

1
—<b-—a.
n

This n will be the denominator of a rational point inside (a, ). To find the numerator, set

E<b}.
n

This set A is nonempty, because it contains 1: indeed, 1/n < b —a < b. (Here we use the
assumption that a is non-negative.) By applying Archimedes’ Axiom again, we see that A
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is finite: indeed, for some N one has N/n > b, and every element from A is less than N.
Therefore, there exists the maximal element in A:

m = max A.

We claim that m/n € (a,b). One has m/n < b by the choice of A, and so it remains to
verify that m/n > a. Assume the contrary: m/n < a. Since 1/n < b — a, one can see that
(m+1)/n <bandsom+1€ A, in contradiction with the maximality of m.

Now let us consider the remaining cases. If a < 0 and b > 0, then we apply the previous
conclusion to the interval (0,b). If b < 0, then we choose a rational point 7 in the (positive)
interval (—b, —a), then the element —r is rational and contained in (a, b). O

Ezxample 4.2.25. A subset A of a metric space X equipped with the discrete metric is every-
where dense in X if and only if A = X. To see this, let A C X be a proper subset of X.
Then we can choose © € X \ A. The open ball B(x,1) is just the singleton {z} and so does
not meet A. Hence A is not dense in X.

Exercises.

4.2.1. Let X = {z1,...,2,} be a finite set with a metric d. Show that the metric topology
is the discrete topology. In particular, this shows that any finite set with a topology other
than the discrete topology is not metrizable.

4.2.2. Prove Proposition 4.2.7.
4.2.3. Prove Theorem 4.2.14.

4.2.4. Suppose (X, d) is a metric space. Show that for all zp € X and r > 0, the closed ball
B (zg,7) is a closed subset of X.

4.2.5. (a) Show that a point = of a metric space X is an isolated point if and only if {x}
is an open set. (Don’t over think this question—it’s almost a tautology.)

(b) Show that Baire space Z"+ (see Example 1.1.27) has no isolated points.

4.3 Separable metric spaces

Definition 4.3.1 (Separable). A metric space X is separable if it contains a countable
everywhere dense subset. In other words, there exists A C X such that

(a) the elements of A can be arranged in a sequence A = {a, }>°,, and

(b) A is everywhere dense in X.
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Remark 4.3.2. One can actually define the term ‘separable’ for any topological space, but
we will be concentrating on metric spaces in this course.

Ezamples 4.3.3.  (a) By The Density Theorem (Theorem 4.2.24), the real line is separable
since QQ is countable and dense in R.

(b) Similarly, the Euclidean space R" is separable since the subset Q" of all points whose
n coordinates are all rational is both countable and dense in R".

(c) A space X equipped with the discrete metric is separable if and only if X is itself
countable.

+ Y

Theorem 4.3.4. Every metric subspace of a separable metric space is separable.

Proof. Suppose Y is a nonempty subset of a separable metric space (X, d). Fix a countable
dense subset of X:
A={a,|n=1,23,...}.

We wish to find a countable dense subset of Y. The difficulty is that Y N A need not be
dense in Y. In fact, Y might not meet A at all (for instance X =R, A =Q, Y = QE).

Fix an element ¢y € Y. For every two natural numbers n,k > 1, consider the ball
B(an, 1/k). If this ball meets Y, then choose a point in the intersection B(a,,1/k) NY and
denote it y,, ;. If this intersection is empty, then let v, , = y'. In other words,

/

_Jany point in B(an, 1/k)NY, if B(a,, 1/k)NY # &,
Ynk = Y, otherwise.

Let
B={ynx|nkeN.}.

Clearly, B is a countable subset of Y. It remains to show that B is dense in Y. Let y € Y
and € > 0. Choose a natural number k > 1 such that

1 €

ko2
Since A is dense in X, there is a point in A contained in B(y, 1/k). Fix n € N such that
a, € B(y,1/k). In other words, choose n such that

1
d —.

The ball B(ay,1/k) meets Y (in particular, it contains y € Y). Thus the point y, , € B as-
signed to this particular pair of natural numbers is contained in the intersection B(a,,, 1/k)N
Y. Now, by the triangle inequality,

1 1 2
d(y’yn’k) < d<y’an) + d<anayn,kz) < E + E = E < €.

Therefore vy, ; is contained in B(y, €). Since y € Y and € > 0 were arbitrary, the subset B is
indeed dense in Y, as desired. O
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Proposition 4.3.5. The metric space (> is not separable.

Proof. By Theorem 4.3.4, it is enough to find a subspace of ¢*° that is not separable. Let
X be the set of all sequences whose entries are either 0 or 1. Obviously such sequences are
bounded and so X C ¢*°. We claim that the metric induced on X is the discrete metric.
Obviously, if z,y € X and z =y, then dy(x,y) = 0. Suppose x # y. Then z; # y; for some
i. For every n, x, and y, are either 0 or 1 and so |z, — yy| is either 0 or 1. Since |x; —yi| = 1,
we have

doo(,y) = SUD |27 — Y| = 1.

n=1
We will now show that X is uncountable, which will mean, by Example 4.3.3(c), that the
space X is not separable, finishing the argument. It will follow that X is uncountable if we
can show that for any sequence {z,} in X, there is an element 2’ € X, which is not in this
sequence.
Write the elements of the sequence {z,,} as an array:

Ty = ($1,1,$1,2, T13,---3T1m,y--- )
To = (I2,1,$2,2, X23,-..,TL2n,-- )
X3 = ($3,1>$3,2, L33y, T3ny--- )
Ty = (xn,la Tn,2,Tn3y---sTnmny--- )

Note that each entry z,, is either 0 or 1. Now form a new sequence x’ by moving along the
main diagonal and switching the entry x,,, each time. In other words, define the sequence
= (2, xh,...) by

), =1—a,,.
Then 2’ and x,, differ in at least the nth coordinate and so

2’ # x, for all n.

Thus X is uncountable. Hence X is a non-separable metric subspace of /> and so £ is not
separable. O

The above argument used to establish that X is not countable is known as the Cantor
diagonal process.

Exercises.

4.3.1. Show that Q" is dense in R".

4.3.2. Show that Baire space Z"+ (see Example 1.1.27) is separable. Hint: Think about
finite sequences.
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4.4 Connectedness

Definition 4.4.1 (Disjoint). Two sets A and B are said to be disjoint if AN B = @.
We sometimes write A LI B for the union of A and B when these sets are disjoint. So the
statement ‘X = AJ B’ means that X = AUB and AN B = @.

Definition 4.4.2 (Connected/disconnected). A topological space X is called disconnected
if X = U UV for some open nonempty subsets U,V C X. If X is not disconnected, we say
it is connected.

Remarks 4.4.3.  (a) Note that, in the above definition, U® = V and V¢ = U. Thus U and
V' are both open and closed. In the above definition, we could replace the word ‘open’
by ‘closed’ everywhere.

(b) When we speak of connected and disconnected metric spaces, we are always referring
to the metric topology. When we say that Y is a connected/disconnected subset of a
metric space (X, d), we mean that Y is connected/disconnected as a metric space on
its own (i.e. with the induced metric).

(c) Here is an equivalent definition of connected that we will typically use in proofs: A
topological space X is connected if whenever X = U UV for open sets U, V', and U is
nonempty, then U = X and so V is empty.

Ezamples 4.4.4. (a) Any set equipped with the discrete metric is disconnected as long as
it contains at least two points. To see this, suppose that X is a set equipped with
the discrete metric and X has at least two points. Choose = € X and set U = {z},
V = X \ {z}. Since all subsets of a metric space with the discrete metric are open, U
and V are both open. They are also both nonempty (U is nonempty since X has at
least two points). They are also clearly disjoint.

(b) Any singleton X = {x} is connected.

(c¢) The set of rational numbers Q with the usual metric is disconnected. To see this, let
U={zreQlaz<n}, V={reQ]|z>nr}
(We could use any irrational number in place of 7.) It is clear that Q = U LUV Also,

each of U and V is nonempty since, for instance, 0 € U and 4 € V.

It remains to show that U and V are open. We will show that U is open. The proof
that V is open is similar. Choose z € U and set ¢ = m — x, which is positive since
x < m. Let us show that B(z,e) C U. Suppose z € B(x,€). Thus, by definition, z € Q
and |z — x| <e If z— 2 <0, then 2 < z < € and so z € U. On the other hand, if
z —x > 0 then

z—r=|z—z|<e = z<zr4+e=1 = zeU.

Thus B(z,¢) C U and so (since our choice of x € U was arbitrary), U is open.
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Theorem 4.4.5. Every closed interval [a,b] of R is connected.

Proof. We will prove the result for the interval I = [0, 1], just to avoid unnecessary notational
complications. Let I be decomposed into a disjoint union U UV of two open subsets. Since
0 belongs to exactly one of them, we may assume without loss of generality, and renaming
U and V if necessary, that 0 € U. Now we shall show that V = &.
Define a set
A={a€l|[0,a] CU}.

The set A is nonempty, because it contains zero: [0,0] =0 C U. Also, A is bounded above
(say, by 1). Dedekind’s completeness axiom for the real line implies that the set A has a
least upper bound. Denote it by b:

b= sup A.

We are going to prove that 1 € A. This will finish the proof immediately, because it would
mean [0,1] C U, that is, [0,1] = U and V = @. With this purpose, we will establish, first,
that b € A, and second, that b = 1.

Since for every a € A one has [0,a] C U and obviously

[0,6) < |J10, 4,

a€A

we have [0,b) C U. By the monotonicity of closure, cl;[0,b) C cl; U. Notice that cl;[0,b) =
[0,0], and cl; U = U (U is closed in I because its complement, U v, is open). These facts
imply that [0,0] C U or, equivalently, b € A.

It remains to prove that b = 1. Suppose, towards a contradiction, that b < 1. Since
b € U and U is open, there is an € > 0 such that B(b,¢) C U, where the open ball is formed
in I. Without loss of generality and decreasing e if necessary, we can assume that ¢ <1 —b.
Now one has

[0,b+€/2] = [0,B] U [b,b+€/2] C [0,b] U B(b,e) C U,

from where one concludes that b + €/2 € A. But this is a contradiction, because b is, by
its choice, an upper bound for A. We conclude: b = 1, therefore 1 € A and the proof is
finished. O]

Lemma 4.4.6. Suppose Y is a subspace of a metric space X. If U is an open subset of X,
then U NY is an open subset of Y.

Proof. Choose an arbitrary point y € U NY. Since y € U and U is open in X, there exists
an € > 0 such that By (y,e) C U, where we use the subscript X to denote that

Bx(y,ﬁ) :{LL‘EX ‘ d(yam) <€}

is the ball formed in X. Now consider the ball with the same centre and radius, but formed
in Y:

By(y.e) = {z €Y | d(y.2) < e}.
It is clear that By (y,€) = Bx(y,€)NY. Thus, By (y,e) CUNY and so y is an interior point
of UNY. Since y was an arbitrary point of U NY, this set is open. n
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Before stating the next theorem, we should introduce (or recall) some notation from set
theory. If C is a collection of sets, then

UC:UA:{x|x€Af0rsomeA€C}, and
AeC

ﬂC:ﬂA:{w\xeAforallAEC}.
AecC

Theorem 4.4.7. If X is a metric space and C is a collection of connected subsets of X such
that

(a) UC = X, and
(b) NC # @,
then X s connected.

Proof. Suppose X = U UV for open sets U, V. Since NC # &, there is a common point z
contained in all elements of C. Then x, is contained in exactly one of U or V. By exchanging
the names of U and V' if necessary, we can assume xg € U. Now choose an arbitrary point
x € X. Since UC = X, we have z € C for some C' € C. By Lemma 4.4.6, the sets U N C and
V N are open in C. Since X = U LIV, we have

C={UnC)u(Vna).

Since C'is connected, one of them must be empty. Since zog € UNC', we have that VNC = @.
Thus x € UNC and so x € U. Since z was arbitrary, we have X = U. O

Corollary 4.4.8. Fvery interval of the real line, that is, every set of the form
[a’v b]? (a’v b)? [a’v b)? (av d]? <_007 b)v (_007 b], (CL, OO), [aa OO), (—OO, OO),
15 connected.

Proof. For each of these intervals, we can find a collection C satisfying the hypotheses of
Theorem 4.4.7. For instance,

(—o0,00) =R = U[—n,n].

The closed intervals [—n, n] are connected by Theorem 4.4.5 and they all contain the point
0.
For the interval [a,b), one has

[a,b)zg {a,b—b;al.

We leave the remaining cases as an exercise (Exercise 4.4.2). O
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Exercises.

4.4.1. Show that Baire space ZN+ (see Example 1.1.27) is disconnected.

4.4.2. Complete the proof of Corollary 4.4.8.

4.5 Compact sets

In Section 3.1, we discussed sequentially compact metric spaces. We now discuss the notion
of a compact set further. We will give the definition of a compact topological space and
then see that, in the case of a metric space, this definition agrees with our earlier one (of
sequential compactness).

Metric spaces have a nice ‘separability’ property. Namely, in any metric space (X, d)
containing at least two points x and y, we can find open balls (which are open sets in the
metric topology) centred at x and y and not intersecting. For instance, we can take the open
balls B(z,e¢) and B(y,€) with € = d(z,y)/2. We have a special name for topological spaces
which have this property.

Definition 4.5.1 (Hausdorff space). A topological space (X, T) is called a Hausdorff space,
and T is called a Hausdorff topology, if for all x,y € X, x # y, there is a neighbourhood U,
of x and a neighbourhood U, of y such that U, N U, = @.

As noted above, metric spaces are Hausdorff. Any metric space (X, Tnax) with the discrete
topology is Hausdorff. For any distinct points x,y € X, the sets {x} and {y} are disjoint
neighbourhoods containing them. However the indiscrete topology Tin is never Hausdorff
(if the space has at least two points) because any nonempty open set is the entire space, and
so it is impossible to find disjoint neighbourhoods containing any two distinct points.

Definition 4.5.2 (Open covering). Suppose S is a subset of a topological space X. An open
covering of S is a collection of open subsets of X whose union contains S. An open covering
is finite if it is a finite collection. If C; and Cy are open covers, then C; is a subcover of Cy if
every open subset in C; is also an element of Cy (i.e. C; C Cs).

Definition 4.5.3 (Compact set). A subset S of a topological space X is called compact if
every open cover of S contains a finite subcover of S. In other words, S is compact if every
collection of open subsets of X whose union contains S has a finite subcollection whose union
contains S.

Note that this definition is different from the definition of sequentially compact. We will
soon see that for metric spaces, the two definitions agree (see Theorem 4.5.9).

Recall that we showed that sequentially compact subsets of metric spaces are closed
(Theorem 3.1.5). We now see that there is an analogous theorem in the setting of topological
spaces.

Theorem 4.5.4. Fvery compact subset of a Hausdorff space is closed.
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Proof. Let S be a compact subset of a Hausdorff space. If S = X, then S is obviously closed
in X. So we assume S # X. Recall from Proposition 4.2.11 that S is closed if it contains
its cluster points, that is, if &’ C S. We will prove S’ C S by showing that if 2 € S, then
z &S (ie. x is not a cluster point of S). Choose an arbitrary = € S¢. Since X is Hausdorf,
for each y € S, there are disjoint neighbourhoods U, of x and V}, of y. Then the collection
{V, | y € S} is an open covering of S. Since S is compact, there is a finite subcovering. In
other words, there is a finite collection

{Vy17 %27 Tt ‘/;Jn}

which is a covering of S. Let U = (;_, Uy,. Since U is a finite intersection of open sets, it is
itself open. (Here is where we needed a finite subcovering.) Since z € Uy, fori =1,2,...,n,
we have € U. Thus U is a neighbourhood of z. Also, U is disjoint from V' = (J._, V,, and
hence from S. Therefore, x is not a cluster point of S. O

In Theorem 4.5.4, we need the assumption that the space is Hausdorff. To see this,
consider the following example.

Example 4.5.5. Let X be an infinite set and define
T={TCX|T=wor Tt is finite}.

One can show that 7 is a topology (Exercise 4.5.1). We will show that every subset of X
is compact. Let S C X and let C be an open cover of S. Choose one (nonempty) U € C.
Then U is open and hence UC is finite. Thus SN U? is also finite. Say SNUL = {z1,...,2,}.
For each i = 1,...,n, there is a U; € C such that z; € U; (since C is a cover of S). Then
{U,Uy,...,U,} is a finite subcover of S. However, X certainly contains subsets that are
not closed (for instance, any infinite proper subset of X). Thus X contains compact subsets
that are not closed. Note that X is not Hausdorff since any two nonempty opens sets have
nontrivial intersection. Indeed, if U and V' are nonempty open subsets of X, then U C and
v are finite. Thus (U NV)E = UL U VT is finite. Hence U N’V must be infinite (since X is).

Definition 4.5.6 (Bolzano—Weierstrass property, countably compact). We say that a metric
space X has the Bolzano—Weierstrass property if every infinite subset of X has a cluster
point. We say X is countably compact if every countable open covering of X (i.e. countable
collection of open sets whose union is X) has a finite subcovering.

Before proving the equivalence of ‘compact’ and ’sequentially compact’, we will need one
technical result.

Definition 4.5.7. Suppose S is a nonempty subset of a metric space (X,d) and € > 0. A
subset Z of X is called an e-net for S if

S C U B(z,¢).

z€Z

In other words, for all x € S, there exists z € Z such that d(z, z) < e. An enet is finite if it
consists of a finite number of points.
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Lemma 4.5.8. Every nonempty sequentially compact subset of a metric space has a finite
e-net for every € > 0.

Proof. Suppose S is a nonempty sequentially compact subset of a metric space (X, d) and
suppose that for some € > 0, S does not have a finite e-net. Choose any point x; € S. Since
the set {z1} cannot be an e-net for S (because it is finite), there is some point x5 € S such
that d(xe,x1) > €. Again, the set {z1, 22} cannot be an e-net for S (because it is finite), and
so there is some point xz3 € S such that d(zs,x;) > € and d(x3,22) > €. Continuing in this
manner, we construct a sequence

x1, X9, T3, Xy,... such that d(z,,z,) > eV m #n.

This sequence cannot have any convergent subsequence, contradicting the sequential com-
pactness of S. Therefore S has a finite e-net for all € > 0. n

Theorem 4.5.9 (Equivalence of two notions of compactness). Suppose (X,d) is a metric
space. Then the following statements are equivalent:

(a) X is compact,
(b) X is countably compact,
(¢) X has the Bolzano—Weierstrass property,
(d) X is sequentially compact.
Proof. We will show

(@) = (b) = (0) = (d) = (b) = (a).

Statement (a) clearly implies (b).

(b) = (c¢): We prove this by contradiction. Suppose X is countably compact, but does
not have the Bolzano—Weierstrass property. Then X has an infinite subset Y that does not
have a cluster point. Let S be any countably infinite subset of Y. Since any cluster point
of S would be a cluster point of Y, S has no cluster points. Therefore, each point x € S
has a neighbourhood U, containing no other point of Y. Recall (Proposition 4.2.11) that a
topological space is closed if and only if it contains its cluster points. Therefore (in a trivial
way) S is closed, since it has no cluster points. Thus St is open. Then

{SC}U{UI |z € S}

is a countable open covering of X. Since X is countably compact, some finite subcovering
must cover S. But this is impossible, since each x € S is contained only in U, (and not in
any U,, y # =, nor in S®) and S is infinite. Therefore (b)) = (c).

(¢) = (d): Now suppose X has the Bolzano—Weierstrass property. Let {z,} be a
sequence in X. If the range of this sequence is finite, then there must be at least one point
that appears infinitely many times in the sequence and thus there is a convergent subsequence
(simply take the subsequence whose terms are all this point). Otherwise, the range of the
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sequence {x,} is infinite and so has a cluster point x. For all £ € N, the open ball B(z, 1/k)
is a neighbourhood of x and so contains a point z,, in the sequence, with z,, # z. (Since
every cluster point of {x,}2%, is also a cluster point of {z,}°° = for all m € N,, we may
assume that the function k +— ny is increasing.) Then d(x,,,x) < 1/k for all k£ and hence
{z,, }32, is a convergent subsequence of {z,}. Therefore X is sequentially compact. Hence
(c) = (d).

(d) = (b): We prove this by contradiction. Suppose X is sequentially compact and
has a countable open covering {7}, T, ...} with no finite subcovering. Then none of the
finite unions | J;_, Tk, n € N, can be all of X. Hence all of the sets

n C
Un: (UTk) ) n€N+7
k=1

are nonempty. For each n € N, choose a point x,, € U. Thus =, & T}, for k =1,2,... ,n.
We will show that {x,} has no convergent subsequence, contradicting the fact that X is
sequentially compact. Suppose there is subsequence {z,, }32; converging to some limit x.
Then, since {7}, | n € N, } is a cover of X, we must have x € Ty for some N € N;. Since
T, — T as k — oo, there is a K such that z,, € Ty for all k£ > K (this is because Ty is a
neighbourhood of z, hence contains some ball B(x,¢) and by the definition of convergence,
there is some K such that k& > K implies d(z,,, ) < €). Any larger value of K will satisfy the
same condition and so we may assume K > N. Since ng > k for all £, we have x,,,.,, € T,
which is a contradiction.

(b) = (a): Our strategy to prove this will be to reduce any open cover to a countable
cover. Suppose X is countably compact. Then, as we have already proven, it is sequentially
compact and hence, by Lemma 4.5.8, it has a finite e-net for all ¢ > 0. In particular, for
cach n € Ni, X has a finite (2)-net £ (£). Then

= 1
F= —
s ()
n=1
is countable (since it is a countable union of finite sets). Therefore,
V={B(u,1/n) |ue F, ne N}

is a countable set of open balls in X. Now, let x be any point of X and U any neighbourhood
of . Then we can find m € N, such that B(z,1/m) C U and u € E(1/2m) C F such that
d(u,z) < 1/2m. Therefore,

x € B(u,1/2m) C B(z,1/m).

Thus there is an open ball B € V such that x € B C U.
Now, suppose U is an arbitrary (i.e. not necessarily countable) open covering of X and
let
Vo={B €V |3U eU such that B C U}.

For each B € Vy, choose a Ug € U such that B C Ug (we can do this by the definition of
Vo). Then
Z/{U:{UB’BEV()}
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is a countable subcollection of . We claim that it is also a covering of X. To see this,
suppose x € X. Then x € U for some U € U (since U is a covering of X). As above, there
exists B € V such that x € B C U. Thus x € B C Ug. Hence U, is an open covering of
X. Since X is countably compact, Uy has a finite subcovering of X, which is also a finite
subcovering of U. Hence X is compact. O

Remarks 4.5.10.  (a) The method of proof of the above theorem shows that any subset of
a metric space is compact if and only if it is sequentially compact.

(b) Warning: We have only proven that ‘compact’ is the same as ‘sequentially compact’
for metric spaces. This is not true for arbitrary topological spaces. In fact, in general,
neither property implies the other.

Exercises.

4.5.1. Show that T, as defined in Example 4.5.5, is a topology.
4.5.2. Suppose X is a Hausdorff space and x € X. Show that {z} is closed.
4.5.3. Show that the discrete topology is the only Hausdorff topology on a finite set.

4.5.4. (a) Show that the intersection of an arbitrary family of compact subsets of a metric
space is compact.

(b) Show that the union of two (and therefore, finitely many) compact subsets of a metric
space is compact.

(c) Is the union of an arbitrary family of compact subsets of a metric space compact?
Prove or give a counterexample.

4.5.5 ([Coh03, Ex. 5.7(15)]). A topological space X is called a T)-space if, given any two
distinct points of X, each has a neighbourhood that does not contain the other.

(a) Show that every Hausdorff space is a T}-space.

(b) Prove that a topological space is a Tj-space if and only if {x} is a closed set for every
reX.

(c) Show that every finite T}-space has the discrete topology.

4.6 Continuity

You have encountered the concept of continuous functions in previous courses. In this section,
we will extend this notion to arbitrary metric spaces.
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Definition 4.6.1 (Continuous). A mapping f between two metric spaces, (X,dx) and
(Y,dy), is called continuous at a point zo € X, if

Ve>03d>0VrelX, dy(x,xg) <0 = dy(f(x), f(zg)) <,
equivalently,
Ve>030>0 f(Bx(z0,6)) € By (f(z0),€)-

We say f is continuous on X if it is continuous at every point of X.

Remark 4.6.2. Note that if X and Y are subsets of R (with the usual metric), then this is
the standard definition of continuity you learned in calculus.

Recall (Definition 1.6.4) that we defined ‘sequentially continuous’ for mappings between
metric spaces. The next result shows that the two notions are equivalent.

Proposition 4.6.3. A mapping f between two metric spaces, (X,dx) and (Y,dy), is con-
tinuous at a point xy € X if and only if it is sequentially continuous at x.

Proof. =: Let f be continuous at a point xy € X, and let {x,} be a sequence of elements
of X such that x, — zo. We will show that f(x,) — f(zo). Let € > 0. One can find, due
to continuity of f at xy, a number 6 > 0 with f(B(xg,d)) C B(f(xg),€). Since x, — xo, for
some N € N, one has:

Vn>N, z, € B(xg,J),

which implies
Vn=>N, f(z,) € B(f(z),e),

that is, f(z,) — f(x), as desired.
<: We will prove the contrapositive. Suppose that f is discontinuous (i.e., not continu-
ous) at xy. By writing down the negation of the definition, we have:

3 €0 Vo >0 f(B(.CE,(S)) Z B(f(.To),Eo).

In particular, this is true for all ¢ of the form 1/n, n =1,2,3,..., so we have

e >0V neN, f(B(zo,1/n)) € B(f(0),€0)-

Fix such an ¢y > 0 and select for any n € N, an element x,, € B(xg,d) with the property

f(xn) & B(f (o), €0)-
Then x,, — x¢ in X, while f(z,) - f(xo) in Y, because none of the points f(z,) is
contained in the ball B(f(x), ). O

Example 4.6.4. The function f: R — R defined by

if x is irrational,

0,
Jw) = {x, if x is rational,

is continuous at x = 0 and discontinuous at every other point of R.
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Definition 4.6.5 (Image and preimage). Let f be a mapping from a set X to another set
Y. If AC X, then

f(A) ={f(a) | a € A}
is the image of A under the map f.
If BCY, then
f7(B)={z € X | f(z) € B}

is the preimage or inverse image of B under f.
Lemma 4.6.6. Let f: X — Y be a mapping of sets and B CY. Then
(a) F1(BY) = (f(B))Y, and
(b) if [ is surjective, then f(f~1(B)) = B.
Proof. This proof is left as an exercise (Exercise 4.6.1). ]

Theorem 4.6.7 (Equivalent definitions of continuity). For a mapping f between metric
spaces (X,dx) and (Y,dy), the following conditions are equivalent.

(a) The mapping [ is continuous.

(b) For every x € X and every (not necessarily open) neighbourhood V' of f(x), the inverse
image f~1(V') is a (not necessarily open) neighourhood of x.

(c) The inverse image f~1 (V') of every open set V CY is open in X.
(d) The inverse image f~*(F) of every closed set F C'Y s closed in X.
(e) For every A C X, one has f(clx A) Ccly f(A).

Proof. (a) = (b): If V is a neighbourhood of f(z), then for some € > 0 one has B(f(x),¢) C
V. Because of the continuity of f at x, there is a § > 0 with f(B(z,0)) C B(f(z),¢). Now
if follows that B(z,d) C f~!(V), which means that the latter set is a neighbourhood for z.

(b) = (c): Let V be open in Y and let z € f~*(V). Then f(x) € V and, since V is open,
(x) is an interior point of V. Thus V' is a neighbourhood of f(z) and so, by assumption,
~1(V) is a neighbourhood of z. So there exists an ¢ > 0 such that B(x,¢) C f~!(V). Since
€ f~1(V) was arbitrary, f~'(V) is open.

(¢) = (d): Suppose F C Y is closed. Then (f~1(F))t = f~1(FC) is open (since FT is
open) and so f~!(F) is closed.

(d) = (e): Since the set cly f(A) is closed in Y, the inverse image f~*(cly f(A)) is closed

in X. Clearly, this inverse image contains A. Since clx A is the smallest closed set containing
A, we have

f
f
T

ClX A Q f_l(Cly f(A))
This implies f(cly A) C cly f(A).
(e) = (a): Let x € X and € > 0. Let A = (ffl(B(f(x),e)))E. By assumption, we have
f(clx A) Ccly f(A). Since f(A)NB(f(x),€e) = &, we have cl f(A)NB(f(x),€) = @ (because
B(f(x),€) is open and so its complement is closed). Therefore, f(clA) N B(f(z),e) = 2.
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Thus x &€ cl A. Thus, there is some neighbourhood of x which does not intersect A. Hence
z is an interior point for AL, Thus, there is a § > 0 such that B(z,6) C f~Y(B(f(z),¢)).
Hence f(B(z,d)) C B(f(x),€). This means that f is continuous at . Since x was arbitrary,
f is continuous. O]

Example 4.6.8. If X is equipped with the discrete metric, then any mapping from X to
another metric space is continuous. Indeed, if x € X and € > 0, take 6 = 1. Then

f(B(x,1)) = f({z}) = {f(2)} € B(f(x), €).

Definition 4.6.9 (Lipschitz mapping). A mapping f: X — Y between two metric spaces
is called Lipschitz (with Lipschitz constant L) if there exists L > 0 such that

v T,y € X, dY(f(Jf),f(y)) < de(l’,y)

Exercises.

4.6.1. Prove Lemma 4.6.6.

4.6.2. Show that every Lipschitz mapping is uniformly continuous.

4.7 Path-connectedness

Recall that a topological space (in particular, a metric space, given the metric topology) is
connected if it cannot be written as a disjoint union U LI V' of two nonempty open subsets.

Proposition 4.7.1. Suppose f: X — Y is a surjective continuous mapping of metric spaces.
If X s connected, then Y is connected.

Proof. Let Y = U LUV for some open sets U and V with U # @. We want to show that
V =@. Let
U'=f1U), v=f(v).

Since f is continuous, U’ and V' are open. They are also disjoint since U and V are.
Furthermore U/ UV’ = f~H{(UUV) = f~}(Y) = X.

Now, since U is nonempty, we can choose y € U. Because f is surjective, there exists
x € X such that f(x) = y. Then, by definition, x € U’" and so U’ is nonempty. Since X is
connected, V' must be empty. Therefore,

V=f(V)=flo) =2,
where in the first equality we used that f is surjective and V' = f=1(V). O

Remark 4.7.2. Proposition 4.7.1 says that the continuous image of a connected metric space
is connected.
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Definition 4.7.3 (Path-connected). A metric space X is called path-connected (or arcwise-
connected) if for every z,y € X, there exists a continuous mapping p: [0,1] — X, such that
p(0) = z and p(1) = y. Such a p is called a path between x and y.

Theorem 4.7.4. Every path-connected metric space is connected.

Proof. Suppose X is a path-connected metric space. Let xq € X be an arbitrary point and
let
C ={p([0,1]) | p is a continuous path starting at x¢}.

The family C consists of connected subsets of X by Proposition 4.7.1, and each one of them
contains the point z,. Furthermore, the union | JC is all of X since if x € X, then there is a
continuous path p’ from zy to x, and so

z € p'([0,1]) C UC.
Thus, X is connected by Theorem 4.4.7. [

Ezample 4.7.5. Every interval of the real line is connected (one can easily construct a path
between any two points).

FExample 4.7.6. Euclidean space R" is path-connected. To see this, let x,y € R™. Define a
path by
p(t)=(1—-t)z+ty, tel0,1].

Then p: [0,1] — R™ is continuous since every coordinate component is continuous. Since
p(0) =z and p(1) =y, p is a path from z to y.

Remark 4.7.7. One can extend the definition of a continuous map to the setting of topolog-
ical spaces and then define path-connectedness is this setting. It remains true that path-
connected spaces are connected (so this is not a special property of metric spaces).

Although path-connected implies connected, the converse is not true. Before giving a
counter-example, we need two results.

Lemma 4.7.8. Let X be a (nonempty) path-connected subset of R and let f: X — R be a
continuous function. Then the graph of f,

grf=A{(z, f(z)) |z € X},
is a connected metric subspace of the Euclidean plane R2.

Proof. The proof of this lemma is left as an exercise (Exercise 4.7.4). O

Remark 4.7.9. The above lemma can actually be generalized to the case where f is a contin-
uous mapping between two metric spaces X and Y, and the graph gr f is viewed as a metric
subspace of X x Y equipped, for instance, with the metric

d((z1,11), (2, 92)) = dx (z1,22) + dy (Y1, Y2)-
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Lemma 4.7.10. Suppose a metric space X contains a connected everywhere dense subset
Z. Then X 1s connected.

Proof. The proof of this lemma is left as an exercise (Exercise 4.7.5). O
We now give a classic example of a space that is connected but not path-connected.

Ezample 4.7.11 (Closed topologist’s sine curve). Consider the following two subsets of R?:

1
X = { (m,sin —)
x

Then X is connected by Lemma 4.7.8 and it is easy to see that X, is connected (see
Exercise 4.7.6). Now let

ZL’>O} and X, = {0} x [-1,1].

X =X, UXy,

with the induced metric from R2

Every point of X, is a closure point for X; (draw a picture, and then for each point
x € Xy, find a sequence of elements of X; that converges to x). Thus X; is everywhere dense
in X. Therefore, by Lemma 4.7.10, X is connected.

We claim that X is not path-connected. Let p be a continuous path in X with p(0) € X,
p(1) = (0,0) € X5. We will obtain a contradiction, showing that such a path does not exist.

The inverse image p~'(X3) is a nonempty closed subset of the interval [0,1] and so
r=infp~1(X3) € p~1(Xy). Since 0 & p~!(X3), we have r > 0. We have p(r) € X, and so r
is the smallest element of [0, 1] whose image under p is contained in Xo.

Since p is continuous, there exists a d > 0 such that

€0,1], t—r|<d = d(p(t),p(r)) < 1.

(Here d is the usual Euclidean distance in the plane.)
The intersection
B(p(r),1) N X,

is the union of countably many disjoint open intervals. We claim that p((r — d,7]) C X.
Indeed, p((r — d,7]) is connected by Proposition 4.7.1. So if it contained a point of Xj, it
would have to be contained in one of the above-mentioned open intervals and thus would
not meet Xo. This would contradict the fact that p(r) € X5. This proves our claim. But
now p(r — 6/2) € X, contradicting the choice of r.

These concepts have a familiar application.

Theorem 4.7.12 (Intermediate Value Theorem). Let f: [a,b] — R be a continuous function.
If r is a real number between f(a) and f(b), then there exists £ € [a,b] such that f(§) =r.

Proof. Without loss of generality, assume f(a) < f(b). (If f(a) = f(b), there is nothing to
prove. If f(a) > f(b), replace f by —f.) Let

fla) <r < f(b).
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Suppose, towards a contradiction, that r & f([a,b]). Let

U=A{ft) |t €lab], f(t) <r}= f([a,b]) N (=o0,r),
V={f@) |t €lab], f(t)>r} = f([a,b]) N (r,o0).

Since each of U and V is the intersection of f([a, b]) with an open set, both U and V" are open
in f([a,b]) by Lemma 4.4.6. We also have UUV = f([a, b]) because we assumed r & f([a, b]).
Since f(a) € U and f(b) € V, both U and V' are nonempty. We have thus shown that the
image of the (connected) interval [a, b] under the continuous mapping f is disconnected. But
this contradicts Proposition 4.7.1. ]

Exercises.

4.7.1. Show that ¢*° is path-connected using an argument similar to that of Example 4.7.6.

4.7.2. Let X be a metric space, and let C be family of path-connected subsets of X with the
following properties:

(a) UC = X, and

(b) forall C,D eC,CND +# @.
Prove that X is path-connected.
4.7.3. Suppose n > 2, and let

X={rx=(x1,...,2,) € R" | 2; € Q for some i =1,...,n}.

Show that X is path-connected.
4.7.4. Prove Lemma 4.7.8
4.7.5. Prove Lemma 4.7.10.

4.7.6. Prove that the subset X5 of R? defined in Example 4.7.11 is connected.

4.8 Isometries, isometric embeddings, and completions
In this section we make precise the notion that two metric spaces are “the same”.

Definition 4.8.1 (Isometry). A mapping f: X — Y between two metric spaces is called an
isometry, or an wsometric isomorphism, if

(a) f is a bijection, and



4.8. ISOMETRIES, ISOMETRIC EMBEDDINGS, AND COMPLETIONS 69

(b) for all z,y € X, we have dx(z,y) = dy(f(x), f(y)).

We say that two metric spaces are isometric, or isometrically isomorphic, if there is an
isometry between them.

The relation of being isometric is an equivalence relation (easy exercise). Two isometric
spaces will have the same properties. That is, if X and Y are isometric and one of them is
complete, then the other is complete, and so on.

Definition 4.8.2 (Isometric embedding). A mapping j: X — Y is called an isometric
embedding if
dx(z,y) = dy(j(v),j(y)) Vaz,y€X.

Remark 4.8.3. We will often use the notation j: X — Y for an isometric embedding. Note
that any isometric embedding j: X < Y is injective since

i) = jly) = dlz,y) = d(j(2),5(y)) =0 = =z =y.

However, isometric embeddings need not be surjective. We can think of them as isometries
from X to some subspace of Y.

Remark 4.8.4. Tt follows easily from the definition that every isometric embedding is con-
tinuous (see Exercise 4.8.2).

Recall from Section 1.4 that a metric space is complete if every Cauchy sequence converges
in that space.

Theorem 4.8.5. For a metric space X, the following conditions are equivalent.
(a) X is complete.

(b) Every decreasing chain of closed balls whose radii converge to zero has a nonempty
intersection. In other words, if v; € X and ¢; >0, 1 € N, are such that ¢, — 0 and

Bd(xhel) 2 BCl($2762) 2 BCl(x?)aEB) D
then (oo, BN, ;) # @.

Proof. (a) = (b): Assume X is complete, and let z; € X and ¢; > 0 be as in condition (b).
We claim that the centers {x;} of the balls form a Cauchy sequence. Indeed, given an € > 0,
choose N so that for all n > N one has €, < €/2. Then for every such n, since the closed ball
BY(z,, €,) is contained in the closed ball B (xy, ex) and in particular x,, € B (zy, exn), we
have

d(xy,x,) < ey < €/2.

Then, for all m,n > N, we have
d(Tp, ) < d(n,2n) +d(TN, ) < €/2+€/2 = €.

Therefore {z,} is a Cauchy sequence. Since X is complete, this sequence converges to some
z € X. We claim that = € (2, B%(2;,¢;) and hence this intersection is nonempty. Indeed,
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for all i € N, , the sequence {z,}>°, is contained in B (z;,¢;) and converges to z. Since
BY(x;,¢;) is closed, z € BY(xy, ¢;).

(b) = (a): Assume the statement in (b) holds and let {z,} be a Cauchy sequence in X.
For each 7 € N, choose N; such that N; > N,;_; and

n>N; = d(ry,,v,) <2 V.
We claim that the sequence of closed balls

B; = B (zy,, 27N 1Y) i e Ny,
is decreasing. Indeed, for i € N, let y € B;,;. Then

d(xNi,y) < d<xN,~>37N¢+1) + d(a:Nm,y) < 9=Ni—1 + 9—Ni+1 < 9—Ni-1 + 9—Ni—1 _ 2*Ni—1+1’

and so y € B;. Hence B;;1 C B;. By assumption, there is a point

00
=1

We claim that z; — z. First note that
v € B = d(zy,r) <27V

and so xy, — x. Thus {zx,} is a subsequence of {z,}, converging to x. The result then
follows from Proposition 1.4.15. O]

Ezample 4.8.6 (Cantor intersection property). In the case X = R, a closed ball is just a
closed interval. Therefore, condition (b) in Theorem 4.8.5 becomes:

Fvery decreasing sequence of closed intervals whose length goes to zero has a common
point.

This property is known as the Cantor intersection property.

We know that not all metric spaces are complete. Given a metric space that is not
complete, is there a way to “fill the gaps”? That is, is there a way to embed it inside a
complete metric space? The answer is yes.

Theorem 4.8.7. Let (X,d) be a metric space. There exists a complete metric space (X, cZ)
containing (X, d) as an everywhere dense metric subspace.

Remark 4.8.8. In the above theorem, by ‘contains’, we mean that X embeds isometrically
into X and not that X is necessarily actually a metric subspace of X itself.

Sketch of proof. Let N be the set of all Cauchy sequences in X (with or without limit).
Define an equivalence relation ~ on N by saying

{zn} ~{yn} = d(zn,yn) =0, {zn}, {yn} €N. (4.1)
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We leave it as an exercise to verify that this is an equivalence relation (Exercise 4.8.1).

Let X = N / ~ be the set of equivalence classes. So elements of N are equivalence classes
[{z,}] of Cauchy sequences {z,} in X.

Define a metric on X by

A([{zn}], {ya})) = Jimm d(, ).

Some technical work is needed to verify that the above distance is well-defined, that is,
the limit exists, the value of the limit does not depend on a choice of representatives of
equivalence classes, and that all three axioms of metric are fulfilled.

Let us embed X as a metric subspace into X . This is done by identifying every element
x € X with the equivalence class of the corresponding constant sequence,

{z,z,z,...}].

In other words, we associate to an x € X the collection of all sequences in X that converge
to z. It is straightforward to verify that such an identification is an isometric embedding.

To show that X is everywhere dense in X, take an element z = [{z,,}] € X and ¢ > 0.
We will find an element = € X in the ball B(z,¢€). Pick a number N with the property

Vm,n €Ny, dxy,,x,) <e€/2,
and put x = xy,1. We then have
d([{z,z,z...}],2) <e,

as desired. R
Finally, let us show that (X,d) is a complete metric space. Suppose {z,} is a Cauchy
sequence in X. For every n € N, | let

“n = [{Zn,m}mEN+]7

where {2, m}men, is a Cauchy sequence in X (hence its equivalence class is a point in X )
for every n € N,
For each k € N, find a number N (k) such that

p.q > N(k) = d(zp, 264) < 1/k.

One can verify that the sequence {zj nk)}ren, is Cauchy. Now let z = [{zx ny(r) fren,]. One
can check from the definition that z, — z in the metric space (X, d). O

Definition 4.8.9 (Completion). A completion of a metric space X is a complete metric
space containing X as an everywhere dense subspace.

For example, the space (X' , ci) constructed in Theorem 4.8.7 is a completion of (X, d).

Exercises.
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4.8.1. Prove that (4.1) is an equivalence relation.

4.8.2. Prove that every isometric embedding is continuous.

4.8.3. Let X and Y be two isometric metric spaces. Suppose that X is path-connected.
Prove that Y is path-connected as well.

4.8.4. Consider the set N, with the metric

(f)

d(m,n) = :
0 otherwise.

1 .
{m+n+1 if m # n,
Prove that d is indeed a metric on N,.

Show that the metric topology is the discrete topology.
Show that (N, d) is complete.

Let
S, = B%n,1+1/2n) = {m e Ny

1
< — 5.
d(m,n) < 1+2n}

Show that S, = {n,n+1,n+2,...}.

Show that {S,} is a descending sequence of closed balls whose intersection is empty.
That is, show that
S128,28532 -

and ()2, S, = @.

Why does this example not contradict Theorem 4.8.57



Chapter 5

Normed vector spaces

A metric space is simply a set with a metric (which must satisfy some axioms). In general,
in a metric space, there is no notion of addition or scalar multiplication. However, many of
our examples of metric spaces, naturally have such structures, because they are also vector
spaces (for instance R™, C", C[0,1]). We now turn out attention to combining these two
topics. That is, we want to consider mathematical objects which are both vector spaces and
metric spaces, and with some sort of compatibility between the two structures.

5.1 Definitions and examples

We will use the boldface notation 0 to denote the zero of an arbitrary vector space, and 0
to denote the scalar zero.

Definition 5.1.1 (Normed vector space). A normed vector space (or simply a normed space)
is a vector space X over the field F/ = R or C, together with a mapping || - ||: X — R,
having the following properties:

(N1) For z € X, ||z|| = 0 if and only if x = 0.
(N2) ||ax| = |af - ||z|| for all z € X and « € F.
(N3) |lz+y| < |lz||+ [|y]| for all x,y € X (triangle inequality).

The map || -|| is called a norm. If we wish to emphasize the space in question, we write || - || x
for the norm on X.

Remark 5.1.2. Note that the definition of a norm uses the absolute value of the field. This is
why we work with the real or complex numbers. However, there are other fields with absolute
values. The study of normed vector spaces over these other fields is called non-archimedean
functional analysis.

We have formulated the definition of a normed vector space, having in mind that
]| = d(z, 0)

73
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should be thought of as the distance of the vector x from the origin. Then, as in the vector
spaces R", we should be able to introduce a metric by setting
d(z,y) = ||z —yl.

So axiom (N1) enures that this metric will satisfy axiom (M1). Axiom (N3) ensures that
this metric satisfies the triangle inequality:

d(z,z) = ||z — 2|
=z —y+y—2|
<z =yl +lly — =«
=d(z,y) + d(y, 2).

Finally, axiom (N2) ensures that the distance function is symmetric:

d(z,y) = [lz =yl
==y — )|
= =1 lly — =]l
= |ly — =
=d(y, ).

Of course, axiom (N2) is stronger than what we need to ensure symmetry of the metric. But
it matches with our intuition that

loz]| = d(cw,0) = |af - d(z,0) = |e] - [|]|.

Definition 5.1.3 (Metric associated with a norm). Let X = (X, || - ||) be a normed vector
space. The metric associated with X (or with || -||) is the metric given by

d(z,y) = ||z =yl

Ezample 5.1.4. The real vector space R' admits only one norm (up to a scalar factor):
|z|| = |z|. The same is true for the complex vector space C.

Ezample 5.1.5 (Euclidean norm). The Fuclidean norm on R™ is given by

Axioms (N1) and (N2) are easy to check. Axiom (N3) follows from the Cauchy-Schwarz
inequality (this is Proposition 1.1.11). If we refer to R™ as a normed vector space, we assume
this is the norm. The associated metric is the Euclidean metric on R".

The Euclidean norm on C" is given by

z]]2 =

Again, this is our default norm on C" and the associated metric is the Euclidean metric on
Cc™.
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Ezample 5.1.6 ({>*°-norm on R™ and C"). The ¢*-norm on R™ or C" is given by

n
|z]|co = max |zg].
k=1
We leave it as an exercise to prove that this defines a norm (Exercise 5.1.3). The associated
metric is the ¢°°-metric.

Ezample 5.1.7 ((P-norm on R"™ and C"). The fP-norm, p > 1, on R"™ or C" is given by

n 1/p
Jell, = (z mrp) |
k=1

The triangle inequality for this norm is called the Minkowski inequality. We will not prove it
in this course. (You can find a proof by looking up the Minkowski inequality on Wikipedia
(or in other references) if you like.) The ¢?>-norm is just the Euclidean norm. The metric
associated to the (P-norm is the /¥ metric.

Example 5.1.8 (Norm on ¢*°). Recall that ¢ is the space of all (real or complex) infinite
bounded sequences. We can define a norm on ¢> by

|20 = fﬁp zhl, x = (21,29,...) € £
=1

We leave it as an exercise to check that this defines a norm (Exercise 5.1.5). It is easy to see
that the associated metric is the usual metric on £°°.

Ezample 5.1.9 (Norm on (). Recall that 7, p > 1, is the space of all (real or complex)
infinite sequences © = (x1, s, ... ) such that

)
> lal
k=1

converges. We can define a norm on ¢? by

e’ 1/p
]l = (Z m’p) :
k=1

Again, the proof of the triangle inequality (Minkowski’s inequality) will not be done in this
course (the other axioms of a norm are easy to check). It is easy to check that the associated
metric is the usual metric on /7. However, we should check that (7 is indeed a vector space.
We do this for p = 2 (although it is true in general). Let ¢y be the set of all complex-
valued sequences that converge to zero. It is an easy exercise to check that this is a vector
space (under component-wise addition and scalar multiplication). Since the terms of any
convergent series approach zero, ¢ is a subset of ¢y. So we can prove that (P is a vector space
by showing that it is a subspace of ¢y. It is easy to see that the zero sequence is in /7 and
that ¢? is closed under scalar multiplication. Suppose = = (x1,xo,...),y = (y1,Y2,...) € (7.
Then
(lzal = lye)* = 0 = Jaul* + [yal® = 2lae] - |yl
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and so

|2+ yel® < (2wl + |yl = loal® + Tyl + 2lae] - [yl < 201zl + el

Therefore, convergence of >_ |zx|> and > |yx|> implies convergence of Y |xy + yi|?.

Remark 5.1.10. As in Remark 1.1.20, we require p > 1 since the triangle inequality is not
satisfied for 0 < p < 1. However, unlike in the setting of metric spaces, we cannot fix this in
a natural way since ||z|| = Y_,2, |z’ does not define a norm (see Exercise 5.1.6).

Remark 5.1.11. As before, when we considered them only as metric spaces, we can think of
R"™ and C" as subspaces of /7 and ¢> by considering sequences that are zero after the nth
term.

Example 5.1.12 (Uniform norm on Cla, b]). The uniform norm on Cla,b] is given by

lzlloo = max (t)], & € Cla,b].

When we refer to C[a, b] as a normed space, we imply this norm. The associated metric is
the uniform metric.

Ezample 5.1.13 (The normed space C,[a,b]). For p > 1, we can define a norm on Cla, b] by

x|, = (/ab |z (t)[P dt) 1/1” x € Cla,b].

We denote the resulting normed space by C,|a, b]. Since the associated metric is the metric
on Cpla, b, this matches our previous notation.

Exercises.

5.1.1 ([Coh03, Ex. 6.4(1)]). Suppose X is a normed vector space and let d be the associated
metric (see Definition 5.1.3). Show that

d(x+z,y+z)=d(z,y) and d(ow,ay) = |ald(z,y),

for any x,y,2 € X and any scalar . We say that the metric is translation invariant and
homogeneous.

5.1.2 ([Coh03, Ex. 6.4(2)]). Suppose X is a normed space.
(a) Show that ||z —y|| > | [|=]| — [[y||| for all z,y € X.

(b) Show that, if x # 0, then ||(1/a)z|| = 1 when a = ||z||.
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5.1.3. Prove that ||z||«, as defined in Example 5.1.6 is a norm.
5.1.4. (a) Prove that
lzllo = |21 + -+ |2n], == (21,...,2,) € C",
defines a norm on C".

(b) If || || is the Euclidean norm on C" and || || is the norm on C™ defined in Example 5.1.6,
prove that, for all x € C".

(1) [zl < ll2ll < V|2,
() flzl < flzllo < vnlll,

(i) ~llzllo < [lzlle < 2.

5.1.5. With notation as in Example 5.1.8, show that ¢ is a vector space and that || - ||
defines a norm on this space.

5.1.6. In the setup of Remark 5.1.10, which axiom in the definition of a norm is violated if
we define ||z|| = Y02 g [P?

5.1.7. For p = 1 and p = 2, verify that ||z|/,, as defined in Example 5.1.13, is a norm on
Cpla,b]. Hint: Use Exercise 1.1.14 for the p = 2 case.

5.1.8. Let S be a nonempty subset of a normed space. Recall the definition of bounded subset
of a metric space (Definition 1.5.6). Prove that S is bounded (in the metric associated with
X) if and only if there is a positive number M such that ||z|| < M for all x € S.

5.1.9 ([Coh03, Ex 6.5(12)]). If X is a vector space, a seminorm on X is a mapping v: X —
R>q satisfying v(0) = 0, v(ax) = |ajv(z), v(z +y) < v(z) + v(y), for all z,y € X and all
scalars a. (The second requirement of (N1) is omitted; compare this to the definition of a
semimetric in Exercise 1.1.18.)

Let P be the real vector space of all polynomial functions. Prove that

v(p) = p(0)[ + P (0)] + [p"(0)], pe€ P,

defines a seminorm for P, but not a norm. Determine all polynomial functions p € P for
which v(p) = 0 and show that they form a subspace of P.

5.2 Convergence in normed vector spaces

Since to any norm we have an associated metric, we can speak of convergence in normed
spaces (since we have a definition of convergence in a metric space). Let us formulate the
definition of convergence in the setting of normed spaces.

A sequence {z,} in a normed space X is convergent if there exists an z € X such that
for all € > 0, there exists N > 0 such that

n>N = ||z, —z| <e
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The sequence {z,} is a Cauchy sequence if for all € > 0, there exists an N > 0 such that
m,n>N = ||z, —z,| <e

We say a normed space is complete if every Cauchy sequence in it converges.
Definition 5.2.1 (Banach space). A Banach space is a complete normed vector space.
FExample 5.2.2. The following are Banach spaces:

e R" C" with the Euclidean, ¢* (p > 1), or £*° norms,

o 7 (p=>1),

o (>

e (Cla,b].

Indeed, we defined norms on them and showed in Section 1.4 that the associated metric
spaces are complete. However C[a, b] is not a Banach space since we showed that it is not
complete in Example 1.4.12.

We can apply all of the terms we learned for metric spaces to normed spaces by consid-
ering the associated metric. For instance, we can speak of normed spaces being compact,
sequentially compact, etc., and we can talk about contraction mappings between normed
spaces. Additionally, on any normed space, we have the topology induced by the associated
metric.

We need to be a bit careful when discussing subspaces of normed spaces. Whereas any
subset of a metric space was a metric space itself under the induced metric, an arbitrary
subset of a normed space may not be a vector space and hence not a normed space. However,
we can still talk of compact subsets, closed subsets, etc. of normed spaces (and we do not
require them to be vector subspaces). Since the topology on a normed space is the one
coming from the metric topology, we know that any subset is compact if and only if it is
sequentially compact. So we simply use the term compact.

Definition 5.2.3 (Series). Suppose {z,} is a sequence in a normed space X and let s, =
> _y T be the partial sum. Then {s,} is also a sequence in X. We say the series Y, xy
converges if lim,, . s, exists, in which case we call lim s,, the sum of the series. We say the
series Y xy is absolutely convergent if the series > ||xk|| of real numbers is convergent (so
here we are talking about convergence in the normed space R).

Remark 5.2.4. Note that we need the setting of normed spaces in order for series to be
defined. Series make no sense in general metric spaces because we have no notion of addition.

You learned in calculus that any absolutely convergent sequence of real numbers is con-
vergent. However, this is not true for all normed spaces. As we will now see, it is true for
real numbers since R is a Banach space.

Theorem 5.2.5. A normed vector space X is a Banach space if and only if every absolutely
convergent series in X 1S convergent.
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Proof. First suppose X is a Banach space and ) xy is an absolutely convergent series in X.
So Y ||lxk|| converges. We wish to show that >  xp converges. Choose ¢ > 0. Recall from
previous courses (see, for example, [Coh03, Th. 1.8.2]) that a series )y, of real numbers
converges if and only if for all € > 0, there exists an N > 0 such that

Zyk

k=m

n>m>N — < €.

(In other words, the series Yy, converges if and only if the sequence of partial sums is
Cauchy.) So, taking yx = ||zx||, we can find an N > 0 such that

n n
S al| <l <€
k=m

k=m
(the first inequality after the ‘- =’ is the triangle inequality). This means that

n>m>N —

n>m>N = |5, — Sm-1]| <e¢,

and so the partial sums s, = »_,_, ) form a Cauchy sequence in X. Since X is Banach
space (hence complete), the partial sums converge.

Now suppose that every absolutely convergent sequence in X converges. We wish to show
that X is complete, that is, every Cauchy sequence converges. Let {z,} be a Cauchy sequence
in X. Recall (Proposition 1.4.15) that if {z,} contains some convergent subsequence, then
{z,} converges. Our goal is to find a convergent subsequence of {x,}.

For each k € N, choose Ny > 0 such that

m,n > N, = ||z, — x| < 1/25.

By increasing them if necessary, we may assume N; < Ny < N3 < .... Then for each k we
have

H'TNkH - xNkH < ?

o) [e.e] 1
Z HxNkJrl - ‘rNkH < Z ? =1,
k=1 k=1

and so the series ) ||y, ,, — 7, || is convergent. Therefore, the series

Thus

M8

(‘/L‘Nk-o—l - 'rNk)

=
Il

1

is absolutely convergent and hence convergent by our assumption. By definition, this means
that its sequence {s,,}3°_; of partial sums converges. In other words, there exists a point
s € X such that ||s,, — s|| = 0. Now,

m

Sm = E :('TNk+1 - xNk) = TNpy1 — LNy
k=1
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Let x = s + zn,. Then
2Ny = 2l = ll$m = s]| = 0.

Hence the subsequence {zy, } converges (to x) as desired. O

In its contrapositive form, Theorem 5.2.5 says that in any normed vector space that
is not a Banach space, there are series that are absolutely convergent but not convergent.
This may seem odd since the term ‘absolutely convergent’ seems to imply a special type of
convergence. However, looking closely at the definition, the absolute convergence of a series
> xy says that the (different) series > ||zx|| converges, but does not say anything directly
about the series ) xy, itself.

We have not seen many examples of normed spaces that are not Banach spaces. The
only major example we have at our disposable is Cp[a,b]. One can find explicit examples
of series of functions in Cp[a, b] that are absolutely convergent, but not convergent. See, for
example, [Coh03, §6.2]. We will give a different example here.

Lemma 5.2.6. The space of all polynomial functions p on [0, 1] is a normed space with norm

Iplloe = max [p(t)].

(Note that this is a vector subspace of C[0,1] with the induced norm.)
Proof. We leave the prove of this lemma as an exercise (Exercise 5.2.2). O

Ezxample 5.2.7 (An absolutely convergent series that is not convergent). Consider the series

o0 n

x
PR

n=0

Since all the partial sums are polynomials, this is a series in the normed space of Lemma 5.2.6.
We have

[eS) 9]
n! N n!’
n=0 o0 n=0

which converges (in R) to e. So this series is absolutely convergent. However, it is not con-
vergent in the space of polynomial functions (since it converges to the exponential function).
Thus this space of polynomial functions is not a Banach space.

Exercises.

5.2.1 ([Coh03, Ex. 6.4(3)]). (a) Let {x,} and {y,} be convergent sequences in a normed
space, with lim z, = = and limy,, = y. Prove that x,, + v, = = 4+ v.

(b) Let {z,} be a convergent sequence in a normed space, with limz,, = z, and let {«,}
be a convergent sequence of scalars, with lim o, = a.. Prove that oz, — ax.
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(c¢) Let {z,,} be a convergent sequence in a normed space, with limz, = x. Prove that
lzn]] = ||lz||. (Thus, || || is a continuous mapping on a normed space.)

5.2.2. Prove Lemma 5.2.6.

5.2.3 ([Coh03, Ex. 6.4(6)]). Let P be the set of all polynomial functions. Show that
Ipll = [aol + las| + -+ +lanl,  p(t) = a0+ art + - +a,t" € P,

defines a norm on P. Show, however, that P is not a Banach space.

5.2.4 ([Coh03, Ex. 6.4(7)]). Let V be a vector space of dimension n and let {vy,...,v,} be
a basis for V. Prove that

n n
Izl = lawl, &= awp €V,
k=1 k=1

defines a norm on V. Furthermore, show that convergence with respect to this norm is
equivalent to componentwise convergence.

5.2.5 ([Coh03, Ex. 6.4(8)]). Define a sequence {x,} of functions continuous on [0, 1] by

nt, 0<
W= 1

Show that {z,} is convergent (with limit =, where z(¢f) = 1, 0 < ¢ < 1) when considered as
a sequence in C1[0, 1], but not convergent when considered as a sequence in C|0, 1].

t< I,
t <1

5.2.6 ([Coh03, Ex. 6.4(11)]). Let ¢y be the vector space of all sequences (z1, zs,...) of real
numbers for which z, — 0.

(a) Show that cq is a Banach space under the norm

||| = r£1§f<|xk|, x = (r1,%2,...) € .
(b) Let e; = (1,0,0,...), ea = (0,1,0,...), es = (0,0,1,...), .... Prove that the series
> reyex/k is convergent but not absolutely convergent in ¢y. Find the sum of the

series.

5.3 Finite-dimensional normed spaces

We will see that finite-dimensional vector spaces are quite well-behaved (from the point of
view of norms). First, we show that every finite-dimensional vector space (over R or C) can
be given a norm.

For this entire section, let V' be an n-dimensional vector space with basis {vy,...,v,}.
The letter o (with or without a subscript) will always denote a scalar.
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Theorem 5.3.1. The map || - ||: V — R given by

n
|z||o = max |ag|, where x= Zakvk ev,
1<k<n —

s a norm on V.

Proof. We need to check axioms (N1)—(N3) in the definition of a normed space. Since
{v1,...,v,} isa basis of V, || - || is well-defined (since the oy are uniquely determined). For
x =Y axvg, we clearly have

r=0 <= (. =0Vk) <= ||z]oc =0.
So (N1) is satisfied.

Now, for any scalar «, we have

n

Z(aak)vk

k=1

o] oo = = max |aog| = [a] max |ay| = |of - [|l2] .
1<k<n

1<k<n

o0

Thus, (N2) is satisfied.
Finally, we must prove the triangle inequality. Let y = > Sxvi be a second vector in V.
For k=1,...,n, we have

oo+ 4] <l + 164] < max o] + max [ = [jal] + ]|

1<t<n
Therefore,
o+ vl = [ S0+ Ao = max faw+ Gl < o]+ ol
k=1 o
So (N3) is satisfied. O
Theorem 5.3.2. Convergence in a finite-dimensional vector space with the norm || - ||

is equivalent to componentwise convergence. In other words, if {x,,} is a sequence in a
finite-dimensional vector space with this norm, and x,, = ZZ=1 QmiVk, then

{xm}o0_, converges <= {aumi}oe_y converges for each k =1,2,... n.
Here the convergence of {auit°_, is in R or C.
m=1

Proof. Suppose x,, — x, with @ = >} | ajvg. Then for all € > 0, there exists an N > 0
such that

m>N = ||z, — 2|l = max |ame — ag| <e.
1<k<n

Therefore, for each k =1,...,n,

m >N = |amp — x| < €.
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Therefore, {a,x}5o_, converges (to ay) for each k =1,2,...,n.
Now suppose that for each k = 1,2,...,n, the sequence {ay,;}>°_, converges to, say, ay.
Then for all e > 0 and k =1,2,...,n, there exists an N, such that

m > N, = |, — | <e.
Let N = max{Ny,...,N,} and x = > __, ayvy. Then

m >N = ||, — ]|l = max |amp — ax| < €.
1<k<n

Thus {z,,} converges to x. O

Proposition 5.3.3. The subset
{reV]lzlle <1} =By((0,1) CV
18 compact.

Proof. We assume V' is a complex vector space (the case of a real vector space is almost
identical). We prove the result by induction on the dimension n of V. First suppose that
n =1 and that {v} is a basis of V. Let

Z ={aeC|la| <1} = BX0,1),

which we know is compact in C (it is a closed and bounded subset of C, which is the same
as R? topologically). Define
A: Z =V, Aa=awv.

Then A(Z) = B&(0,1). Since the continuous image of a compact set is compact (The-
orem 4.4.7), it suffices to show that A is continuous. Suppose {a,,} is a sequence in Z
converging to o € Z. Then

|Ac, — Ad|eo = ||amv — a¥||oo = [[(m — @)V||oo = |atm — o] — 0.

Hence Aa,, — Ao and so A is continuous.
Now assume the proposition is true for n < h — 1 for some h > 1. We want to show that
it is true for n = h. Let

B; = BY(0,1)

when n =i, © € N,. So our inductive assumption is that B, is compact for n < h — 1 and
we wish to show that By, is compact.
Let {x,,} be a sequence in By, and let

h
Tm — E QiU
j=1

for m € N,. The sequence {a,,1v1}5°_; is a sequence in By, which is compact. Therefore, it
has a convergent subsequence {10152, So

{mmk}iozl
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is a subsequence of {x,,} such that the sequence of coefficients of v; converges. Then

A oo
{Z amk,jvj} (51)
J=2 k=1

is a sequence in Span{uv,,...,v,}, which is a vector space of dimension h — 1. Since, for

ke Ny,
h
Z QU5
j=2

it is a sequence in Bjy_;. Since Bj_; is compact by the inductive hypothesis, the se-
quence (5.1) has a convergent subsequence. By Theorem 5.3.2, this subsequence converges
componentwise. Therefore the corresponding subsequence of {x,,} also converges componen-
twise (since we had already chosen a subsequence in which the first component converged)
and hence converges. O

= 1ax [am,;| < max |am,j| = f[2m, [l <1,

o0

Lemma 5.3.4. Any norm is a continuous mapping.

Proof. The proof of this lemma is left as an exercise (Exercise 5.2.1(c)). O

Lemma 5.3.5. If V is a finite-dimensional vector space, then the set
S={r eV ||zl =1}

18 compact.

Proof. The proof of this lemma is left as an exercise (Exercise 5.3.1). O]

We have seen that every finite-dimensional vector space can be given a norm. We now
show that, in this setting, any two norms are “equivalent”. First we need to define what we
mean by “equivalent.”

Definition 5.3.6 (Equivalent norms). Two norms || - ||; and || - |2 on a vector space X are
said to be equivalent if there exists positive numbers a and b such that

allzfly < lzfls < blfzfly V2 e X,

Remark 5.3.7. It follows from Definition 5.3.6 that
i i i Ve X.
b 2 > 1= 2

Thus, the definition is symmetric.

Lemma 5.3.8. Equivalence of norms is an equivalence relation on the set of all norms on
a fized vector space X.

Proof. The proof of this lemma is left as an exercise (Exercise 5.3.2). O]
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Lemma 5.3.9. If || - |1 and || - |2 are two equivalent norms on X, then a sequence {x,} in
X converges with respect to || - ||1 if and only if it converges with respect to || - ||2. Similarly,
{zn} is Cauchy with respect to || - |1 if and only if it is Cauchy with respect to || - ||2.

Proof. 1f {x,} converges with respect to ||-||1, then there exists € X such that ||z, —z|; —
0. But then
lzn — 2ll2 < bl — 2fly =0

(where b is some fixed positive number) and so {z,} converges with respect to || - ||2. The
converse holds by the symmetry of the definition of equivalent norms.
The second part of the lemma, concerning Cauchy sequences, is left as an exercise (Ex-

ercise 5.3.3). O
Lemma 5.3.10. Suppose || - ||1 and || - ||2 are two equivalent norms on X and 'Y is a subset
of X. Then

(a) Y is closed with respect to || - ||1 if and only if it is closed with respect to || - ||2, and

(b) Y is bounded with respect to || - ||1 if and only if it is bounded with respect to || - ||2.
Proof. The proof of this lemma is left as an exercise (Exercise 5.3.4). O

Theorem 5.3.11 (Equivalence of norms on finite-dimensional vector spaces). Any two
norms on a finite-dimensional vector space are equivalent.

Proof. Suppose V is a finite-dimensional vector space. By Lemma 5.3.8; it suffices to show
that any norm on V' is equivalent to the norm || - ||«. Let || - || be a norm on V. Since the set

S={zeV|lr)e=1}

is compact by Lemma 5.3.5, we can conclude from Lemma 5.3.4 and Corollary 3.3.2 that
| - || attains its maximum and minimum on S. In other words, there are points z, z,, € S
such that

lzarll = maxf[z]l,  [Ja || = min fjz]].

So
|zl < llzfl < |lzml V2 €S,

Since [|Zm |l = 1, we have z,, # 0, and so ||z,,|| > 0.
Now, for any z € V, x # 0, we have

1 1
H—x' = |2]|oo =1 = xesS.

([ | O (1B o0

Thus, for all x # 0, we have
1
[[ml| < z|| < lleall;
[£418
and so
[Zmll - [[2lloe < [l2]l < lzarll - 1]l o-

Since this is also clearly true when x = 0, we see that the norms | - || and || - || are

equivalent. O
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Remark 5.3.12. Since we have shown (Theorem 5.3.2) that convergence with respect to the
norm || - ||« is equivalent to componentwise convergence, we see from Theorem 5.3.11 that
convergence with respect to any norm on a finite-dimensional vector space is equivalent to
componentwise convergence. Note, however, that this is not true for infinite-dimensional
normed spaces. See, for example, Exercise 5.2.5.

Theorem 5.3.13. FEvery finite-dimensional normed space is a Banach space.

Proof. Let V be a finite-dimensional vector space. By Lemma 5.3.9 and Theorem 5.3.11,
it suffices to prove that the normed space (V)| - ||) is complete. Let {x,} be a Cauchy
sequence in this space and write z,, = 22:1 kv for m € Ny, Fix € > 0. Then we can
choose N > 0 such that

jom>N = ||z, — 2jl|e = 1@3§n|amk —aj| <e.

Then for all k =1,2,...,n, we have
Jom >N = |og, — ajk| <e,

and 8o {auk oo, is a Cauchy sequence in C. Since C is complete, each of these sequences
converges. Thus, by Theorem 5.3.2, the sequence {xz,,} converges. O

You learned in previous analysis courses that a subset of R™ is compact if and only
if it is closed and bounded (Theorem 3.1.9). We can now extend this result to arbitrary
finite-dimensional normed spaces.

Theorem 5.3.14. A subset of a finite-dimensional normed space is compact if and only if
it 15 closed and bounded.

Proof. Let (V,||-]|) be a finite-dimensional normed space. We already know that any compact
subset is closed and bounded (Theorems 3.1.5 and 3.1.7). It remains to show that any closed
and bounded subset is also compact. We first do this for the norm || - ||«. Let S be a closed
and bounded subset of V. The proof of Proposition 5.3.3 can easily be modified to show
that

B = B0, L) = {z € V | ]l < L}

is compact for any positive number L. Since S is bounded, there exists an L such that
S C BW . Since S is closed, it is compact by Lemma 3.1.11.

Now let || - || be any norm on V and let S be a closed and bounded subset of V' with
respect to this norm. By Lemma 5.3.10, S is also closed and bounded with respect to || - ||
and thus, by the above, is compact with respect to || - ||o. Now let {x,,} be a sequence in S.
Then there is a subsequence {z,,, } that converges with respect to || - ||o. By Lemma 5.3.9,
this subsequence also converges with respect to || - ||. Hence S is compact with respect to
. .

Exercises.
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5.3.1. Prove Lemma 5.3.5.

5.3.2. Prove Lemma 5.3.8.

5.3.3. Complete the proof of Lemma 5.3.9.
5.3.4. Prove Lemma 5.3.10.

5.3.5. Prove that, for any norm on a finite-dimensional vector space, convergence of a se-
quence is equivalent to convergence of the sequences of coefficients (with respect to some
basis).

5.4 Approximation theory

By Theorem 3.3.3, if S is a nonempty compact subset of a normed space X, then there is
a best approximation of any point of X by a point of S. More precisely, for every x € X,
there is a p € S such that ||p — x| is a minimum.

Theorem 5.4.1. Suppose S is a finite-dimensional subspace of a normed space X andx € X.
Then there is a point p € S such that |z — pl|| is a minimum.

Proof. Fix py € S and let
V={yeS|lly—=z| <lp— =}

Any point p € S minimizing ||z — p|| certainly lies in Y. Hence it suffices to show, by
Theorem 3.3.3, that Y is compact. Since S is finite-dimensional, any closed and bounded
subset of S is compact. So we will show that Y is a closed and bounded subset of S.

For all y € Y, we have

lyll = Iy —2) + 2|l < [ly — =[] + [[=]] < [[po — 2] + ll=]|-
Thus Y is bounded. Now suppose {y,} is a sequence in Y that converges to a point y € S.
For any € > 0, we can find a large enough value of n such that
ly = 2ll < lly = ynll + llyn — [l <€+ [lpo — ]|
Since € > 0 is arbitrary, this implies that

ly — || < llpo — x|l
Therefore y € Y and so Y is closed. O

Definition 5.4.2. Let P, ([a,b]) be the set of polynomial functions on [a, b] with degree at
most n.

Since P,([a,b]) has basis {1,¢,¢2,...,t"}, it is a finite-dimensional subspace of Cla, b].
By Theorem 5.4.1, for any function f € C|a, b], there is a polynomial function p € P,([a, b])
that best approximates f, that is, such that

lp = fII = max |p(t) — f(#)]

a<t<b

1S a minimum.
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Remark 5.4.3.  (a) We will see in the Weierstrass Approximation Theorem (Theorem 5.5.5)
that if we allow the polynomials to have arbitrarily large degree, we can approximate
any element of C|a, b] as closely as we like.

(b) Theorems 3.3.3 and 5.4.1 guarantee a best approximation but do not tell us if such a
best approximation is unique, nor do they tell us how to find this best approximation.

We now see an additional condition which will ensure that best approximations are
unique.

Definition 5.4.4 (Strictly convex). A normed space X is strictly convex if, for z,y € X,

x,y # 0,
|z +yll = ||| + ||yl <= = = By for some f € R, 3 > 0.

Remark 5.4.5. In any normed space X, the triangle inequality ensures that
lz+yll < flzll + Myl V 2,y € X.
If x = By for some 5 € R, B > 0, then

Iz +yll =18+ Dyll = 8+ Dllyll = Bllyll + Iyl = 18yl + llyll = llzll + Iyl

However, it is possible, in some normed spaces, to have x,y € X satisfying ||z+y/| = ||z|+] v
but for which « # Py for any positive real number . For instance, this is possible in C|a, b].

Theorem 5.4.6. Suppose X 1is a strictly convexr normed space and S is a finite-dimensional
subspace of X. Then every point of X has a unique best approximation by a point of S.

Proof. By Theorem 5.4.1, a best approximation exists. It remains to show it is unique. Let
rxe X. If x € 9, then clearly x is its own unique best approximation (since ||z — p|| > 0 for
any p # x). Thus we assume x ¢ S. By Theorem 5.4.1, we can find a point p € S such that
|z — pl|| is @ minimum. Suppose p’ € S is another best approximation. Let

d= |z —p| =z —p]-
Since S is a subspace, we have 1(p + p) € S. Thus

1 1 1 1 1
15 [fo= 304 = |30+ 3 -1 < o sl + 5o 1 =

Therefore

1 1
==l —pll+ 5 Iz =¥

1
T — §(p+p’)

Since X is strictly convex, this implies that, for some 5 > 0,

r—p=pr—p) = x(1-0)=p—pp.

If 3 # 1, then
R S
1= 1-p5""
But this contradicts the fact that p,p’ € S and x ¢ S (since S is a subspace). Hence, § = 1.
This implies that

X

r—p=z—p = p=yp O
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Ezample 5.4.7 (C[a,b] is not strictly convex). The space C|a, b] is not strictly convex. For
instance, if b > |al, let
fit)=0* g(t)=th, a<t<b.

Then [|f|| = llgll = %, but ||f + gll = 26> = || f]| + [|g]l. But clearly f # Bg for any 3 € R.

One can show that the normed space Csla,b] is strictly convex (see Exercise 5.4.1).
Therefore, for any f € Csla,b] and positive integer n, there exists a unique polynomial
function p of degree at most n such that

If =l = \// (f(x) — p(x))? dz

is a minimum. This p is called the best least squares polynomial approximation of f.

Exercises.

5.4.1 ([Coh03, Ex. 6.10(5)]). Show that the normed space Cs[a, b] is strictly convex. Hint:
Use Exercise 1.1.14.

5.5 Weierstrass approximation

Our goal is to approximate any continuous function on a closed interval, say [0,1], by a
polynomial function. We will see that it is possible to do this with arbitrary precision (in
the uniform norm).

We first extend the definition of uniform continuity to a more general setting.

Definition 5.5.1 (Uniformly continuous). Suppose X and Y are normed spaces and S is a
subset of X. A mapping A: S — Y is said to be uniformly continuous on S if, for all € > 0,
there exists a 0 > 0 such that

" e S ||l — 2" <§ = ||Ar' — A2"|| <e.

It is immediate from the -0 definition of continuity (Definition 4.6.1) that if a mapping
is uniformly continuous on its entire domain, then it is continuous.

Theorem 5.5.2. A continuous mapping on a compact set is uniformly continuous. In other
words, if A: X —'Y is a mapping between normed spaces that is continuous on a nonempty
compact subset S of X, then A is uniformly continuous on S.

Proof. Fix € > 0. For each x € S, we can choose a 0, such that

el |z—2| <, = ||Ax — Ad'|| < €/2.



90 CHAPTER 5. NORMED VECTOR SPACES

Let

B, = Bs(z,0,/2) = {2’ € S| ||z — 2'|| < d./2}.
Since = € B,, we have that {B,}.cs is an open cover of S. Since S is compact, there is
some finite set of points {z1,...,z,} such that |J_, B,, = S. Now take § = min]", J,,/2
and suppose y,y’ are two arbitrary ponts of S such that ||y — ¢/|| < 6. Then we must have
y € By, for some j =1,...,n. Thus, we also have

5,
lz; =y < llzj =yl +lly =l < 5+ 0 < 6,

Therefore,
Oz,
ly —all < 5+ < 0oy and iy = 3|l <0,
So

€

2

€
|4y — Ayl < | Ay — Azl + | Az; — Ay || < 5+ 5 = . -

Remark 5.5.3. See [Coh03, Th. 6.8.2] for an alternative proof using sequential compactness.

Recall that the binomial theorem states

Lemma 5.5.4. We have

@) S () 1 ay =1

(b) S (k — nx)? (Z) 2F(1 — 2)"*F = na(l — 7).

Proof. The first equation is obtained by setting a = 1—x and b = z in the binomial theorem.
The second follows from manipulating the first. We will not discuss the details. The proof
can be found, for example, in [Coh03, p. 201]. m

Theorem 5.5.5 (Weierstrass Approximation Theorem). The polynomial functions are dense
in Cla,b]. In other words, for any f € Cla,b] and € > 0, there exists a polynomial function
p such that ||p — f| <e.

Proof. In order to simplify notation, we will consider only the case a = 0, b = 1. The general
case is analogous. Fix f € C[0,1] and € > 0. For n € N, define

_ - k ny k n—k
pn(T) = Zf (ﬁ) (k:) (1 —a)" "
k=0
These are called the Bernstein polynomials for f. By Lemma 5.5.4(a), we have

(- 1() (o

[f(z) = pn(z)| =
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< Z r@ -1 (5)] (7)o

Since f is continuous on the interval [0, 1], which is compact, f is uniformly continuous on
this interval. Therefore, there exists a 0 such that

2" € [0,1], |2 —2"| <d = |f(a)) — f(a")] < ¢/2.

Fix a point z( € [0, 1] and partition the set S = {0,1,...,n} into two disjoint sets:

< 5},
> 5}.
e - (5)| < o+ |1 (3] <2 s 110 = 201,
=1 (5)| (3) oo+ POIICEY, ()] (1) -

<53 (1) aba = w201 X () b - ot

keSt kES2

k
51: k‘kES, '——1'0
n

52:{l<: ‘keS,

Then |f(x¢) — f(k/n)| < €/2 when k € S and

k
n

Therefore

£ (x0) = pulz)| <

keSy

By Lemma 5.5.4(a), we have

Z (Z) a6 (1—2)"* < 1:0 (Z) z5(1—zo)" =1,

keS1

and by Lemma 5.5.4(b), we have

s o) = 30t (2) it
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Now,
1 1\* 1
5‘70(1—%0)—1— <$0—§> < Ve
and so 1 \ 1
ny _k n—k _ Lold — To
S () b —rorr < 20 < o
ke Sy
Therefore,
e |If
|f(20) = palz0)] < 5 + 2Hm5H2 Yz €[0,1], n €N,

Now take n > ||f]|/ed?, so || f||/nd* < e. Then

| f(z0) — pn(z0)] < % + % — e

Since this holds for all =, € [0, 1], we have
I = pall = max |f(z) = pa(2)] <e. O

0<z<L1

Remark 5.5.6. Note that the proof of Theorem 5.5.5 even tells us how to find the polynomial
that approximates the given function—it is not an abstract existence proof.

Theorem 5.5.7 (Cla,b] is separable). The metric space Cla,b] is separable. More pre-
cisely, the set of polynomials functions with rational coefficients is dense in Cla,b]. In other
words, for any f € Cla,b] and any € > 0, there exists a polynomial function p with rational
coefficients such that ||p — f|| < e.

Proof. Again, we will consider the case a = 0, b = 1. Suppose f € C[0, 1] and € > 0. By The
Weierstrass Approximation Theorem (Theorem 5.5.5), we can find a polynomial function ¢
such that ||¢ — f|| < €/2. The only problem is that this polynomial function may have some
irrational coefficients. So we will approximate it by one that has only rational coefficients.
Suppose

q(x) = Zakxk, 0<z<I1.
k=0

Since the rationals are dense in the reals, for each £k = 0, ..., r, we choose a rational number
bi such that

b — x| < 2(r + 1)

Define .
p(z) = Zbkxk, 0<z<I1.
k=0
Then for all z € [0, 1], we have

T

Z(bk — CLk)JIk

k=0

Ip(z) — q(x)| =

T T € €
= ko’ k a‘k‘ |I| — — 2(,’,, 1) 2

Thus
lp—=fll <llp—all+llg—fll <e O
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Exercises.

5.5.1. Suppose X and Y are normed spaces and A: X — Y is a mapping that is uniformly
continuous on X. Show that if {x,} is a Cauchy sequence in X, then {Ax,} is a Cauchy
sequence in Y.

5.5.2. Prove that contraction mappings are uniformly continuous.

5.5.3 ([Coh03, Ex. 6.10(14)]). Generalize the Weierstrass Theorem to show that, given € > 0,
for any function f € Cfa,b|, there is a polynomial function p such that ||p — f|| < e. Hint:
Define a function g by ¢g(y) = f(a + (b — a)y). Then g € C[0, 1], so there is a polynomial
function ¢ such that ||¢—g|| < e. Set p(z) = ¢((z —a)/(b—a)), so p is a polynomial function
with the desired property.

5.5.4 ([Coh03, Ex. 6.10(14)]). Let f € CW]a,b], which is the space of all differentiable
functions defined on [a, b], with the uniform norm. Show that, if € > 0 is given and p is a
polynomial function suCh that ||p f'll <€, then ||g— f|| < e(b—a), where g is the polynomial
function defined by q(z) = [ p(t) dt + f(a).



Chapter 6

Mappings on normed vector spaces

Having introduced normed vector spaces in Chapter 5, we now turn our attention to map-
pings on such spaces.

6.1 Bounded linear mappings

Since normed spaces have the structure of a vector space (unlike metric spaces in general),
we can talk of linear maps between normed spaces. We will see that these maps have several
nice properties.

Theorem 6.1.1. For a linear map A: X — Y between two normed spaces, the following
conditions are equivalent.

(a) A is continuous.

(b) The restriction of A to the closed unit ball B = B$(0,1) around zero is continuous.
(c) A is continuous at zero.

(d) The restriction of A to the ball B is bounded.

(e) There exists a constant K > 0 such that

|Azly < K -fallx, Ve X.

(f) A is Lipschitz.
(9) A is uniformly continuous.

Proof. (a) = (b): This follows from the fact that the restriction of a continuous function to
a metric subspace is always continuous.

(b) = (c): This follows from the fact that 0 is an interior point of B.

(¢) = (d): If A is continuous at zero, then we can choose § > 0 such that

[z =0f| = [lz]| <6 = [[Az — AO[| = [[Az| < 1.

94
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Let K =2/§. Then for all z € B, we have

=PG5 (5] <31

where the last inequality holds since ||dz/2] = (§/2)]|z|] < §/2 < §. Thus A is bounded on
B.

(d) = (e): Suppose the restriction of A to B is bounded. Then there exists a K > 0 such
that for all x € B, we have ||Az|| < K. If x = 0, then Az = 0 and the conclusion follows.
So suppose @ # 0. Then ||z|| # 0. Since || z/||z| || = 1, we have z/||z|| € B and so

| et = (et ) | = 11 ()

(e) = (f): Fix a K > 0 as in condition (e). Then for all z,y € X, we have

<l - K

dy (Az, Ay) = [|[Az — Aylly = [[A(z —9)lly < K- |lz —yllx = K- dx(z,).

Thus A is Lipschitz with Lipschitz constant K.

(f) = (g): Every Lipschitz function between two metric spaces is uniformly continuous
(see Exercise 4.6.2).

(g) = (a): Every uniformly continuous mapping is continuous. O

Definition 6.1.2 (Bounded linear operator). A linear mapping between two normed spaces
is called a bounded (linear) operator if is satisfies any one of the equivalent conditions of
Theorem 6.1.1.

Remark 6.1.3. The text [Coh03] uses the term operator to mean bounded linear mapping,.

Definition 6.1.4 (Norm of a bounded operator). Suppose A is a bounded operator between
two normed spaces. The number

inf{K > 0| ||Az| < K||z||, = € X}
is called the norm (or operator norm) of A, and is denoted || Al|.

Ezxample 6.1.5. Suppose X is a normed space and A: X — X is the mapping defined by
Ax = Pz, v € X, for some fixed scalar . This is clearly a linear map and it is bounded
since

[Az|| = [|B] = [Blll<]l, V2eX.
If X is not the zero vector space, then ||A| = |5].

Ezample 6.1.6. Let X = C[0, 1] (with the uniform norm) and Y = R (with the usual norm).
Define the evaluation functional, or Dirac delta functional, §: C[0,1] — R, by

d(g) = 9(0), VgeC[0,1].
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It is easy to check that ¢ is linear. We claim that it is bounded, with norm one. Indeed,

6(9)| = 19(0)] < max |g(t)] = [lgll = 1 - [lg]-

T 0<t<1
So 4 is bounded and |[|d]| < 1. Taking the function g(x) = 1, we have
16(g)ll = 19(0)] =1 =1-]lgll;
and so ||0]| > 1. Thus ||d]| = 1.

Ezample 6.1.7. Again, take X = C[0,1] and Y = R. Define T': C[0,1] — R by

Tg = / g(x) dz — g(0).

It is easy to check that T is linear. Now

/01 g(x)dz

Tyl = +19(0)|

/Olgo:) CIE

g/o ()| dz + 19(0)] < 2 max [g(t)] = 2]lg].

0<t<1

Thus T is bounded and ||T'|| < 2. We claim that ||T']] = 2. For any 0 < ¢ < 1, define
g € C[0, 1] by

—142zx/e, 0<z<e,
ge(z) =
1, e<z <1

Then ||g|| =1 and

T(9)l =

[ o o= g0 =2- ¢ = 2= ]

Since we can take € as close to zero as we like, this shows that ||T'|| > 2. Hence ||T|| = 2.

Theorem 6.1.8. Let A: X — Y be a bounded operator between normed spaces. Then

Ax
|]A||:sup{H xeX,x#O} (=0b)
= sup{[|Az| |z € X, |lz[| = 1} (=)
= sup{[|Az[| | z € X, [lz|| <1} (=d).

Proof. We will show ||A]| <b<c¢<d<||A|. For z € X, x # 0, we have

< 4z
= el

= || Az]| < bf|=]],

which is also true when x = 0. Thus ||A]| < b.
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] = Gl =
o o

since z/||z|| has norm 1. Therefore b < c.
Since

Now, for z € X, x # 0, we have
[Az]| ’

.

{rlzeX, [zl =1y c{z]veX, |z <1},

we have ¢ < d.
Finally, if [z]| <1, then [|Az[| < [[A]/[|z| < [|A], and so d < ||A]|. O

Theorem 6.1.9. Suppose X and Y are normed spaces. The set B(X,Y) of all bounded
operators from X to Y 1is a vector space under the usual addition and scalar multiplication
for linear maps.

Proof. We know from linear algebra that the set of all linear maps between two fixed vector
spaces is itself a vector space. It remains to prove that a linear combination of bounded
operators is bounded. Suppose A, B: X — Y are bounded operators and «, § are scalars.
Then, for all x € X, we have

(@A + pB)z|| = |laAz + SBz|
< |laAz]| + || 5Bz
= |af | Az[| + |5] | Bx||
< [l [|A[Hz [l + AT B
= (I [[A[L + [BIIBID ]

Thus oA + BB is bounded, as required. O

Theorem 6.1.10. Suppose X and Y are normed spaces. Then B(X,Y'), with the operator
norm, is a normed space.

Proof. If A is the zero map, then |[Az|| =0=0- ||z|| for all z € X and so ||A|| = 0. On the
other hand, if ||A|| = 0, then ||Az| < ||A]| ||z|| = 0 for all z € X. Then Az =0 forall z € X
(by the property (N1) of the norm on Y). Thus A is the zero map. Hence the operator norm
satisfies property (N1).

Now suppose A € B(X,Y) and « is a scalar. To prove (N2), we need to show ||aA| =
laf ||A]]. For all x € X,

[(ad)z| = laAz]] = |af [Az] < (o [[A[]) [[]]
Thus ||aA| < |af ||A]|. It remains to show that ||aAl > |a||Al|. We have
lAz]| = (™ o)Azl = [la™ (ad)z]| = ||~ (e d)z]| < |l |aAll 2]

Therefore
JA]l < ol Al = llaA] > |of [|A],

as desired.
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Finally, we must show that (N3) is satisfied. Suppose A;, A2 € B(X,Y). Then, for all
r € X,
(A1 + Ag)z| = | A1z + Asz|| < [[Arz|| + [| As]]
< JAuf llzll + | A2l ]l = (A + | A2]]) [|]]-

Hence ||A; + As|| < ||A1]] + ||A2||, which is (N3). O
Theorem 6.1.11. IfY is a Banach space, then B(X,Y) is a Banach space.

Proof. Assume Y is a Banach space. We need to show that B(X,Y) is a complete. Let
{A,} be a Cauchy sequence in B(X,Y’). Choose z € X, x # 0, and € > 0. Since {A,} is a
Cauchy sequence, we can find N > 0 such that

n,m>N = ||A, — Anll < ¢€/]z]].
Then
n,m>N = |[Ayz — Azl = [[(An — An)z|| < [[An — Al ||z]] <e.

Therefore {A,z} is a Cauchy sequence in Y (this is clearly also true for x = 0 since then
A,z = 0 for all n). Since Y is complete, this sequence converges to some y € Y. We define
Az = y. This defines a map A: X — Y. We want to show that A € B(X,Y) and that
A, — A.

For x1, 25 € X and scalars aq, as, we have

A(Oé1$1 + OégZL’Q) = 11_>II1 An<a1(L’1 + Oégl’g)

= lim (OélAn.ﬁﬂl + OéQAn.TQ)
n—00

= <lim Anx1> + (JLIEO AnfL‘2>

n—oo

= a1 AT, + apAxs.

Thus A is linear. Suppose x € X, z # 0. Since A,xr — Az, we can choose an N; > 0 such
that
n>N = | Az — Azx| < ||z

Then, for n > Ny, we have
[Az|| < [[Az — Apz[| + | Anz]| < |lz]] + [[Anl [l2]] = (1 + [[An[D]]]-
Since {A,} is Cauchy, we can choose an Ny > 0 such that
n,m> Ny = |4, — Anl|l <1,

and thus
n> Ny = [[Ay — Anpal] <1 = ||An|| < [|[Anpsa|l + 1.

Therefore, if N = max{N;, No}, we have

n>N = [ Azl| < @+ [[AaDlzll < @+ [[Ans 2 D]z
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Since Ny does not depend on n or x, we see that A is bounded. So A € B(X,Y).
It remains to prove that A, — A (in the operator norm). Fix ¢ > 0. Since {A4,} is
Cauchy, we can choose N; > 0 such that

m,n >Ny = ||A, — A, <¢€/2.
Now, fix x € X. Since A,x — Ax by the definition of A, we can choose Ny > 0 such that

n>Ny, = ||Az — Az < @

Let k = max{Ny, No}. Then for any n > Ny, we have
(A= Ap)z|| = [|[Az — Axz|
< ||Az — Agzx|| + || Arz — Anz|
< Az — Az + || (Ax — An)z|]

€f|]
< =5 [ Ar = Al fl]
cel=ll e ]
- 2 2
= elf].

Note that the choice of N; did not depend on z (only on €). Thus
n>N = ||A—-A4,| <e,
and so A, — A in the operator norm. m

Remark 6.1.12. See [Coh03, Th. 7.2.5] for an alternative proof that uses the fact that a
normed space is a Banach space if and only if every absolutely convergent sequence is con-
vergent.

Theorem 6.1.13. Every linear mapping from a finite-dimensional normed space to another
normed space is bounded.

Proof. We will work over the real numbers (the proof in the case of complex vector spaces
is analogous). Since any finite-dimensional vector space can be identified with R™ after
choosing a basis, it suffice to prove the result for R”. We first prove the theorem for the
norm || ||o. Let {e1,...,e,} denote the standard basis of R™ and let A: R® — X be a linear
map, where X is any normed space. Then, for all z = (z1,...,z,) € R™, we have

|Az] = || A (va) H
=1
= inAei < Z || || Aesl
i=1 i=1
> (el ) e
7=1

=1

IN
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= ||2]l <Z IIAeiH> :
i=1
Thus A is bounded and
Al < [l Ae]].
i=1

Now, let || - || be an arbitrary norm on R". Since we know all norms on a fixed finite-
dimensional vector space are equivalent, there exist a,b > 0 such that

allz]l < Jzlle < Oflzll, V2 cR"

Then, for all x € R™, we have

[ Az < (Z IIAeiH) [2]loe <0 (Z ||A€i||> [E4P
i=1 i=1

and so A is bounded. O]

Remark 6.1.14. Note that the operator norm of a bounded linear mapping depends on the
norms on the domain and codomain. For instance, in the above example, the norm of A
when R™ is given the norm || - || may be different than the norm of A when R™ is given
some other norm.

Exercises.

6.1.1 ([Coh03, Ex 7.5(2)]). Fix real numbers a < b and let k be a function of two variables,
which is continuous on the square [a,b] X [a,b]. Fix a scalar A\, and define a mapping
A: Cla,b] — Cla,b] by Az =y, where

y(s):)\/bk(s,t)x(t)dt, z € Cla,b], a <s <t.

Here we consider Cla, b] as a vector space, with the usual uniform norm.

(a) Show that ||A|| < |[A\|M(b—a), where M is the maximum value of |k(s,t)| fora < s <b
and a <t <b.

(b) Show that the mapping A is still bounded when considered as a mapping from the
normed space C[a, b into itself, and from the normed space Cs|a, b] into itself. That
is, consider the effects of the different norms. In each chase, show also that the same
bound on ||A|| as that above may be obtained.
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6.1.2 ([Coh03, Ex 7.5(3)]). Let g be a fixed continuous function on [a,b] and let A be the
mapping of Cla,b] into itself defined by Az = y, where y(t) = g(t)z(t), a < t < b. Show
that A is an bounded linear mapping. Do the same when A is considered as a mapping from
Cila, b] into itself.

6.1.3 ([Coh03, Ex 7.5(9)]). Suppose X and Y are normed vector spaces.

(a) Show that
@l =zl + [y, z€X, yeY,

defines a norm on X x Y.

(b) Show that
Iz, I = max{[l], lyll}, z€X, yeV,

defines a norm on X x Y.
(c) Show that the two norms on X X Y defined above are equivalent.

6.1.4 ([Coh03, Ex 7.5(10)]). If X and Y are Banach spaces, show that X xY is also a Banach
space, under either of the norms on X x Y defined in Exercise 6.1.3.

6.1.5. Suppose A: X — X is a bounded linear mapping on a normed space X. Show that
all eigenvalues \ of A satisfy |[A\| < ||A||. More precisely, show that if there exists z € X,
x # 0, and a scalar A such that Az = Az, then |\| < || A]|.

6.1.6 ([Coh03, Ex. 7.5(14)]). Let A be a linear mapping from a normed space X into a
normed space Y. Prove that A is bounded if and only if A maps bounded sets in X into
bounded sets in Y.

6.2 Linear functionals and the Hahn—Banach Theorem

Definition 6.2.1. Let K be R or C and let X be a normed space over K. A functional on
X is a mapping f: X — K.

Since we have the standard norm on R and C, functionals are maps between normed
spaces. Thus we can speak of functionals that are linear, bounded, continuous, etc. If a
functional is bounded, it has a norm (the operator norm).

Recall that B(X, K) is the set of all bounded linear mappings from X to K. Since K
is a finite-dimensional normed space, it is a Banach space (Theorem 5.3.13). Hence, by
Theorem 6.1.11, B(X, K) is a Banach space.

Definition 6.2.2 (Dual space). If X is a normed space over the field K (= R or C), then
B(X, K) is called the dual space of X and is denoted by X*.

Our above discussion tells us that the dual of a normed vector space is always a Banach
space. This is very useful result, although the applications are beyond the scope of this
course.
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Ezamples 6.2.3. (a) Fix (ay,...,a,) € C". Then the map
f:C"=C, f(x)= Zakxk, r=(x1,...,2,) € C"Y,
k=1

is a linear functional on C".

(b) The map
f:Cla,b) = R, f(z)= /bm(t) dt, z € Cla,bl,

is a linear functional on Cla, b].

(c) For a fixed ¢ with a < ¢ < b,
de(z) = x(c), =z € Cla,b],

is a linear functional on Cfa,b]. This functional is called the Dirac delta functional.

(d) If X is a normed space, then
[+ X =R, fl@) =z, zeX,
is a function on X (but is not linear in general).

Proposition 6.2.4. A linear functional on a normed vector space X is continuous on X if
and only if ker f is closed (in X ).

Proof. Suppose f is continuous on X. Suppose {x,} is a sequence in ker f that converges in
X to some point . We wish to show that = € ker f. Since f is continuous, we have

flz) = f(lim l’n) = lim f(z,)= lim 0 =0.
n—00 n— 00 n—00
Thus x € ker f, as desired.
The proof of the converse statement will not be given in class but can be found in [Coh03,
Th. 7.3.2]. O

Suppose X is some type of mathematical object (e.g. a set, metric space, vector space,
manifold,...). What does it mean to say that X admits “enough” functions of a given type
(e.g. continuous functions, bounded operators,...)? One interpretation is that this class of
functions separates points of X in the sense that for any two distinct points of X, there is
a function (of the given type) that “tells them apart” by taking different values at them.
More precisely, for all x,y € X, x # y, there is a function on X of the given type such that
F(@) # F(y).

Here is an example of this idea.

Proposition 6.2.5. Lipschitz (real-valued) functions separate points on every metric space.
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Proof. Let X be a metric space, and let x,y € X, x # y. Define
f: X =R, f(z)=d(z,z).
Then f is Lipschitz with Lipschitz constant 1, since for all zq, 20 € X, we have

d(f(z1), f(22)) = [f(21) = f(22)| = |d(z, 21) — d(x, 20)| < d(21, 22)

(the inequality follows from the triangle inequality). Since

flx) =d(z,2) =0 #d(z,y) = f(y),
we are done. O
Corollary 6.2.6. Continuous functions separate points on every metric space.

We now consider the question: Do bounded linear functionals separate points on every
normed space?

Ezample 6.2.7. Bounded linear functionals separate elements of the normed space C|0, 1].
To see this, suppose that f,g € C[0,1], f # g. Then f(z) # g(x) for some x € [0, 1]. Then

6(f) = f(x) # g(x) = d.(9).

Ezxample 6.2.8. On finite-dimensional normed spaces, every linear functional is bounded.
One can easily see that linear functionals separate points in any normed space (see Exer-
cise 6.2.4). Hence bounded linear functionals separate elements of every finite-dimensional
normed space.

Definition 6.2.9 (Normed subspace). A normed subspace of a normed space X is a vector
subspace of X equipped with the restriction of the norm.

Theorem 6.2.10 (Hahn-Banach Theorem). Suppose Y is a normed subspace of a normed
space X and ¢ is a bounded linear functional on Y. Then ¢ can be extended to a bounded
linear functional ¢ on X (i.e. ¢ly = ¢) with the property that ||¢| = |||

Before turning to the proof of this theorem, let us see how it answers our question.
Corollary 6.2.11. Bounded linear functionals separate points of every normed space.

Proof. Suppose X is a normed space over K (=Ror C) and z,y € X, x #y. Let z=2—y
and define
Y =A{tz|te K}
to be the one-dimensional linear space spanned by z. Then define a linear functional ¢ on
Y by
o(tz) = tf|z]].
Since
|o(t2)] = [¢] [|=]] = 1 - [[¢=]),
¢ is bounded with norm ||¢[| = 1. By the Hahn-Banach Theorem (Theorem 6.2.10), we can
extend ¢ to a linear functional ¢ of norm 1 on all of X. Now,

d(x) — dly) = ¢(2) = ¢(2) = |12 # 0.
Thus (5(1;) # gg(y) ]
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We will only give a proof of the Hahn—Banach Theorem (Theorem 6.2.10) in the important
case where Y has codimension one, that is, dim X/Y = 1. The general case is reduced to
this particular case by means of a suitable recursion. Intuitively, we repeat the extension by
adding more and more vectors to Y, one at a time, until we arrive at X.

Lemma 6.2.12. LetY be a codimension one subsspace of a normed space X, and let ¢p: Y —
R be a bounded linear functional. Then there is a bounded linear functional ¢: X — R with
ol = ||¢]|, extending ¢ (in the sense that ¢|p = ¢).

Proof. Choose z € X \'Y. Then X =Y @ Rx and so every element w € X can be written
uniquely in the form
w =1y -+,

for some y € Y and t € R.
Define (nonlinear) maps 11,%9: Y — R by

Pi(y) = ol |z +yll = o(y), yeY,
Ya(y) = ol |z +yll — o(y), yeY.

For all y,z € Y, we have

Ui(y) — ¥2(2) = 19l (lz + yll + | =2 — 2[]) — &y — 2)
>l +y -z =2 —oly—=2)  (by (N3))
= [[¢lHly = 2l = ¢(y — 2)
>0 (by the definition of the operator norm).

Therefore

inf 4(y) = sup =)
ye zeY

Thus we can choose an ¢ € R such that

Di(y) > a>1s(y) YyeY.

We then define ¢ by ) ) )
¢y +tx) = o(y) + to(x) = o(y) + ta.

This map is clearly linear and extends ¢. It remains to find its norm.
By the definition of the operator norm, there exists y € Y such that

o)l = llell lyll-

Thus ~
o)l = llow)ll = lloll lyll,
and so ||¢|| > ||#||. So we only need to show that [|¢|| < ||¢||. In other words, we want to

show that i
lp(w)] < o] |w][, ¥V we X.
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Let w € X be an arbitrary element and write w = y + tx for a unique y € Y and t € R. If
t =0, then 3
d(w) = ¢(y) < ol llyll = lIoll wl,

and we are done. So assume t # 0. Note that the choice of a implies that for all y € Y, we
have

=llelllz +yll < a+o(y) <lielllz +yll = la+ oyl <ol [z +yl.

Thus
7 _ )
)l =111 |o () +4
)

<1 lol- |5+

= ¢l - lly + ta||

= g1l - Jll. =
Exercises.

6.2.1. Show that, in Example 6.2.3, the functionals defined in (a), (b), and (c) are linear,
while that defined in (d) is not.

6.2.2 ([Coh03, Ex. 7.5(7)]). Fixj € N, and define f: ¢* — Cby f(x) = zj, x = (z1,22,...) €
(%, Show that f is a linear functional and || f|| = 1.

6.2.3. Show that on every metric space Lipschitz functions separate points from closed sub-
sets.

6.2.4. Show that linear functionals separate points in any normed space.



Chapter 7

Inner product spaces and Hilbert
spaces

In this final chapter we look at inner product spaces. You have seen these in previous courses.
However, we will discuss them in some more depth here, and tie them into the other concepts
we have seen in this course.

7.1 Inner product spaces

In this section, we will assume all vector spaces are over the complex numbers. The topic
of this section (inner product spaces) is something you have seen in previous linear algebra
courses. Therefore, we will omit some details of basic facts that you have seen before.

Definition 7.1.1 (Inner product space). A (complex) inner product space is a vector space
X together with a mapping (-,-): X x X — C with the following properties:

(IP1) (z,z) > 0 for all z € X, = # 0,

(IP2) (x,y) = (y,z) for all 2,y € X (here Z is the complex conjugate of z € C),
(IP3) (ax,y) = a(z,y) for all z,y € X and every scalar «,

(IP4) (x + vy, z) = (z,2) + (y,2) for all z,y,z € X.

The mapping (-, -) is called the inner product.

Remarks 7.1.2.  (a) An inner product is sometimes also called a scalar product and an
inner product space is sometimes called a unitary space or pre-Hilbert space (we will
see the reason for this last term soon). The inner product is sometimes denoted by

(1) Go)sor (1)
(b) It follows from (IP2) that, for all z € X, (z,z) = (z,z) and so (x,z) € R.

(c) We will generally use the term inner product space to mean complez inner product
space, as above. However, one can also consider real inner product spaces, where C is
replaced by R in the definition. In this case, (IP2) becomes (x,y) = (y, z).

106
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Lemma 7.1.3. If (X, (-,-)) is an inner product space, then

(a) (x,0) = (0,y) =0 for all z,y € X, and

(b) we have
<Z ak$k725jyj> = Zakﬁg Tk, Yj)-
k=1 j=1 —1 k=1
Proof. The proof of this lemma is left as an exercise (Exercise 7.1.1). O

Example 7.1.4. We can define inner product on C" by
y>zzxk.@k’a x:(xla-"awn)ay:(y17'-'7yn)ecn-

(See Exercise 7.1.4.) We denote this inner product space again by C".

Ezxample 7.1.5. We can define an inner product on R" by

xy>zzxkyku x:(ml,...,xn),yz(yl,...,yn)ER”-

This makes R™ a real inner product space, which we again denote by R™. The inner product
is the usual dot product.

Example 7.1.6. Recall that £? is the vector space of all complex-valued sequences (z1, 7o, .. .)
for which the series Y - |x|* converges. On ¢* we define an inner product by

(@,9) =Y e, @ = (v1,20,...),y = (1,95, ) € £
k=1

Of course, we need to check that this inner product is well-defined (i.e. that the series in the
definition converges). By the Cauchy—Schwarz inequality, if m < n, we have

n n n n
< gl = D el el < (| D Ll | D lwel
k=m k=m k=m k=m

Since x,y € ¢?, we can make the series on the right as small as we like by requiring m,n to
be large. Thus, for all € > 0, we can choose N > 0 such that

Z TrYk

k=m

m,n >N — < €.

Therefore, > | x4, converges. (See [Coh03, Th. 1.8.2] if you forget this fact about series.)
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Definition 7.1.7 (Norm on an inner product space). If (X, (-, -)) is an inner product space,
then, for z € X, define

|zl = V{z,2), zeX.

We will soon see that this is indeed a norm. But first we need to generalize the Cauchy—
Schwarz inequality:.

Theorem 7.1.8 (General Cauchy—Schwarz inequality). For any points x,y in an inner
product space,

(@, ) < =l vl

Proof. 1f y = 0, then the inequality is clear. So we assume y # 0, so ||y|| > 0. For any scalar
a, we have

0 < flz+ ayl* = (z + ay,z + ay)
= (z,2) + (z,0y) + {ay, ) + (ay, ay)
= (z,z) + afz,y) + aly, z) + aa(y,y)
= ||z|I* + alz, y) + al(z,y) + allyl*).

Now take o = —(z,y)/||y||*>. Then (z,y) + a|ly||* = 0 and thus

(@, y){z,y) [ )

0 < fll* =
Iyl Iyl

= [llI* =

The inequality follows. [

Corollary 7.1.9. If (X, (-,+)) is an inner product space, then (X, || -||) is a normed space,
where || - || is defined as in Definition 7.1.7.

Proof. The verification of (N1) and (N2) are left as exercises (Exercise 7.1.6). To see (N3),
note that for z,y € X, we have

(z+y,x+y) = (z,2) +(z,9) + (y,7) + (y,9)

(

= (z,2) + (7,y) + (,9) + (y,9)
= (z,2) + 2Re (z,y) + (y,y)
|

|

(

- -
- -
< lll” + 2z, y)| + llyll?
< lll* + 2ll= [l 1yl + llyl”?
]|+ [lyl)*

Taking square roots gives (N3). O

Thus, every inner product space is also a normed space, hence a metric space, hence a
topological space.
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Ezample 7.1.10. For continuous functions z,y: [a,b] — R, define

@w%i/xmmoﬁ

One can check that this does indeed define an inner product on Cs[a, b] (see Exercise 7.1.8).
We denote this inner product space again by Csla, b]. Note that

x| = v/ (z, x) t)2dt

is the norm on Cy[a, b].
We have seen examples of

e topological spaces that are not metric spaces (i.e. topological spaces that are not metriz-

able), and

e metric spaces that are not normed spaces (for instance, any metric space that cannot
be made into a vector space).

Are there normed spaces that cannot be made into inner product spaces (in such a way that
we recover the norm through Definition 7.1.7). Yes! In fact, C[a, b] (with the uniform norm)
is one. To prove this, we will prove a property of inner product spaces that is not satisfied
by Cla, b].

Proposition 7.1.11 (Parallelogram law). For any points x,y in an inner product space,
2+ ylI* + llz =yl = 2]|=[* + 2{|y|]*.

Proof. This proof, which is by direct computation, is left as an exercise. Or see [Coh03,
Th. 8.1.3]. 0

Proposition 7.1.12. There is no inner product on Cla,b] that recovers the uniform norm.

Proof. We will prove the special case a = 0, b = 1. It suffices to find two points that do not
satisfy the parallelogram law. Define

ety =t, yt)=1—t, 0<t<1.

Then
(c+p)) =1, (z—y)t)=2—1.
We easily check that

2]l = max [t] =1, Jlyll = llz +yll = ]z =yl = L.

0<t<1

Therefore,
|l +ylI* + llz — yl* = 1 # 4 =2[|z|* +2[|y||*. O
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Definition 7.1.13 (Orthogonal). Two vectors x,y in an inner product space X are called
orthogonal if (z,y) = 0, and we write z L y. A subset S of X is called an orthogonal set in
Xifx Lyforall z,y €S, x#y. If, in addition, ||z|| =1 for all x € S, then S is called an
orthonormal set.

Remark 7.1.14. Some references require the elements of an orthogonal set to be nonzero.
Proposition 7.1.15. An orthogonal set of monzero vectors in an inner product space is
linearly independent.

Proof. You saw the proof of this theorem in previous courses. m

Proposition 7.1.16. Any vector subspace of countable dimension of an inner product space
has an orthogonal basis.

Proof. The proof of this theorem involves the Gram-Schmidt algorithm, which you saw in
previous courses. O

Exercises.

7.1.1. Prove Lemma 7.1.3.

7.1.2. Suppose X is an inner product space. Show that, for all z,y, 2z € X, we have

(x,y+ 2) = (z,y) + (z, 2).

7.1.3. Suppose X is an inner product space and z,y € X with x L y and ||z|| = ||y||. Show
that = + y is orthogonal to x — .

7.1.4. Verify that (-, -), as defined in Example 7.1.4 does indeed define an inner product.

7.1.5. Verify that for the inner products defined on C*, R™ and ¢? in this section, Defini-
tion 7.1.7 recovers the norms we defined on these spaces in Section 5.1.

7.1.6. Complete the proof of Corollary 7.1.9 by verifying (N1) and (N2).

7.1.7 ([Coh03, Ex. 8.6(3)]). For vectors in a complex inner product space, prove that

1
() + o2y = 5 (Il -+ ol = o = ol?)
and )
1 . )
(z,9) — (y, ) = 3 (lz + iyl|* =l — iyl?) ,

and hence deduce the polarization identity
4

1 : :
(e, = 1 D0 e + ity

k=1

(This shows that one can recover the inner product from the norm.)
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7.1.8. Show that ||z||, as defined in Example 7.1.10 does indeed define an inner product on
CQ [a, b] .

7.1.9. Show that any finite-dimensional vector space can be equipped with an inner product.

7.1.10 ([Coh03, Ex. 8.6(5)]). Suppose {z,} and {y,} are Cauchy sequences in an inner
product space. Prove that {(z,,y,)} is a convergent sequence in C.

7.1.11 ([Coh03, Ex. 8.6(6)]). Let {y1,%a,...,yn} be a subset of an inner product space X
and suppose z L y; for some z € X and all k = 1,...,n. Prove that x L )", ayy; for any
scalars aq, ..., a,.

7.1.12 ([Coh03, Ex. 8.6(7)]). Suppose {x,} is a convergent sequence in an inner product
space X, with lim z,, = x. If there exists y € X such that (z,,y) = 0 for all n € N, prove
that (z,y) = 0.

7.1.13 ([Coh03, Ex. 8.6(8)]). Suppose that {x,} and {y,} are sequences in an inner product
space such that z,, — 0 and {y,} is bounded. Show that (x,,y,) — 0.

7.1.14. Let X be an inner product space and suppose {x1,...,z,} is an orthogonal set in

X. Prove that
n 2 n
Dol =Dl
k=1 k=1

This is a generalization of Pythagoras” Theorem.

7.2 Hilbert spaces

Since any inner product space is a normed space, we can ask if an inner product space is
complete or not. Recall that a complete normed space is called a Banach space.

Definition 7.2.1 (Hilbert space). A complete inner product space is called a Hilbert space.

Remark 7.2.2. By definition, every Hilbert space is a Banach space. However, the converse
is not true. For example, we have seen that C|[a, b] is a Banach space, but it is not an inner
product space (since it does not satisfy the parallelogram law) and is thus not a Hilbert
space.

Example 7.2.3. By Theorem 5.3.13, any finite-dimensional inner product space is complete.
Therefore, all finite-dimensional inner product spaces are Hilbert spaces.

Ezample 7.2.4. The metric space Cs|a,b] is not complete (see Remark 1.4.14). Hence it
cannot be complete as an inner product space. So Cs[a, ] is not a Hilbert space. However,
if one replaces the Riemann integral by the Lebesgue integral, there is a related space that
18 complete.

Ezxample 7.2.5. The space (2 is complete, as noted in Remark 1.4.8. Thus ¢? is a Banach
space.
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Theorem 7.2.6. If f is a bounded linear functional on a Hilbert space X, then there exists
a unique v € X such that f(z) = (xz,v) for all z € X.

Proof. We will not prove this theorem in class. See, for instance, [Coh03, Th. 9.2.1]. ]

Remark 7.2.7. Recall that the space of all bounded linear functionals on a normed space X
is called the dual space of X and is denoted X*. The above theorem states

fe X" <= Jwve X such that f(x) = (z,v) V2 e X.

One can easily show that the vector v is unique.

We now develop the notion of the adjoint of a bounded linear mapping. Suppose X,Y
are Hilbert spaces and A € B(X,Y) (i.e. A: X — Y is a bounded linear mapping). We
define a map Y — X as follows. Choose an arbitrary y € Y and define a functional f on X
by

fl@) = (Az,y)y, z€X. (7.1)

One can check that f is linear (see Exercise 7.2.1). We have

[f ()] = [(Az, y)y | < [[Az] lyll < (TAI Ty Dl

where in the first inequality, we have used the Cauchy-Schwarz inequality. Thus f is
bounded. Therefore, by Theorem 7.2.6, there exists a unique v € X such that

flz)=(z,v)x VzelX
Thus
(Az,y)y = (x,v)x VreX.

Note that v depended on the choice of y. We define a mapping A*: Y — X that sends v to
this y. In other words A* is defined by

(Az,y)y = (r,A"y)x VzeX, yeV.

We now show that A* is linear and bounded.
Let y1,y2 € Y and ay,a9 € C. Then, for all x € X,

(z, A"(ayr + aayp))x = (Ax, cuyr + aaya)y

= a(Az,y1)y + (A, y)y
ap{x, A'y1) x + ag{x, A%ys) x
= (r, 1 A"y + A" ya) x.

Thus
<ZE, A*(a1y1 + agyg) — (ozlA*yl + OéQA*yQ»X =0 VzelX.

In particular, this holds for = A*(aqy1 + aoys) — (e A*yy + as A*ys) and so

A (oqyr + aoya) = a1 A%y + ap Ay,
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So A* is linear.
It remains to show that A* is bounded. For f as defined in (7.1), we have

f(JZ):<A$,y>y:<QZ,A*y>X VaelX,

and so
|f(@)] = [{z, Ay) x| < ||z|| |[Ay[| = A"y |=]| V=€ X,

and so f is bounded and || f]| < ||A*y]|. Since
[f ()] = [(v, o) = [[v]l {|v]],

we also have || f|| > [|v||. Hence ||f]| = ||v]|-
Also, for all z € X,

[f (@) = [{(Az, y)y| < [[Az[ [yl < NA[F [yl = QLA v D,

and so
A< 1Al Tyl
Therefore, for y € Y, we have
[A [l = (11 < [[All yll-
Thus A* is bounded and ||A*|| < [|A]|.

Definition 7.2.8 (Adjoint). If X and Y are Hilbert spaces, the adjoint of A € B(X,Y) is
the A* € B(Y, X) determined by

(Az,y)y = (v, A"y)x, € X, yeY.
If Y =X and A* = A, we say A is self-adjoint.

Theorem 7.2.9. If X, Y are Hilbert spaces and A € B(X,Y), then A* = A and ||A*|| =
1Al

Proof. By the definition of the adjoint, we have

(y, Az)y = (Az,y)y = (2, AY)x = (A, 2)x = (y, A}y, VreX yeV
Thus Az = A*x for all x € X, so A™ = A. We know that ||A*|| < ||A]|, so we now also have
[A]] = [|A™]] < [[A™]-
Thus [|4°] = JIA]. =

Self-adjoint operators are very important. For instance, in quantum mechanics, mea-
surable quantities such as position, energy, and momentum are actually operators on an
appropriate Hilbert space—the space of wave functions representing the state of a system.
In fact, such observable quantities correspond to self-adjoint operators. Since these quantities
are real numbers, the next result should not come as a surprise.
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Lemma 7.2.10. If A is a self-adjoint operator on a Hilbert space, then its eigenvalues are
all real numbers.

Proof. Suppose A\ is an eigenvalue of A. Then there exists a nonzero vector x such that
Ax = Ax. Then

Mz, x) = O\, 2) = (Az, 7)) = (2, Az) = (x,\z) = Mz, z).
Since o # 0, we have (z, ) # 0, and so A = \. Hence X € R. ]
We conclude this section (and the course) with a couple interesting results/applications.

Definition 7.2.11 (Complete set in an inner product space). Suppose 7" is an orthonormal
set in an inner product space X. If SpanT is dense in X, then the set T is said to be
complete.

Proposition 7.2.12. A finite complete orthonormal set in an inner product space is a basis
for the space.

Finite complete orthonormal sets are not so interesting. What are more interesting are
infinite complete orthonormal sets. They are somewhat like bases except that we need infinite
sums (i.e. series) of multiples of the elements.

Proposition 7.2.13. An inner product space is separable if and only if it contains a complete
orthonormal set that is countable.

Theorem 7.2.14 (Generalized Fourier Series Theorem). Suppose X is a separable inner
product space and T = {x1, 2, ..., } is a complete orthonormal set in X. Then the following
are true.

(a) For any u € X, we have

WE

(u, Tp) ).

B
Il
—

(b) For all u,v € X, we have

W

(u,vy =Y (u, zg) (xR, V).

B
Il
—

(¢c) For all uw € X, we have
lull> =Y [(u, ).
k=1

The series in (a) is called the Fourier series for u, and the numbers (u, z,,) are called the
Fourier coefficients of u.
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Ezxample 7.2.15. The more familiar theory of Fourier series is a special case of the above
theorem. We take X = Cy[—m, @] and T = {1, Lsint, L cost, Lsin2t, Lcos2t,...}. Then
any f € Cy[—m, 7] can be written in the form

1 o0
ft)==ap+ ay cos kt + by sin kt),
2

k=1
where
1 ™
ap = — f(t)cosktdt, k=0,1,2,...,
™ —Tr
1 [" .
by, = — f(t)sinktdt, k=1,2,....
™ —Tr

This has applications to music—we are writing an arbitrary function (or ‘sound wave’) in
terms of sine and cosine functions (‘pure tones’).

Definition 7.2.16 (Isomorphism of inner product spaces). An inner product space X is
isomorphic to an inner product space Y if there is a bijective linear map A: X — Y such
that

(x1,m9) = (Axy, Ag) V 21,19 € X.

Theorem 7.2.17. Any infinite-dimensional separable Hilbert space is isomorphic to (2.

Exercises.

7.2.1. Prove that f defined by (7.1) is linear.

7.2.2 ([Coh03, Ex. 9.8(1)]). (a) Consider £* as a normed space and, for k € N, let e;, be
the point in ¢? with all components 0 except for the kth, which is 1. Show that, if
z = (21,Z9,...,) € (%, then x = > | xxey.

(b) Give an example in which this series for x is not absolutely convergent.

7.2.3. Suppose X, Y, and Z are inner product spaces, and that A: X - Y and B: Y — Z
are isomorphisms. Show that the composition BA: X — Z is an isomorphism (of inner
product spaces).

7.2.4. Prove that any n-dimensional complex inner product space is isomorphic (as an inner
product space) to C".
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