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1.
(a) [2 pts] State the definition of a metric space.
(b) [3 pts] Suppose d; and dy are two metrics on the same set X. Prove that the map
d: X x X — R defined by
d(‘r7y>:d1(x7y)+d2(‘r7y)7 xvyEXv
is also a metric on X.
2.
(a) [1 pt] State the definition of the diameter of a nonempty subset S of a metric space
(X, d).
(b) [1 pt] State the definition of a bounded subset of a metric space (X, d).
(c) [4 pts] Suppose U and V' are two bounded subsets of a metric space (X, d). Show that
U UV is bounded.
3. [3 pts] Let

by ={(xn)pey €07 | 2, € Q VY 0}
be the metric subspace of £* consisting of sequences with rational terms (with the induced
topology). Is £ a closed subspace of £*°7 Remember to justify your answer.

4.

(a) [1 pt] State the definition of a contraction mapping on a metric space (X, d).
(b) [2 pts] Prove that a contraction mapping cannot have more than one fixed point.

(a) [1 pt] State the definition of the metric topology on a metric space.
(b) [1 pt] State the definitions of a cluster point and a closure point in a metric space.
(c) [2 pts] Prove that every singleton in a metric space is closed in it.
6. [5 pts] Let X be an infinite set and let
T={TCX|T=worT"is finite}.
Show that 7T is a topology on X.



