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1. (a) [5 pts] Define the following:
(i) inner product space,
(ii) normed space,
(iii) metric space,
(iv) toplogical space,
(v) Banach space,
(vi) Hilbert space.
(b) [1 pt] If (X,(-,-)) is an inner product space, define the associated norm (you do not
need to prove it satisfies the axioms of a norm).
(¢) [1 pt] If (X, || - |]) is a normed space, define the associated metric (you do not need to
prove it satisfies the axioms of a metric).
(d) [1 pt] Define the metric topology on a metric space (you do not need to prove it satisfies
the axioms of a topology).

Solution: See lecture notes.

2. [2 pts] Let (X, d) be a metric space. Show that every convergent sequence in X is a Cauchy
sequence.

Solution: Suppose {z,} is a convergent sequence in X, with limit . Choose € > 0. Then
there exists N > 0 such that

n>N = |z, —z| <¢/2.

Then
myn >N = ||z, — Tp| <||lzn — 2| + ||z — 20| <€/2+¢/2=c¢.

Thus {z,} is a Cauchy sequence.

3. [2 pts] Show that if A is a subset of a topological space B, then bdg A = bdp AL,

Solution: Since (AE)E = A, we have
bdgA={z e B|Ve>0, Blz,e)N A+ and B(x,e) N AL + &}
={xeB|Ve>0, B(z,e)N <AB>E7£®and B(z,e) N AL + @}
= bdp A~

4. [4 pts] Let {z,}, {y,} be Cauchy sequences in an inner product space. Prove that {(x,, y,)}
is a convergent sequence in C.

Solution: Fix ¢ > 0. Since Cauchy sequences are bounded, there exists an M > 0 such
that ||x,|| < M and ||y,|| < M for all n € N. Choose N; > 0 such that

n,m >Ny = ||z, — 2| <€/2M,
and Ny > 0 such that
n,m > No = ||yn — ym|| < €/2M.
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Set N = max{Ny, No}. Then

n,m > N = |<xnayn> - <mm7ym>| = <xn7yn> - <xn7ym> +< l‘naym> - <mm7ym>|

S <xn7yn - ym>| + |<$n - Imvym>|

< lzall lyn = ymll + lzn = 2| |yl
€ €

<M-—+—M

- 2M - 2M

= €.

Thus {(x,y,)} is a Cauchy sequence in C. Since C is complete, this sequence converges.

5. [2 pts] Define
X ={(z,az) | z € R, a € Q}.
Show that X is a path-connected subset of R2.

Solution: We have

X = U Xo, where X, ={(z,az) |z R} fora Q.
acQ

Since each X, is clearly path-connected (it is a straight line in R?), and (0,0) € X, for all
a € Q, we have that X is connected by the theorem proven in class. (One could also explicitly
describe a path between any two points by starting at the first point, moving to the origin in
a straight line, then moving along a straight lie to the second point.)

6. (a) [1 pt] Define the ¢*°-norm on C".

Solution: See lecture notes.

(b) [2 pts] Verify that the /*°-norm does indeed satisfy the axioms of a norm.

Solution: Since, for all x = (z1,...,x,) € C",
HxHOO:mi%XHmiH =0 <+= 1,=0Vi=1,....,n < =0,

we see that (N1) is satisfied. Also, for a € C,
laz|loo = max {laz;|| = |af max{|lz;|| = |z,
and so (N2) is satisfied. Finally, for x,y € C", we have

e+ yll = Sl il < e (ll] + s} < mic el + o il = [+ ol
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7. [3 pts] Prove that a closed subset of a compact metric space is compact.

Solution: Let Y be a closed subset of a compact metric space (X,d). We will use the
concept of sequential compactness (although one could also give a proof using the definition of
compactness in terms of open covers). Suppose {z,} is a sequence in Y. Then {z,} is also a
sequence in X and so there is a subsequence {z,, }32, that converges to a point x € X. But
then {z,, }72, is a sequence in Y converging to a point © € X. Hence, since Y is closed, z € Y.
Then the subsequence converges in Y. It follows that Y is compact.

8. Suppose that || - ||; and || - || are two equivalent norms on a vector space X, and that Y is a
subset of X.
(a) [2 pts] Show that Y is closed with respect to || - ||; if and only if it is closed with respect
to |- [l
(b) [1 pt] Show that Y is bounded with respect to || - ||; if and only if it is bounded with
respect to || - [|a-
Solution: Since || - ||; and || - |2 are equivalent, there exist positive numbers a and b such
that

allzly < flzfls < blfzfly V@€ X,

(a) Suppose Y is closed with respect to || - ||;. Choose 2 € Y. Then, since Y is open with
respect to || - [|1, there exists an € > 0 such that

Bi={yeX||z—ylh<e V"
In other words,
|z —yly <e = yeYt
Then
7~ ylls < ae = Jlz—ylh <~z —ylla < = yeV®,
and so
By={y€X |||z -yl <ac} CY".

Hence YT is open with respect to || - [|2 and so Y is closed with respect to || - ||2. The con-
verse is analogous (and follows from the fact that equivalence of norms is an equivalence
relation).

(b) Suppose Y is bounded with respect to || - [|;. Then there exists M > 0 such that

|yl <M Vyevy.

Then
[yl < blly[ <M VyeYy,

and so Y is bounded with respect to || - ||z
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9. [2 pts] Let (X, d) be a metric space and let N be the set of all Cauchy sequences in X (with
or without limit). Define a relation ~ on N by

{z,} ~{yn} = d(xn,yn) =0, {x.},{yn} €N.
Prove that this defines an equivalence relation on N
Solution: Since d(x,,x,) = 0 for all n, the relation is reflexive. Since d(z,,yn) = d(yn, )

for all n, the relation is symmetric. Now, suppose {x,} ~ {y,} and {y,} ~ {z,} for Cauchy
sequences {z,}, {yn},{z.}. Then

d(zp, 2,) < d(n, yn) + d(Yn, 2,) — 0,

and so {x,} ~ {z,}. Hence the relation is transitive.

10. Let (X, ]| - ||) be a normed space.

(a) [1 pt] Show that || - || is a uniformly continuous map.

Solution: For any € > 0, we trivially have
[ —yll<e = [lo -yl <e VayeX

Hence || - || is uniformly continuous.

(b) [2 pts] Prove that if V' is a finite-dimensional complex vector space, then the set
S={zeV||zle=1}
is compact. You may use the fact (proven in class) that
B={zeV|lz]o<1}
is compact.

Solution: Let {x,} be a sequence in S. Then, since S C B, {z,} is also a sequence
in B. Since B is compact, there exists a subsequence {z,, }32,, converging to some point

x € B. Now, since || - [|o is continuous, we have
2]l = H lim H — lim [[2n]le = lim 1 =1,
n— oo n—00 n—+00

and so z € S. Thus every sequence in S has a subsequence converging in S. So S is
compact.
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11. [3 pts] Suppose X, Y and Z are normed vector spaces. If A: Y — Z and B: X —» Y
are bounded linear operators, show that AB : X — Z is also a bounded linear operator and
that [|[AB]| < ||A]l||B]|.- (You may assume that a composition of linear maps is linear.) Give
an example that shows that this inequality can be strict (i.e. not equality).

Solution: For x € X, we have
[(AB)x|| = [[A(Bx)|| < [|A[[l| Bx|| < [|A[l | B]] {|]l
This proves that AB is bounded and ||[AB|| < ||A]l || B||-
Define A, B : R? — R? by
A(z,y) = (v,2y), Bla,y) = (22,y), (v,y) € R%
Then, for all (z,y) € R? we have
1A, )l = (2, 29)| = Va2 + 4y? < Vida? + 4y = 2/a2 + 2 = 2||(z, y)]|.

Hence ||A]| < 2. Since |[JA(0,1)|| = [|(0,2)]| = 2 = 2||(0, 1), we have ||A]| > 2, and so ||A| = 2.
The same argument, with = and y reversed shows that ||B|| = 2. Now,

(AB)(z,y) = A(22,y) = (22,2y),
and it is easy to check (by the same method as above) that ||AB|| = 2. Thus
IAB =2 # 4 =[All|B]|

12. Let n be a positive integer and suppose (X;,d;) is a metric space for each i = 1,2,...,n.
Define X = X; x Xy x --- x X,,.
(a) [2 pts] Show that the map d : X x X — R, defined by

d(l",y) = E dz<x2>yz)ﬂ T = (-Tb oo axn)ay = (y17 cee 7yn) € X>
=1
is a metric on X.

Solution: For z = (z1,...,2,),y = (y1,...,yn) € X, we have
d(z,y) =0 < Zdi(xi,yi):() — di(x;,y;) =0Vi < x;,=3; Vi < z=1y.
i=1

Thus (M1) is satisfied. Since, for all z,y € X,
d(z,y) = Zdz(xmyz) = Zdz<y17xz) = d(y, ),
i=1 i=1
we see that (M2) is also satisfied. Finally, for z,y, z € X, we have

d(,2) = Z di(wi, z) < Z (di(@i, yi) + di(yi, 2:))
= Zdi(ﬂﬁi, Yi) + Z di(ys, z:) = d(z,y) + d(y, 2).
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Therefore (M3) is satisfied.

(b) [4 pts] Show that if X; is complete for each i = 1,...,n, then X (with the metric
defined above) is also complete.

Solution: Suppose {z,,} is a Cauchy sequence in X with z, = (1, Tm2, - - -, Tin)
for all m € N. Choose ¢ > 0. Then there exists N > 0 such that

m, k>N = ||z, — x| <e.

Thus for each 1 <17 < n, we have

n
myk >N = di(Tpi, vr) < Zdj(mmj,xkj) = |lzm — k|| <e

j=1
Therefore, each {x,;}5°_, is a Cauchy sequence in X;. Since each X; is complete, this
sequence converges to some y;. Let y = (y1,...,yn) € X. Since ,,; — y; a8 m — 00,
for each 1 <7 < n we can choose an N; > 0 such that

m > N; = di(Tmi,yi) < €/n.

Set N = max{Ny,...,N,}. Then

n

= €
m>N = d(zn,,y) = Zdj(xmj,yj) < ZE =e.
j=1

j=1
Thus z,, — y. Thus we have shown that every Cauchy sequence in X converges in X.
So X is complete.
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