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Solutions MAT 2125 Final Exam

QUESTION 1. [5 points] For each of the following statements, write ‘T’ if the statement
is true and write ‘F’ if the statement is false. You do not need to justify your answers. In
all of the statements, a and b are real numbers with a < b.

Grading: You will receive 0.5 points for each correct answer. You will not lose points for
incorrect answers.

F If {f.}>2, is a sequence of continuous functions converging pointwise to a function
f, then f is continuous.

T Every continuous function f: [—7, 7] — R has a Fourier series.
T Every differentiable function f: [a,b] — R is integrable on [a, b].
F If f: [a,b] — R has a local extremum at xy € [a, b], then f'(zq) = 0.

F If f: [a,b] — R is differentiable on [a,b] and f'(xy) = 0 for some xy € [a,b], then f
has a local extremum at x.

T If f: [a,b] — R is continuous and injective, then f is either strictly increasing or
strictly decreasing.

T If a sequence {a, }>>, in R? converges to L € R?, then every subsequence of {a, }>°,
also converges to L.

F  Every Cauchy sequence of real numbers is monotonic.

T Every function represented by a power series is continuous on its interval of conver-
gence.

F Every continuous function is equal to its Taylor series on the interval of convergence
of the series.
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QUESTION 2. Consider the sequence {a, }5°,, with

—-n if n is divisible by 3,
Qp = . . ...
— % if n is not divisible by 3.
(a) [3 points| Find limsup,,_, . an.
Solution: Note that —n < 2 — % for all n € N and lim,,_ (2 — %) = 2. Thus,
for n € N, we have

sup{an, Gni1, Apio, ...} = 2.
Thus,

limsup a, = lim sup{an, ani1,ani2, ...} = 2.
n—o00 n—oo

(b) [1 point] Does lim,,_,, a,, exist? Remember to justify your answer.

Solution: No, it does not exist. Note that, for all n € N, we have
|an+1 - an‘ Z n.
So the sequence is not Cauchy, hence does not converge.

Alternate solution: Letting ny = 3k for k € N, we get the subsequence {a,, }32, =
{=3k}2,, which diverges to —oo. Thus the sequence {a, }°°, cannot converge. (Any
subsequence of a convergent subsequence converges.)
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QUESTION 3. [4 points] Is the series

o (DR k- 1)
Z E*+5

k=2
convergent? Is it absolutely convergent? Note: Answer both questions with a clear ‘yes’ or
‘no’, in addition to your justification.

Solution: For k > 2, we have
'(—1)k(k2—k—1)‘_k2—k—1<k2 1

s H+s5 kR

Since
=1
D
k=2

i (—1)F(** -k —1)
4
— k*+5
converges absolutely by the comparison test. Because all absolutely convergent series are
convergent, the series also converges.

converges, the series
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QUESTION 4. [3 points] Consider the step function f: R — R defined by

0 ifz<0,
f(m)_{1 if 2> 0.

Compute the one-sided derivatives f’ (0) and f(0). Is f differentiable at 07

Solution: We have

£.(0) = lim fle) = £0) _ lim 2" =0,
z—0— z—0 =0~ X
d
" f5(0) = lim —f(x) — /0 = lim 1-0 = 00
* et x—0 es0t @ '

Since the two one-sided limits do not agree, the function is not differentiable at 0. (Of course,
we also know that it is not differentiable at 0 since it is not continuous there.)
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QUESTION 5.
(a) [1 point] State the Heine-Borel Theorem for R

Solution: A subset of R? is compact if and only if it is closed and bounded.

(b) [2 points] Prove that a union of two compact subsets of R? is compact. Note: There
are many ways to prove this. You may use the definition of compact sets in terms
of open covers, the equivalent notion of sequential compactness, or the Heine—Borel
Theorem.

Solution: Solution 1: Suppose K; and K, are compact subsets of R?. Let U
be an open cover of the union K; U Ky. Then, for each i € {1,2}, there is a finite
subcover U; of K;. Then U; Ul is a finite subcover of K U Ks.

Solution 2: Suppose Ky, Ky are compact subsets of R%. Let {x,}°%, be a sequence
in K1 U Ky. Then at least one of the K; (i € {1,2}) has the property that an
infinite number of elements of the sequence lies in K;. Since K; is compact, there is
a subsequence converging to a point in K; C K; U Ky. Thus K; U K, is compact.

Solution 3: Suppose K, Ky are compact subsets of R?. Then, by the Heine Borel
Theorem, they are closed and bounded. Since they are bounded, for each i € {1,2},
there exists M; > 0 such that

||| < M; VzeK;.
Setting M = max{M;, My}, we then see that
|lz|| <M Ve KiUKs.
So the union is bounded. It is also closed, since the union of a finite number of closed

sets is closed. Thus it is compact by the Heine-Borel Theorem.

(c) [1 point] Give an example of compact sets K;, ¢ € N, such that | J;~, K; is not com-
pact. Justify your answer (i.e., justify that your example has the required properties).

Solution: Fori € N, let K; = [—4,4]. Then each Kj is closed and bounded, hence
compact by the Heine-Borel Theorem. However, | J;-, K; = R is not bounded, hence
not compact.
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QUESTION 6.

(a) [1 point] Given the definition of uniform continuity. More precisely, state what it
means for a function f: A — R™ (where A C R?) to be uniformly continuous on A.

Solution: The function f: A — R™ is uniformly continuous on A if for all ¢ > 0
there exists 0 > 0 such that

vy e r—yl<d = [f(x) = f)ll <e

(b) [3 points] Is the function
f:R—=R, f(x)=2?%

uniformly continuous on R? Remember to justify your answer.

Solution: No, f is not uniformly continuous on R. Note that
[f(@) = f)l = |2* = y?| = |z =yl - [x +yl.
Consider € =1 and let § > 0. Then for x = 1/0 and y = 1/ + 6/2, we have

0

but

) 2
-l =3(5+3) =1+ 51—
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QUESTION 7.
(a) [1 point] State the Mean Value Theorem (for derivatives) as stated in class.

Solution: Suppose f: [a,b] — R is continuous on [a, b] and differentiable on (a, b).
Then there exists ¢ € (a,b) such that

f/(C) _ f(bl)) : g(a)

(b) [2 points] Suppose the equation
2 +ar—10=0
has at least two solutions. Prove that a < 0.
Solution: Let f: R — R be defined by f(z) = 2° + ax — 10. Since f is a
polynomial, it is continuous and differentiable. Suppose the given equation has at
least two solutions. Then there exist a,b € R with a < b such that f(a) = f(b) = 0.

Then, by the Mean Value Theorem (on the interval [a,b]), there exists a ¢ € (a,b)
such that f'(¢) = 0. Thus

0= f'(c) =5c* +a.
Therefore o = —5¢* < 0.
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QUESTION 8. Define f: [-1,1] — R by
1 if —1<x<0,
fla)=40 ifz=0,
-2 if0<z< 1.

For n € N, n > 2, define the partition
jo {_1,‘_1,171}.
n'n
of [—-1,1].

(a) [3 points] Compute the upper sum U(P,, f) and lower sum L(F,, f).

Solution: We have
Ml(anf):lu MQ(Pnaf):la M3(Pn7f>:_27
ml(Pnaf) - 1a m?(Pnaf) :_27 mS(PTHf) = —2.

(b) [2 points] Prove that f is integrable on [—1, 1] and find f_ll f
Solution: Let ¢ > 0. Choose an integer n > max{1,%}. Then

U(Py, )~ LRy, f) = © <=

Hence f is integrable on [—1, 1]. Furthermore, for all n € N, we have

-3

-3 1

Since lim,, ., 3/n = 0, we have fjl f=-1
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QUESTION 9. [4 points] For which values of s € N is the integral

oo
1
/ —dx
9 7
convergent? For the values of s for which it converges, compute the integral.

Solution: First suppose s # 1. Then

| b1
/ — dr = lim —dx
9 xs b—oo Jq xs
_ 11
= lim

b—soo 1 — s s~

2

L (] 1
T 1 seheo \ bt 2s

B 1
(s —1)2s Y

since limp_,o b'7° = 0 for s > 2.

Now suppose s = 1. Then
| 1
/ —dr = lim —dx
1 X b—oo J1 X
— 1 b
= lim (log )],
= lim (logb — log 2)
b—o0
= 00.

Therefore, the integral converges if and only if s > 1, in which case it is equal to W
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QUESTION 10. Let A C R? Suppose that {f,}°° is a sequence of functions with f,,: A —
R™ for each n € N. Furthermore, suppose f: A — R™.

(a) [1 point] Define pointwise convergence. More precisely, state what it means for the
sequence { f,}>° | to converge pointwise to f on A. (You may use limits of sequences
of real numbers in your answer.)

Solution: The sequence {f,}>° | converges pointwise to f on A if
lim f,(z) = f(x) forall xz € A.
n—oo

(b) [1 point] Define uniform convergence. More precisely, state what it means for the
sequence { f, 22, to converge uniformly to f on A.

Solution: The sequence {f,}2, converges uniformly to f on A if for all € > 0
there exists N € N such that
| fu(z) — f(2)|| <e forallz€ A, n> N.

(c) [2 points] Fix a € R such that 0 < a < 1. Consider the sequence of functions
{gn}22, defined by

Gn: [—a,a] = R, g,(z) = 2" sin(3z),
for n € N. Prove that the series Y~ | g, converges uniformly on [—a, a]. Remember
to cite any theorems that you use.
Solution: For all n € N and z € [—a, a], we have
|9n(2)| = [2" sin(3z)| = [2"] - |sin(3z)| < [2"] < a™.

Since )7 | a™ is a convergent geometric series (because 0 < a < 1), the series > | gy,
converges uniformly by the Weierstass M-test.
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QUESTION 11. Fix a € (0,00). Consider the power series

(L q)kpk
f@) =Y SR

(a) [1 point] What is the radius of convergence of this power series?

Solution: We have

li L
=limsup —= = —
k—o0 akk: a

(=DF

kak

lim sup {
k—o00

Thus the radius of convergence is a.
(b) [2 points] Find the interval of convergence of the series.

Solution: Since we have already found the radius of convergence, it remains to
check the endpoints x = +£a. When x = a, the series becomes

S
o
k=1

This is the alternating harmonic, which converges. On the other hand, when x = —a,
the series becomes

>+

k 9y
k=1

which is the divergent harmonic series. Therefore, the interval of convergence is

(—a,al.

(c) [1 point] What is £ (0)?

Solution: We know that the k-th coefficient of the power series (i.e., the coefficient
of z¥) is given by

f™(0)
Kl
Therefore,
(—1)*  f®)(0)
25a25 250
Hence (—1)%23 ol
25)(0) = ~— M
F0) = 25025 g2’
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