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1.Let ACR.

a) If s € R, define what is meant by “s is the supremum of A”, le., s=sup A.
b) If | € R, define what is meant by “I is the infimum of A”, i.e., [ = inf A.

c) State necessary and sufficient conditions for both sup A and inf A to exist.
Now suppose both | = inf A, and s = sup A exist.

d) Prove that
(Ve>0, [s—1]<e)=s=1.

e) Prove that inf A < sup A, and that equality holds if and only if A = {z} for some z € R.
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2. a) Let {b,}n>1 be a real sequence. Give the Cauchy criterion which is equivalent to:

o0
“The series E b, converges.”

n=1

b) Prove that if Z b, converges, then lim b, = 0.

n—o0
n=1

¢) Give an example to show that the converse of the statement in (b) is not true. (No justification is
necessary for the example.)

: oo
1
d) Prove that the series Z(—l)”nz—-:_—l converges, but is not absolutely convergent.
n=1

(In (d), you may use known tests and theorems, but be sure to verify their hypotheses.)
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3. Let {an}n>1 and {b,}n>1 be real sequences, and a € R..

a) Define what is meant by “ lim a,, = a.”
n—00

b) Suppose {an}n>1 and {b,}n>1 satisfy

(I) Vn>1, an, >0, b, >0, and

a
(II) lim Eﬁ exists and is non-zero.

nN—o0 n
Prove that
[, @]
E an converges _ E b, converges.
n=1 n=1
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4. Let A CR", and suppose f,g: A — R.
|
D{B a) Give the definition of “f is uniformly continuous on A.”

['g b) Prove that if f and g are uniformly continuous, and are both bounded on A, then fg is uniformly
continuous on A.

1
[}@ Let f:(0,1) — R be defined by f(z) = = Vz € (0,1). Explain briefly why f is continuous on

(0,1), and that {%} o C (0,1) is indeed Cauchy.

1
Now prove that {f(_)}n21 C (0,1) is not Cauchy.
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5. Let A and B be subsets of R?, and let f : R2 — R.
| a) Give a characterization of “A is closed” in terms of sequences {antn>1 C A.

b) Give £ 3 characterizations of “B is compact”:
I (i) in terms of sequences {an}n>1 C B,
‘(ii) in terms of open covers of B, and
'(iil) another, different from those already given in (i) and (ii).

| ©) Give a characterization of “f is continuous on R?” in terms of inverse images (by f) of open sets in
R.

Now let C' = {(z,y) € R? | zy > 1}.

| d) Prove that C' is open. (Hint: Consider f(z,y) = zy, briefly explain why f is continuous, and use

(c).) -
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6. Suppose A C R, {fn}n>1 is a sequence of continuous functions f, : A — R, and f: A — R.

| a) Give the definition of “{f,},>1 converges pointwise to f on A.”

J

Eic) Suppose {fn}n>1 converges uniformly on A to f. Prove carefully that f is continuous on A.

—

) Give the definition of “{f,},>1 converges uniformly to f on A.”

L

| d) Suppose (for this part only) that A = [~1,1}, and that {f,},>1 converges uniformly to f on A. Is
[ uniformly continuous on A? You must give reasons for your answer. (Stating a theorem would be
sufficient.)
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7. Define f:[0,1] — R by

=

3)

c.oh-*

1 forz €0,
flz)=4¢ 0 forz=
1 forze(s,1]

QJIP-‘

| a) Carefully state a necessary and sufficient condition for f to be Riemann (—Darboux) integrable in
terms of upper sums U(f, P) and lowers sums L(f, P), where P denotes a partition of [0,1]. (You
may give the definition, or an equivalent condition.)

9 b) For n € N,n >4, let P, be the partition P, = {0, -1 1 4 + X1}, Find U(f, P,) and L(f, P,), for
all n > 4.

?‘,c) Use your result in (b) and your response in (a) to prove directly that f is integrable on [0,1], and

ﬁnd/f
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8. Consider the series Z B )|
n

f? / a) Prove that VK > 0, the series above converges uniformly on [—K, K].

-

Now define f : R — R by

@‘}b) Explain briefly why f is continuous on R.
-/

Now define g : R — R by
T
g(w)=/ f,  VzeR
0

; 8 \jc) Prove carefully that
12/ ©  ontl

o 9(z) = 2o n )

=,

}\ d) Prove that Vr € R there exists a unique s € R with g(s) = 7.

/
S (Hint: Prove that g is unbounded, strictly increasing and use the Intermediate Value theorem judi-
ciously.
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1
dt
tVit? -1

p
!\Q a) State your favourite version of the Mean Value Theorem for derivatives.

9. Define a function f : [2,00) = R by f(z) = /
2

(/O b) Prove that f is strictly increasing on [2, 00).

{’j /L) c) Briefly explain why f is differentiable on (2,00), and find f'(z). (Use theorems!)

Now denote f(3) by q and let g : [0,9] — [2, 3] be the inverse function for f, which we know exists by
parts (b) and (c). Define 4 : [0,¢q] — R by

=+/g%(x) -1, Vzel0,q.

fi {/ \
iy 2
Q_Z/\ Briefly explain why ¢ and h are differentiable on (0, ¢), and show that

g (x) = g(x)h(z), Yz €(0,q), /’/\

and N
W(z) = g*(x), Vx e (0,q). @

(Use theorems!)
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10. (Bonus) Suppose A C R and that suppose f: A — R is uniformly continuous on A.
Remark. You may assume that if {a,},>1 C 4 is Cauchy, then so is {f(an)}n>1-

a) Suppose ¢ ¢ A, and that {a,},>1 C A and {bn}n>1 C A are two sequences with a,, — ¢ and b,, — c.
Prove that {f(an)}n>1 and {f(b,)}n>1 must have the same limit.

b) Suppose ¢ € R is a limit point of A but ¢ ¢ A. Let B = AU {c}. Prove that there is a unique
(well-defined!) and continuous function g : B — R such that Va € A, g(a) = f(a).

(Hint: Use the remark above to define g(c), and use (a) to check that your definition doesn’t depend
any choices you make. Then show that g is continuous on B! N w Ao
on any Yy g /) @\\/ [{,, Ul&{d (ﬂ/c[,}
c / ’ “
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