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2 1. a) If {an}n>1 is a reaI/ sequence, and a € R, give the definition of

L | hm a, = a. <
o0 ‘
Now define a sequence {a, }n>1 recursively by @

0, ifn=0
A1 =

Va,+6, ifn>1.

You may assume that 0 < a, < 3, for alln > 1.

Z_b) Prove that a,, < an41, for all n > 0. (Hint: use induction.)

D) Prove (using a theorem) that {a,},>1 converges, and find its limit. (You may use theorems about limits to
find the limit, as well as the fact that s : [0,00) — R defined by s(z) = /z is continuous on [0, 00)).
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2. a) f)eﬁne what is meant by “{ay,}n>1 is a Cauchy sequence”.
Define a sequence {b,,};,zl by

‘ A _{2o+§, if r is odd
. 0, if n is éven.

b) Find limsupb,, and liminfb,.

n-—+00 n—oo
c) Use (b) and a theorem to prove that {b,},>1 is not Cauchy.

d) If ny = k? +k, does the subsequence {b,, }x>1 of {bn}.>1 converge? If so, give its limit. If not, explain why.

7&“»«\)%\% C“”"Q"a‘j Meso F0eN et YnpzN, an,af,\<g

bS]

L) @ag‘«?h Uwg"*\"em’ v%‘\:‘"; Ml;bk\ kzn‘} = @:uw 520+ Z—t—\—\> W\ZM\Q

w= S—— .
L v ’
- 920, Z
. Tane | - ‘o ~- w D 7= 0y
Dok, B iod s fin i {bp) £} S 0 02Oy,
S

|
D Rk Mo i Gy @ ), o (Gl
0 | & lim sop on = &‘3“’4@” (Covty ) 5

Ny

MWV‘Q«&N &wgw 9~>>0=MQ8 !5;\) /éuvxu,

M

0., S~ b Cambe

0 Al Sves ¥l \c(ku);a,@m«f Lren

— ) ,Q' = O,
bug= @ ot % fr Bog




3.a) Let {¢n}n>1 be a real sequence. Define

“The series E ¢, converges.”
n>1

()=

n>1

Now consider the series

"~ b) Does this series converge?
c) Does this series converge absolutely?

(In (b) and (c), You may known theorems, but be sure to verify their hypotheses.)
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4. Let A and B be two subsets of R2. : : LIL

() ) Define “4 is closed”.

§)) L) Define “B is compact”.

@ @) State a theorem giving necessary and sufficient conditions for B to be compact (Do not simply repeat the
definition in (c).)

r;%

§ @C’} Now suppose A is closed and B is compact. Prove that
. ANB={veR? |ve Aandve B}

i lso compact
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5. Let ACR,acAandf: A—R.

! @ a) Define

“ The function f is continuous at a.”

@b) Prove that Vz € R, |z—1{<l==|z—3|> 1.

. Define f : R\ {3} = R by

| 2

% Vero  f@)=

% c) Lor-any-e>-0, ?rove careﬁxlly that[there exists a § > 0 such that
xeR\A3Y omdlz -1 <6 = |f(z) + | |<e.
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@. (Bonus) Suppose both series > 1 a2 and > .- ; b2 converge. Prove that Y - | a,b, converges.
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