Mathematical Reasoning and Proofs MAT1362

First Midterm Exam (o)
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Prof. Mateja Sajna

Instructions. You must sign below to confirm that you have read, understand, and will follow them.

e This is an 80-minute closed-book exam; no notes are allowed. Calculators are not permitted.

e The exam consists of 5 questions on 8 pages. Page 8 contains the Table of Logical Equivalences.
Please do not detach it.

e Be sure to read carefully and follow the instructions for the individual problems. To receive full
marks, your solution/proof must be correct, complete, and show all relevant details.

e For rough work or additional work space, you may use the back pages. Do not use scrap paper
of your own.

e Use correct mathematical notation and terminology, as defined in class.
¢ You may ask for clarification.

e Unauthorized electronic devices (such as cellular phones) are not permitted during this exam.
Such devices must be turned off completely and stored out of students’ reach. Students found
in possession of such a device during the exam will be asked to leave immediately and academic
fraud allegations may be filed.
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Student number:

Question 1 2 3 4 5) Total

Max 7 7 7 7 7 35

Marks

[7pts] (1) Let P and @ be two logical propositions.

(a) Use a truth table to prove the Absorption Law: PV (PA Q) =P

P aQ PAa  PVI(mMQ)

TH A
-4
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(b) Use the Table of Logical Equivalences on p. 8 to prove the following equivalence:
(Pv-Q) = @r-Q) = (-PAQ)

Use exactly one equivalence per step, and name it, too.

(Pva) = (a11Q)

= (P> F Nogrhon. Lay
= = (PV'JQ\ v F Japlicakon Law

A (PYae) Wankty Lar
P A~ ba) DeHagaw's Law)

A G Poude Negahon

]
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[7pts] (2) Use Mathematical Induction to prove the following:

(Vn € N) (zn:(aj —9) =n(3n+ 1)).

=1

Clearly state the proposition to be proved, Basis of Induction, Induction Step, and Induction

Hypothesis. Indicate clearly where the Induction Hypothesis is used in your proof.

Lk Pln): " i (652) = n sy

a=!
Mo musk pro-e. Pl fall welN.

i
BL: do prose PO " 2"'_(63-1)= HEIPY
J=!

o T (G2)- 6la-le  ps. B0y
4=!
ey S < RHS i.e. PO 15T,
T5: To prore PO = Plan) ,fo!all n>l.
P h7 . Asune PM): " i_’_(@-g.\= a3 ()
sbow Phw) fllows

LS =§_| (652 = iféj—z\ + G(m-L
j:l q=!

B e + 60 )L
= Bk b+ = DT nsl
RHS =-(m-l\('5(nh\+\\ = @u\(‘bml('\ =bur+In t4 = LS

Nemee_ Plan) | -gouowe )
Concnedom - Gnce PO 1o T, aedd P 5PN isT forall nel,

by PMT, P ie T forall nev.
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[7pts] (3) (a) Consider the following proposition:

“If I am happy and I sing, then my brother gets annoyed.”

In words, write the converse and the contrapositive of this proposition.

Converse: I,'F ha bthf %l*c- mﬂhﬂéldl “l“-ﬂ'u\ I
A Qappy Owdl T sy .

Contrapositive: I:F V\é b'Q‘w\'J 0'Q£$ "“;!- %‘* aum%&i,
am T anndt Bagpy of T oo nob gy

(b) In words, write the negation of the proposition
“ : : 2 »
[ am happy only if I sing. ). €. 'P=-§ Q

Negation: P Q “‘%‘\Ho”\ . (P> Q‘\ = PA qQ
T am O\uppa aol ¥ oo vdl"-'m%

(c) Symbolically, write the negation of the proposition

(Vo € Z)(Jy,z € Zs.t.) (x > 2y + 32)

Negation:

- (Vxez-\ (35.5625.4.\ (x>,.16+:‘>a§

]

(3xezst. ) ByveFsiD (x>2yt33)

(Qxez S-'l-.\ (Va& 62‘\ ~ (x> 24 +3>%)
(3xez st (Fys €2 ( x< 2yt28)
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[7pts] (4) Prove the following propositions using only the Integer Axioms.

(a) Proposition: Let a € Z. If ba = b for all b € Z, then a = 1.

(b) Proposition: Let a € Z. Then —(—a) = a.

Careful: your proof must consist of a series of steps that logically follow from previous steps.
FEach step must be justified by a single Integer Axiom (from the list presented in class), or

by a property of the relation “=". Name each axiom being used (e.g. “commutativity of
addition”).

@) kek aeZ Asune ba-b forall be Z.

By e mulhpliealle. idenkiy aron, 1€ £,

= oal-= (Bomnmtahvity o walkplioation
> o= (hubiplicahie idenbty Y T

(b)Y let ae X “Tean

o+ (aN=0 (addilye M el akiom )
o)+ =0 (CDMM‘\Q"'N‘I‘I'(\S afadaelh"on\

() +on = )+ (o) (addilce v wree. aiown )

ot (Edsn)=a+ ([ L)) eplaceinst prop.)
(a+ > )ian = (a+ (oY +ElnY  (assocabidy o oddahon)

O+ a = 0+ FlY) (addihe iuwua.b{owd
aro = EFNTO (ommankividy of addation)
o = -5 (Adda Kivt. IVt AKO W)
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(5) Use an appropriate type of proof to prove the following.

Proposition: Let a,b € Z. Then £0s —b <= a > 0.

Q
You may use only the axioms of N, the definition of the relation “<”, the definition of
subtraction, and any propositions already proved on this exam.

Careful: do not use any propositions proved in class!

e heedt o prove P&SQ. Ma-waa Pr.s:{ a( ag,ul-\raemuz.
we naed b o P=DQ aoct Q=Y.

o don VHQ.:
Noar s 04— tan (N-(DEN  (difn-of "<")
ow )=l =Ea)+ EER)  (dufn. of wokachon)
=(b)+a [y Bt

= as L) (townwtodvi by e ald)
- &b (dsfn - of slotiveliond

|\d 2 a—beN.haw.&n.q ¢  we condnde a>b.

To show Q=Y

Assung. Ao, Tlon a-o €N (oupn-f ">").

Now &%= a+ Hod [dn&n-o.( wholtchon )
=)+ (eaamniabyity et addibon)
< () ) U»;g Blb)
= (b)- £ (oefn- o sokachon)

Newce (b)-Led e N.

E’é w@o&' VAT onclunde. -4 b .
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Table of Logical Equivalences

’ | Equivalence ‘ Name
(1) P=Q = -PVvQ Implication Law
(2) P&e@ = (PAQ)V(—P A-Q) | Biconditional Laws
(3) PeQ = P=Q N Q@=7P)
(4) Pv-P =T Negation Laws
(5) PA-P = F
(6) PVF = P Identity Laws
(7) PAT = P
(8) pPvT = T Domination Laws
9) PAF = F
(10) PvpP = P Idempotent Laws
(11) PAP = P
(12) -—P = P Double negation
(13) PvQ = QVP Commutative Laws
(14) PANQ = QAP
(15) | (PVQ)VR = PV (QVR) Associative Laws
(16) | (PAQ)ANR = PA(QAR)
(17) | PV(QAR) = (PVQ)N(PVR) Distributive Laws
(18)  PAN(QVR) = (PANQ)V(PAR)
(19) ~(PAQ) = —-PV-Q De Morgan’s Laws
(20) -(PVQ) = -PA-Q




