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This is an 3-hour closed-book exam; no notes are allowed. Calculators are not permitted.

The exam consists of 11 questions (each worth 10 marks) on 20 pages. Page 20 contains the
Table of Logical Equivalences. Please do not detach it.
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MAT 1362 Final Exam 2

[10pts] (Q1) Let P, (@, R be propositional variables.

(a) Use a truth table to determine whether or not the compound propositions
(PANQ)=R and (P=R)AN(Q=R)

are logically equivalent. Clearly state your conclusion, and justify it referring to the
truth table.

? @ R | PAQ | PAG DR | PR | AR | f) A (69R)
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FTT | F T T T é
FTF F @ T F

FFT | ¥ T T [T T
FFF F T T T T

~_ *

(oncluan; PAODRA  awd (PR IN(OR) ae ot equrvaled-




MAT 1362 Final Exam

3

(b) Use the Table of Logical Equivalences on p. 77 to prove the following equivalence:

((P:>R)/\(Q:>R)) = ((PVQ):>R))

Use exactly one equivalence per step, and name it, too.

(’P")R\ A ( O»HR) = ('I?VR-\ A (Rav 12) (WCAHMB
= (R ARY 20D ( boamndobie. )
v (AP AQ) (Drskimbve)

hPAOIVR. (Commumdabne)

= 2 (pvad YR (e Hoigpu's
= (Pva\ & (Tnplicakon )
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1OP5S] (52 (a) Let A, B C R, and let P be the following proposition:

P : “If Ais asubset of B and B is bounded above, then A is empty or sup(A) exists.”

State (i) the contrapositive, (ii) the converse, and (iii) the negation of P. Use words,
that s, write these propositions in the same style as P is written above.

(i) the contrapositive of P:

VTf Al vonauphy ol mEA) does wot ackeat, Joun
A 15 vot atuhset of o of Tois it leaunoted oleore. '

(ii) the converse of P:

" 3f AB% of sup{A\ﬁpMs Yoen A s on wndk
ot B gt Boh bowndid alsre. "

(iii) the negation of P:

VA1 a sk o) B o B 1S bonndedl alesre | Guod
A I vonainphy | Gurol Sup(Po) oloee wi'm{*. ’

(b) For each of the following propositions, determine whether it is true or false, and then
state the negation.

You need not prove/disprove the proposition. For the negation, use quantifiers, but
simplify the quantified statement so that no symbols = and A remain.

(i) (3N € Ns.t.)(Vn € N)(n < N) Circle: T @

Negation: (V’UQ’N\(QV\G’N 5.43(9\'7“)

(i) (Vz € R)(Jy € Rs.t.)(x +y =0) C’ircle:@ F

Negation: (3 x_em S'l- \ (v ‘6&‘2—\ (X“ 6 *O)

(iii) (Vrz,y e R)(Fz e Rst)(z<y=2<z2<y) Circle:(T ) F

Negation: (5 x\aen S -l-j (H‘{,&ll\( xC\a /AN (% eX \, i’?’%\)

(iv) (VACR)(IM € Rs.t.)(Va € A)(a < M) Circle: T | F

Negation: (A R sd.)(¥Her) (Bae AY(a>H)
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(Q3) Let a € Z. Using only the axioms of Z, prove the following two propositions. Use one
[10pts] axiom per step, and name it, too.

(a) a-0=0-a=0.
(b) If b+ a = b for some b € Z, then a = 0.

@ D= 04O (odditve i dankiy)
=> 4 O-=alo+0) ( cep\aceimamt 'Fbpﬂ‘a3
— fpO=004A0 (d«.‘%kimﬁvu-a)
= po+ (- = (a0+ae)+ (-l o)) (udm&)
= 0O+ (— ‘AO“ = RO+ (a’O "f'{- (5\'0\\\ (a%ﬁﬂb:ﬁ-‘\\';b +)
= D= a0+0 (adh . invuse)
= 0 =00 (odol. ictunk by)
= o =0 (ecmmularindy -

(o) Aswwne bH+é4=Dh for e be .

>  (b)+ b+ = (L)+b (replaceimst )

= (o) +a =Rt (aswciakaiby +)
= (\mp\o\\ +0 = L o) (mmm{ak\xlké +3
N O+a =0 (add. luwse)
=> a+0 =0 (comnunkviby )

= A =0 (adol.iwnk\a\
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[10pts] (Q4) Let (f;)32, be a sequence in Z defined recursively as follows:
fi=0, =1, and fy=foi+fon foralln>3  K)

(a) Determine f3, f4, and f5.

.:t».b. £’_.‘ :t‘-. \ #‘-\"’ f..,.v;(;ﬁ.l f&:= .€¢\¥£s= 5

(b) Use Strong Induction to prove that for all integers n > 2,

fn+3 = 3fn + anfl-

Clearly state the proposition to be proved, the Basis of Induction, the Induction Step,
and the Induction Hypothesis. Indicate where the Induction Hypothesis is used in
your proof.

Lt PO): s St Afua’ . He hessk lo proe PLd forall w33,

ST To proe PO " f =522
e: fs= 3D
Ris: Sfa+2£ =1 2O0=0
6o HIS=PUS, Gmt P2 i T

TS : To pro-t PIDAPEA - - AP =D ?‘V“'D fﬁ al wy 1.

Tix Guy W22\ Oud OsSuine PLOA--P0n) is T

Pk o "fupe Bfaif forall 2eken (O,

EmV\l\f\L ‘P{N’l) . ! ‘flﬂl{- = 'Bfnu +lfu !

Case | n3D

MS: fmu = :€n+5+ ,fu{-:. b‘é@

= (’b_ful-l;fu-l\-l-('bfu—l +1fu-z.\ 'ﬂa h {"‘? '5)
= ?_-.(fw»,ﬂ\-h & I{fu-\ + fu—z\



= Bfan + 2 fn k’é@

= RWS

So P $pllous .

Casea: n=2. W mfpes o sbow PO fem Dfsr 2fa”
LUS ':Fs = fr;J X b‘6®

=b+2L =%
pHS ¢ Df3r2fa= D1+ 2 1= 6
Go LHS ~RHS A P(2) is T.
s Plurd Pllows in kot eases.

Lonclusion:  wce PR is T Gk P2V APGD =D Plun)
s T .p.rall w2, PUWIsT _famll n> 2.
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[10pts] (Q5) Let A, B,C CU.

(a) Give the precise definition of sets AN B and A U B, using the set-builder notation.
AOb =1xel : XeA awl xeb}
AUB =ixel: xeA or xe®)

(b) For each of the following statements, determine whether it is true or false (for all
A, B,C). If you claim that it is true, give a rigorous proof using the definition of set
operations; otherwise, give a concrete counterexample and demonstrate that this is
a counterexample. (Do not use set identities.)

(i) f AUC =BUC, then A= B.
(ii) fANC=BNC, then A= B.
(iii) FAUC=BUC and ANC =BNC, then A= B.

() Talee . lowndss examele

A= huzh

= W h2ab)

¢ = hxbh

Yun AVC= W25 = BUC but A4To.

(i) Tolse. lountuexanple :

A=3L2Y

t>= 4%

e~

YHan AnC = N1 =B0OC  wk A1D

(i) Trwe. 'Pwo,@:
Assune. AUC =BUC sl ANC=BNC.
Take amy ach
= aeAUC



=> A€ Bue

- o V aelC

= ae®b V aeAlc smce AEA
= ae® UV ae bl sce Mc=PNC
=> aeb

Nemee A =D,

?Da Qahu}'a, DA,

Hemce A=D.
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[10pts] (Q6) A relation R on the set Z is defined as follows:
TRy <= 4|(2* — y?).

(a) Prove that R is an equivalence relation.

(b) Describe [0] and [1], that is, the equivalence classes of 0 and 1, respectively. Use the
set-builder notation, and be as explicit as possible.

(c) Show that each n € Z is either an element of [0] or an element of [1].

() R e efluave:. Pral xeZ,
X:xtzo = 4lixixr) = xRy
R e BAMM'I“'E: Sor all yuan{-,
XRy = 4| by = uflgx) = g
R tsdmmahee: fo all xyt€d:
xRy AyRe = Ul (g A (g )
= il (efag-+)
= 4| ) = xRe

G Ris ceflexve 'uaw\:\-rfc,laud {oman v & an @]W&M
celalion.

() To1 = {32 : tllgad - frge Wy
[N -1yez: 4 (b-_p-\ll - hyez : ul =0y
LC'B Take aua ne 4.

Case | w i ortn.
=) W= D-k @’ somg ke X



= wr=ikt
=2 Y ' wt

=> né [o] b (w)
Lage 2. n i odd .
= n=kil oo ke s
s> nt= L\-(B‘-\ ll-w +|
= 4] =D

= ne N .
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[10pts]

(Q7) (a) Give the full statement for each of the five axioms that we used to define the set of

real numbers, R.

(b) Using only the five axioms from (a) and the replacement property, prove the multi-

plicative cancellation property for real numbers:

For all z,y,z € R such that « # 0, if xy = xz, then y = 2.

Use one aziom per step, and name it, too.

(&) AdanIl For amy Xy beR

(D xan=oyte
G Gag)as = x+ (gt d)
@) x(ytd) = xy+ X+
() x3= g
() xlys) =@y

Axdom 3.2 Thet o OE R St x40=X fcrall xe€ X,

Aviows 1.5 Thet ousts |ER 34 |20 Gnal X-I=x for all xe P

Aviows T4 Far all xe R ¥t Bide Y ER st ¥¥Y =6,
AxiomIS Fer all x € IR-10} ¥t acdede ye R . XY= \.
UD) Agune. Axdowms F1-3S.

Ld' Yla\
By Axom

Tban .

XA=XT
S x (xg) = X' x3)
= ')y =K'x)
= GxNy=(xxD

=D |‘\a =13
= :s.\ - %'I
=) l&'&%

2€ R be smele Yok X4 =Xt and X+tO.
3.5, ¥t exieds X' el 4. XX =|.

(neplocewnst)
(Ax‘\ow\ 2\ (vd)
(Axcom 3| (ivY)
(Axvown 3. 5)
(Axiom FA (i)
(Ao 3.5
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[10pts] (Q8) Let f: A — B be a function.

(a) Give a precise definition that explains what is meant by “f is injective”.

:g NM&C‘%&\\# *ﬂfﬂu a[.ﬂL&Ai fhl\’-ﬂm.\ = a =G .

(b) Give a precise definition that explains what is meant by “f is surjective”.

ﬁ e sulgtehre if fasall bet>, A aeA et fla) =b.

(c) Let f:Z — Z be defined by f(n) =3n — 2.
(i) Prove that f is injective.
(ii) Prove that f is not surjective.
(iii) Find a left inverse g of f.
Be sure to verify that your g is indeed a left inverse of f.

(i) Take any Anas€ .
£b)~ f{a;\ =5 bar-L = DA~k

=0 Da.= DA
=) G = QA

Hence fre inehre .
() Counlueromple: Lk b=2 € Z.
ppese doe F s 4. ﬂ"‘\ =

-S> k=L
=>  Bazi | a cobadichon.

(iii) M q1e a Lept mveree o  Han %o(, = oz
Hence fos all ae#: %(fla.\\ - a
=5 6("—'»\-#\ =

=> %(b\’a\ :F@! o= "Sa-2



MAT 1362 Final Exam

11

Additional work space. Please do not detach.

> glod=L ) i b2

Define %:2-‘)2 as follows -
L) if (e
glod- f\f; olutdet

an {uall ae X,
(3o0)e) = g(fle) = g (32 = 2

%0 QO,F“MZ Gudh %rsaﬂf-l- \\Hr%ea(,_e
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[10pts] (Q9) Let A be a subset of R defined as

A:{5—g:n€N}.
n

Fully justify all your answers below. In this question, you may use the arithmetic of R
without referring to axioms or propositions.

(a) Find the minimum of A, or else prove that it does not exist.
(b) Find the infimum of A, or else prove that it does not exist.

(c) Find the supremum of A, or else prove that it does not exist.

BN Clan . wia (A= D

=D g-%\ - E—D_ -:.b
hnce. azs fual achA, %o 5 isa Corts laoundt.
Ao 5-L .1 €A e bove M (A) =3 .

(6) Smee v lA) = 3, 4t bwow Inf [A) =2 os Lrell.
@) Uaiw . wplA)=&
Pr_o.oTP- ¥ Far all ne IV,

n>0
:7—%)0

=) -

s|e
A
~ O
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Additional work space. Please do not detach.

Bemee a <G @;au athA %o 5 1S an uppl leound.
M %P?osabisauuwxlhm#mfl ol b4 T,
Gnce I 1o ok bounted deoe, Ane st WS>
= Sb>i (as 5-b>0)
= b<«b-=

= =aecA s4. adb |, A tanlrndiclom.

hence G=up (A).
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10pts
[10p ](QIO) (a) Let (ag)g>, be a sequence in R, and L € R. Give a precise definition that explains

what is meant by “the sequence (ay)f2, converges to L”.

Too stgonce (). towesags Jo L i
(\‘azo\(a NENst Y (k3N (VAL < &5

2k—1
k+3 °

You must prove that your answer is correct using the definition of a limit of a sequence
from (a), and using no other results on limits.

N
% L e 2

_‘)”

(b) Determine limy o,

Pod. ¥ Take auy &>0. le uad Nl s4 Hhpn, | T -g| <2

e
% Caledohon: . -
244 byl -2 (e S\ 2 2
‘E-;_"l =‘ *hv_, lk' !w:\ My W

% Choose N Ghee N B wat bowded alase, TNEN 540> =
¥ Verify e B2 fos all k2N,

Sy |
iy

s ) s
_1\=kh:;4-_kl$-~<£'

L>oe LT3
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[10pts](Q11) Let (337.):.0:1 be a sequence in R defined recursively as follows:
1
r1=1, and z,= g(xn,l +6) foralln>2.

(a) Using induction, prove that this sequence is bounded above by 3 and bounded below
by 0; that is, prove that for all n € N,

0<zg, <3.

(b) Prove that this sequence is increasing.

(c) (Bonus) Is this sequence convergent? Justify your answer.

(@) Juk PO :"OxmeD”
BT: To prove PN : "o ¢
Gmee Xi=l Gwodl Ol eB, PO isT-
3S: To proce Pl DPMn) Lo all n3l.
Px auy w21 Acsime Pl "0 Xu e (TH)
Ex@ining. Plt): "o € Xu €3
YXna = -;"5 (Xn+6) =12 2—%-’b+2 =3
aod Xk = % (x.a+(,) > -1_;(o+d =220
G O&Xu €3, ol Plut) follows.

Ty matuehlon | P(n) Ve T o al n3 1\

() Fer all nep:
Xnxi= Xu = —%,(xwe\-—xu = --?.i;)(m-i-Q_ P --’i.b-\-?_ =

Gnle Xntb ly (@),
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Additional work space. Please do not detach.

femce X & Xun -fO-f all ne N, Aol (Kh\::, S
inCNﬂMra,

() By (), e ctgamee S boundol, Guol by (Y, it
Wwonolonie. . ‘ane ev{ra manolome laounoliol Seqhavce
Lowwds,  (Xn)y,  Cowiys.
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Table of Logical Equivalences

’ | Equivalence \ Name
(1) P=Q = -PVQ Implication Law
(2) P&Q = (PAQ)V (P A-Q) | Biconditional Laws
3| PeQ = P=QAQ=P)
(4) Pv-pP =T Negation Laws
(5) PAN—-P = F
(6) PVF = P Identity Laws
(7) PAT = P
(8) PVT = T Domination Laws
9) PAF = F
(10) PvP = P Idempotent Laws
(11) PANP = P
(12) -—P = P Double negation
(13) PvQ = QVP Commutative Laws
(14) PANQ = QAP
(15) | (PVQ)VR = PV (QVR) Associative Laws
(16) | (PAQ)ANR = PA(QAR)
(17) | PV(QAR) = (PVQ)AN(PVR) Distributive Laws
(18) | PAN(QVR) = (PANQ)V(PAR)
(19) “(PANQ) = —-PV-Q De Morgan’s Laws
(20) -(PVQ) = -PA-Q




