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Instructions:

Write your full name and student number at the top of each page in the designated
space.

The duration of this midterm is 70 minutes.
This is a closed book midterm that contains 6 questions.
No calculators are permitted.

Use the designated space to answer each question. If ever you need additional space,
you may write on the back of the page. If you do so, you must clearly indicate where
the rest of your work can be found.

Unless otherwise specified, the correct answer requires full justification written legibly
and logically: you must convince me that you know your solution is correct.

There is an additional blank page at the end of this exam that you may use as scrap
paper.

The use of cellphones, electronic devices and course notes is strictly forbidden. All
phones and electronic devices must be turned off and kept in your bags: do not leave
them on you. If you are seen to have an electronic device on your person, we may ask
you to leave the exam immediately, and fraud allegations could be made, which could
lead to a mark of 0 (zero) on this midterm.

Good luck!!!

By signing below, you acknowledge that you are required to re-
spect the above statements.
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Question 1. [3 points] Let A be an n x n invertible matrix. Answer TRUE or FALSE
for each of the following. No justification is required.

(a) The rank of A isn — 1. Answer: Solution: F
(b) N(A) = {0}. Answer: Solution: T
(c) A'is not invertible. Answer: Solution: F
(d) The columns of A are linearly dependent. Answer: Solution: F
(e) det(A) # 0. Answer: Solution: T
(f) The rows of A form a basis of R™. Answer: Solution: T
(g) C(A) ={0}. Answer: Solution: F
(h) det(A*A™') = 1. Answer: Solution: T

-0.5 for each wrong answer, with minimum 0 point

Question 2. [2 points] Let A, B and C be 3 x 3 matrices such that
det A=3, detB=-2, det(—24'B'CB)=48.
Find det C.
Solution:
48 = det (—2A'B71CB) = (—2)3 - det(A?) - det(B™1) - det(C) - det(B)
= (=8) - det(A) - g5z - det(C) - det(B) = (=8) - 3 - det(C) = (—24) - det(C)

So det(C) = 28 = —2.

—24

0.5 for noticing that det(2...) = (—2)%det(...).

0.5 for decomposing the determinant.

e 0.5 for realizing how to compute det(C) in terms of the given quantities and the
remaining steps of the computation.

0.5 for the correct final answer.



1 0 -3 0
Q 3. [4 ] Let A 2 0 !
uestion 3. oints| Let A =
P -2 3 0 —2
2 0 -1 1
Find det(A) using the recursive formula.
Solution:
; (2) _g (1) 2 0 1 2 2
=113 0 =2 |+(-3)-| -2 3
23 0 =2 0 —1 1 2 0
2 0 -1 1

=1-(=7) 4 (=3)-[2- (=7) +1-10]
— —7+ (=3)[-14 + 10]

7412
= 5.

e 0.5 for breaking it into 2 determinants.
e 1 pt for each 3 x 3 determinant.

e (.5 for the correct answer




Question 4. Consider the complex numbers z = 2—1¢ and w = 1+1. Express the following
in the form a + b7 (a,b € R).

(a) [1 point] z — 2w

Solution:

p—2w=(2—i)—2(1+i)=2—i—2—2i=0—3i =—3i.

0.5 pt for correct real part; 0.5 pt for correct imaginary part.

(b) [2 points] g
z
Solution:
w  1+i  (1+4)(2—i) 2—i+2i+1
z  24i (2+9)(2—4) 5
3+1 3+1.
= - — _/L
5 5 5

e 0.5 pt for the conjugate.
e 0.5 pt for multiplying by z.
e 1 pt for the rest.



Question 5. [3 points] For each of the following subsets of R?, answer (YES or NO)
whether the subset is a subspace of R?. No justification is required.

a—2b
(a) T=4¢ |b—3a| |a,beR Answer: Solution: Y
—3b
Solution:
1 —2
T = span -3, 1
0 -3
T
(b) U=X |y||lz+y=1€R Answer: Solution: N
2

1 -1 0
(c) V=<10|,101, |0 Answer: Solution: N
1 -1 0
1 2
Solution: For example, the vector [0 is in V', but the scalar multiple |0] is not.
1 2
x x
1 2 3 0 .
(d) W=2<ly [4 5 6] yl| = [0] Answer: Solution: Y
z z
. : |1 23
Solution: W is the null space of the matrix 15 6l
x x
2 01 N .
(e) X = 5 3 ol |Y yl €R Answer: Solution: Y

z

Solution: X is the column space of the matrix [g g ;] .



Solution: For example, the vector

e (.5 for each correct answer.

2
1
1

Answer: Solution: N

4
is in Y, but the scalar multiple |2
2

1S not.
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Question 6. Consider thematrix A= | 2 2 1 —2 |,whose RREFis [ 0 0 1 -2

220 0 000 O
(a) [2 points] Give a basis for C(A) and its dimension.

Solution: A basis for C(A) is given by the pivot columns of A, which are column 1 and
column 3. Therefore the set

1] [1
2|, |1
21 1o

is a basis for C(A). The dimension is 2.

1 point for a correct basis.
1 point for correct rank.

(b) [2 points] Find a basis for N'(A).

Solution: We first write the solution of Ax = 0 in parametric form:

T —X9 —1 0
T . ) o ]_ 0
xT3 o 21’4 2 0 + 2
T4 L Ty O 1
([ —1 0
. . 1 0
A basis for Nul(A) is given by 0o |19
0 1

1 pt for the correct parametric vector form of the solution.
1 pt for the basis.

(¢) [1 point] If B is a 1302 x 2019 matrix such that rank(B) = 1000, what is dim(N(A))?

Solution: By the rank theorem,
rank(B) + dim(N(B)) = 2019.

Therefore
dim(N(B)) = 2019 — 1000 = 1019.

1 pt; all or nothing
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