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Introduction

In a remarkable series of work starting in [N1], Nakajima gives a geometric realiz
of integrable highest weight representationsVλ of a Kac–Moody algebrag in the homology
of a certain Lagrangian subvarietyL(λ) of a symplectic varietyM(λ) constructed from
the Dynkin diagram ofg (thequiver variety). In particular, in [N3], he realizes the tens
productVλ ⊗ Vµ as the homology of a “tensor product variety”L(λ,µ) ⊂M(λ+µ) (the
same construction also appears independently in [M]). Wheng is simple, one might ask i
a similar construction can produce thefusion tensor productsVλ ⊗l Vµ, certain truncations
of Vλ ⊗ Vµ.

In this short note, we answer this question affirmatively wheng = sl2. In this case,
Vλ ⊗l Vµ is realized as the homology of the most natural subvarietiesLl (λ,µ) ⊂ L(λ,µ)
(see Section 3). We also consider the case of a tensor product of arbitrarily mansl2-
modulesVλ1, . . . , Vλr . Finally, we give a combinatorial description of the irreduci
components ofLl (λ,µ) (andLl (λ1, . . . , λr )) using the notions of graphical calculus a
crossingless matches forsl2 (see [FK] and [S]). We do not expect these construction
generalize to Lie algebras of higher rank.

1. Fusion products for U(sl2)

1.1. Let R denote the category of finite-dimensionalsl2-modules, and fori � 0 let Vi
denote the simple module of highest weighti. Let C[R] be the Grothendieck ring ofR
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and let[V ] denote the class of a moduleV . We have

Vi ⊗ Vj �
i+j⊕

k=j−i

Vk, [Vi] · [Vj ] =
i+j∑

k=j−i

[Vk], for i � j,

where in the sumsk increases by twos.

1.2. Now let us fix some positive integerl ∈ N. Consider the quotient

Cl[R] = C[R]/[Vl+1]C[R].

Denoting by[V ]l the image of[V ] in Cl[R], we haveCl[R] = C[V0]l ⊕· · ·⊕C[Vl]l , and

[Vi ⊗ Vj ]l =
min(i+j,2l−i−j)∑

k=j−i

[Vk]l, for i � j � l.

We also set

Vi ⊗l Vj =
min(i+j,2l−i−j)⊕

k=j−i

Vk, for i � j � l.

Again, in the above sums,k increases by twos. The ringCl[R] appears in conformal fiel
theory (as the Grothendieck ring of the modular category of integrableŝl2-modules of
level l) and in quantum group theory (as the Grothendieck ring of a suitable quotient
category of tilting modules overUε(sl2) whenε is anlth root of unity).

2. Lagrangian construction of U(sl2)

We briefly recall Ginzburg’s construction of irreducible representations ofsl2 in the
homology of certain varieties associated to partial flag varieties (cf. [G]). We use th
this case equivalent) language of quiver varieties (cf. [N2]).

2.1. Let v,w ∈ N and let V and W be C-vector spaces of dimensionsv and w,
respectively. Consider the space

M(v,w) = {
(i, j) | ij = 0; kerj = {0}} ⊂ Hom(W,V )⊕ Hom(V ,W).

We let GL(V ) act onM(v,w) via g · (i, j) = (gi, jg−1). This action is free and we s
M(v,w) =M(v,w)/GL(V ). The assignment(i, j) �→ (j i, Imj) defines an isomorphism
betweenM(v,w) and the variety

Fv,w = {
(t,V0) | V0 ⊂W, dimV0 = v, Im t ⊂ V0 ⊂ kert

} ⊂NW × Gr(v,w),
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whereNW is the nullcone ofgl(W) and Gr(v,w) is the Grassmannian ofv-dimensional
subspaces inW . We will denote byπ :M(v,w) → NW , the projection(i, j) �→ j i. For
any t ∈ NW such thatt2 = 0 we setM(v,w)t = π−1(t) andM(w)t = ⊔

vM(v,w)t .
In particular, we setL(v,w) = π−1(0). Observe thatL(v,w) is just Gr(v,w) and that
M(v,w) is isomorphic to the cotangent bundle ofL(v,w). We have dimM(v,w) =
2 dimL(v,w) = 2v(w − v). Forv1, v2,w ∈ N we also consider the variety of triples

Z(v1, v2,w) = {(
(i1, j1), (i2, j2)

) ∣∣ j1i1 = j2i2
} ⊂M(v1,w)×M(v2,w).

Then dimZ(v1, v2,w) = v1(w − v1)+ v2(w− v2).
The formω((i, j), (i ′, j ′))= TrV (ij ′ − i ′j) defines a symplectic structure onM(v,w),

for which the varietyL(v,w) is Lagrangian. EquipM(v1,w) × M(v2,w) with the
symplectic formω × (−ω). ThenZ(v1, v2,w) is also Lagrangian. Let denoteZ(w) =⊔

v1,v2
Z(v1, v2,w).

2.2. For any complex algebraic varietyX we letH∗(X) be the Borel–Moore homolog
with coefficients inC, and setHtop(X) =H2d(X) whered = dimX.

Letpij :M(v1,w)×M(v2,w)×M(v3,w) →M(vi ,w)×M(vj ,w) be the obvious
projections. The map

p13:p−1
12

(
Z(v1, v2,w)

) ∩ p−1
23

(
Z(v2, v3,w)

) →Z(v1, v3,w)

is proper and we can define the convolution product

Hi

(
Z(v1, v2,w)

) ⊗Hj

(
Z(v2, v3,w)

) →Hi+j−d2

(
Z(v1, v3,w)

)
,

c ⊗ c′ �→ p13∗
(
p∗

12(c)∩ p∗
23(c

′)
)
,

where d2 = 4v2(w − v2). In particular, this gives rise to an algebra structure
Htop(Z(w)) = ⊕

v1,v2
Htop(Z(v1, v2,w)).

Now let t ∈ NW such thatt2 = 0. The projection

p1 :Z(v1, v2,w) ∩ p−1
2

(
M(v2,w)t

) → M(v1,w)t

(wherep1 andp2 are the obvious projections) is proper and the convolution action

Htop
(
Z(v1, v2,w)

) ⊗Htop
(
M(v2,w)t

) →Htop
(
M(v1,w)t

)
,

c⊗ c′ �→ p1∗
(
c ∩ p∗

2(c
′)
)

makesHtop(M(w)t )= ⊕
v Htop(M(v,w)t ) into aHtop(Z(w))-module.

Theorem [G]. There is a natural surjective homomorphism Φ :U(sl2) → Htop(Z(w)).
Under Φ , the module Htop(M(w)t ) is isomorphic to Vw−2u where u= rankt .
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2.3. We now give the realization of tensor products ofU(sl2)-modules. Letw =
w1 + · · · + wr and fixW = W1 ⊕ · · · ⊕ Wr with dimWi = wi . Let W0 = 0. The group
GL(W) acts onM(v,w) by g · (i, j)= (ig−1, gj). Consider the embedding

σ : (C∗)r−1 →
r∏

i=1

GL(Wi) ⊂ GL(W),

(t2, t3, . . . , tr ) �→ (
Id, t−1

2 , t−1
2 t−1

3 , . . . , t−1
2 · · · t−1

r

)
.

Then, for eachv, we have (see, e.g, [N3, Lemma 3.2])

M(v,w)σ =
⊔

v1+···+vr=v

M(v1,w1)× · · · ×M(vr,wr).

Consider the subvarieties

M(v,w1, . . . ,wr)=
{
x ∈ M(v,w)

∣∣∣ lim
ti→0

σ(t2, . . . , tr ) · x exists
}
,

NW(w1, . . . ,wr)=
{
t ∈ NW

∣∣∣ lim
ti→0

σ(t2, . . . , tr ) · t exists
}
.

For x ∈ M(v,w1, . . . ,wr), let us setτ (x) = limti→0σ(t2, . . . , tr ) · x. We defineτ (t)
similarly for t ∈ NW(w1, . . . ,wr). Now consider

L(v,w1, . . . ,wr)=
{
x ∈ M(v,w1, . . . ,wr)

∣∣∣∣∣ τ (x) ∈
∏
i

L(vi ,wi) for some(vi)

}
.

SetL(w1, . . . ,wr) = ⊔
v L(v,w1, . . . ,wr). Note thatL(w1, . . . ,wr) = π−1(τ−1(0)) so

that we have an action ofHtop(Z(w)) on Htop(L(w1, . . . ,wr)). Moreover, it is easy to
check thatL(w1, . . . ,wr) is Lagrangian. Note thatL(w1, . . . ,wr) is isomorphic to the
variety{

(t,V0)
∣∣ V0 ⊂W, Im t ⊂ V0 ⊂ kert, t (Wj )⊂W0 ⊕ · · · ⊕Wj−1, 1 � j � r

}
.

Theorem [GRV,N3,M]. Htop(L(w1, . . . ,wr)) is isomorphic to Vw1 ⊗ · · · ⊗ Vwr as a
U(sl2)-module.

3. Lagrangian construction of the fusion product

Let us fix some positive integerl. We will now describe an open subvariety
L(w1, . . . ,wr) whose homology realizes the fusion productVw1 ⊗l · · · ⊗l Vwr .
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3.1. We keep the notation of Section 2.3. For allk ∈ N andt ∈NW1⊕···⊕Wk (w1, . . . ,wk)

we setτk(t) = limtk→0σ(1, . . . ,1, tk)(t). Let us consider the open subvarietyN l (w1,

w2)= {t ∈NW1⊕W2|dimkert � l} of NW1⊕W2 and define inductively

N l (w1, . . . ,wk) = {
t ∈NW1⊕···⊕Wk

∣∣ dimkert � l + rankτk(t),

t|W1⊕···⊕Wk−1 ∈N l (w1, . . . ,wk−1)
}

(3.1)

for k � 3. Finally, setLl (w1, . . . ,wr)= L(w1, . . . ,wr)∩π−1(N l (w1, . . . ,wr)). By defin-
ition Ll (w1, . . . ,wr) is an open subvariety ofL(w1, . . . ,wr) and thereforeHtop(Ll (w1, . . . ,

wr)) is aHtop(Z(w))-module.

Theorem. Htop(Ll (w1, . . . ,wr)) is isomorphic to Vw1 ⊗l · · · ⊗l Vwr as a U(sl2)-module.

Proof. We proceed by induction. Supposer = 2. It is enough to describe the irreducib
components ofLl (w1,w2) corresponding to highest weight vectors in theU(sl2)-module
Htop(Ll (w1,w2)). The irreducible components ofL(w1,w2) corresponding to highes
weight vectors are

Iv = {
(i, j)

∣∣ j (V )⊂W1, i(W2)= V, i(W1)= 0
}
, for 0 � v �w1,w2,

and the associated highest weight isw1 +w2 − 2v. Note that the condition dimkerj i � l

is equivalent to the conditionw1 + w2 − 2v � 2l − w1 − w2. Now suppose that th
theorem is proved for tensor products ofr − 1 modules, and let us setW ′ = W1 ⊕
· · · ⊕ Wr−1. For eachu ∈ N let us setNW ′(u) = {t ∈ NW ′ | rankt = u}. Recall that
Ll (w1, . . . ,wr−1) is Lagrangian and thatπ is semi-small with all strata being releva
(cf. [N2, Section 10]). Thusπ(Ll(w1, . . . ,wr−1)) ∩ NW ′(u) is a subvariety ofNW ′(u) of
dimension1

2 dimNW ′(u). LetCu1, . . . ,Cus(u) be its irreducible components. By the inducti
hypothesis,

s(u)= dim Homsl2(Vw′−2u,Vw1 ⊗l · · · ⊗l Vwr−1). (3.2)

The irreducible components ofLl (v,w1, . . . ,wr) corresponding to highest weight vecto
of Htop(Ll (w1, . . . ,wr)) are of the formIχ with

Iχ = {
(i, j)

∣∣ i(W)= V, j (V )⊂W ′, (iW ′ , j) ∈ χ
}
,

whereχ is an irreducible component ofLl (v,w1, . . . ,wr−1), and the associated highe
weight is w − 2v (note thatIχ may be empty). Let us fixu ∈ N and Cuk for some

k � s(u). Letχ ⊂ π−1(Cuk )∩Ll (v,w1, . . . ,wr−1) be an irreducible component. ThenIχ ⊂
Ll (w1, . . . ,wr) if for all (i, j) in (an open dense subset of)Iχ we have dim Imj i � l + u.

This is equivalent to the condition that the corresponding highest weightw − 2v satisfies

w − 2v � 2l −wr − (w′ − 2u). (3.3)
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Eqs. (3.2) and (3.3) together imply that

Htop
(
Ll (w1, . . . ,wr)

) � (Vw1 ⊗l · · · ⊗l Vwr−1)⊗l Vwr

as aU(sl2)-module, as desired.✷
Remark. (i) The above construction is not canonical in the sense that it was made u
choice of a bracketing of the tensor product, namely(· · · ((Vw1 ⊗l Vw2)⊗l Vw3

) · · · ⊗l Vwr

)
.

Different bracketings give rise to different (possibly non-isomorphic) open subvariet
Ll (w1, . . . ,wr) realizing the same fusion tensor product.

(ii) One might be tempted to define in an analogous fashion a truncated tensor p
for finite-dimensional representations ofUq(ŝl2) by considering equivariant K-theory o
Ll (w1,w2) rather than Borel–Moore homology. However, it is easy to check that (bec
of Remark (i)) the resulting product is not associative.

4. A graphical calculus for the fusion product

4.1. We first recall some results on the graphical calculus of tensor products
intertwiners. For a more complete treatment, see [FK,S]. In the graphical calculus,Vd is
depicted by a box markedd with d vertices. To depict the setCMµ

w1,...,wr of crossingless
matches, we place the boxes representing theVwi on a horizontal line and the bo
representingVµ on another horizontal line lying above the first one.CMµ

w1,...,wr is then
the set of non-intersecting curves (up to isotopy) connecting the vertices of the boxe
that the following conditions are satisfied:

1. Each curve connects exactly two vertices.
2. Each vertex is the end point of exactly one curve.
3. No curve joins a box to itself.
4. The curves lie inside the box bounded by the two horizontal lines and the vertica

through the extreme right and left points.

We call the curves joining two lower boxeslower curves and those joining a lowe
and an upper boxmiddle curves. We define the set of oriented crossingless matc
OCMµ

w1,...,wr to be the set of elements ofCMµ
w1,...,wr along with an orientation of the curve

such that all lower curves are oriented to the left and all middle curves are oriented
those oriented down are to the right of those oriented up.

As shown in [FK], the set of crossingless matchesCMµ
w1,...,wr is in one-to-one

correspondence with a basis of the set of intertwiners

Hµ
w ,...,w

def= Hom(Vw1 ⊗ · · · ⊗ Vwr ,Vµ).
1 r
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The matrix coefficients of the intertwiner associated to a particular crossingless ma
given by Theorem 2.1 of [FK].

We will also need to define the set oflower crossingless matches LCMµ
w1,...,wr

and oriented lower crossingless matches OLCMµ
w1,...,wr . Elements ofLCMµ

w1,...,wr and
OLCMµ

w1,...,wr are obtained from elements ofCMµ
w1,...,wr andOCMµ

w1,...,wr (respectively)
by removing the upper box (thus converting lower end points of middle curve
unmatched vertices). For the case ofOLCMµ

w1,...,wr , unmatched vertices will still have a
orientation (indicated by an arrow attached to the vertex). As for middle curves in the
of OCMµ

w1,...,wr , the unmatched vertices in an element ofOLCMµ
w1,...,wr must be arrange

so that those oriented down are to the right of those oriented up.
Note that the set of lower crossingless matchesLCM = LCMw1,...,wr is in one-to-one

correspondence with the set
⋃

µ CMµ
w1,...,wr . From now on, we will identify these two set

4.2. Let s be a bracketing of the tensor productVw1 ⊗· · ·⊗Vwr . Pick an ordering of the
tensor operations compatible with this bracketing. For eachn such that 1� n� r − 1, let
Sn be the set of theVwi separated from thenth tensor product operation only by operatio
ranked lower than or equal ton. Then letlsCMµ

w1,...,wr be the set of elements ofCMµ
w1,...,wr

satisfying the following condition: for eachn, the number of curves connectingVwi ’s in Sn
to eitherVwi ’s in Sn on the other side of thenth tensor product symbol orVw ’s not inSn is
less than or equal tol. Note that this condition does not depend on the particular orde
so long as it is compatible with the bracketings.

Let l
sLCM = l

sLCMw1,...,wr be the set of lower crossingless matches satisfying
same condition (where unmatched vertices are always counted as curves with th
end point outside of anySn) and identify this set with the set

⋃
µ
l
sCMµ

w1,...,wr . We

define l
sOCMµ

w1,...,wr and l
sOLCM = l

sOLCMw1,...,wr similarly (and the correspondin
identification is made).

Note that in the caser = 2 the condition in the definition simplifies to the requirem
that the total number of curves (including middle curves) is less than or equal tol. In
fact, the given definition simply arises from applying this condition to each tensor pr
operation (in the given ordering), neglecting curves with both end points inVwi ’s which
have already been tensored together.

Proposition. The set lsCMµ
w1,...,wr is in one-to-one correspondence with a basis of the space

of intertwiners lH
µ
w1,...,wr

def= Hom(Vw1 ⊗l · · · ⊗l Vwr ,Vµ).

Proof. We first consider the caser = 2. For anyb ∈ CMµ
w1,w2, the total number of curve

is equal to(w1 + w2 + µ)/2 (since each vertex is an end point of exactly one cur
Thus the condition that the total number of curves is less than or equal tol reduces to
w1 +w2 +µ � 2l orµ� 2l −w1 −w2 as desired.

Now assume the result holds for the product of less thanr irreducible modules and tha
for the product ofVw1 throughVwr , therth tensor product operation is the one occurr
betweenVwk andVwk+1 (k < r). Note that⊕

lH ν
w1,...,wk

⊗ lHµ
ν,wk+1,...,wr

∼= lHµ
w1,...,wr
ν
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via the mapf ⊗ g �→ g(f ⊗ idVwk+1⊕···⊕Vwr ). Now, if s1 is the bracketing of the firstk
modules ands2 is the bracketing of the lastr − k modules, it is easy to see that∑

ν

l
s1

CMν
w1,...,wk

× l
s2

CMµ
ν,wk+1,...,wr

∼= l
sCMµ

w1,...,wr
(as sets).

The result now follows by induction.✷
4.3. From the associativity of the fusion tensor product it follows immediately tha

order of the setlsCMµ
w1,...,wr is independent of the bracketings. However, we will presen

here a direct proof.

Proposition. The order of the set lsCMµ
w1,...,wr is independent of the bracketing s.

Proof. It suffices to prove the statement for three factors. Lets1 be the bracketing
(Vw1 ⊗Vw2)⊗Vw3 ands2 be the bracketingVw1 ⊗(Vw2 ⊗Vw3). We will set up a one-to-on
correspondence betweenls1CMµ

w1,...,wr and l
s2

CMµ
w1,...,wr . We will first establish a one-to

one correspondence between the subsets consisting of those crossingless matche
curves connectingVw1 andVw3 and a fixed numbern of lower curves. Leta (respectively
b) denote the number of curves connectingVw1 (respectivelyVw3) toVw2. Thusa+ b = n.
Now, the number of curves with at least one end point inVw1 orVw2 isw1+w2 −a and the
total number of curves minus the curves connectingVw1 to Vw2 isw1 +w2 +w3 − n− a.
Thus a crossingless match lies inls1CMµ

w1,...,wr if and only if

w1 +w2 − a � l, w1 +w2 +w3 − n− a � l.

Similarly, a crossingless match lies inls2CMµ
w1,...,wr if and only if

w2 +w3 − b � l, w1 +w2 +w3 − n− b � l.

Now, the largest possible value ofa is min(w1, n) and the largest possible value ofb is
min(w3, n). Therefore, by counting the possible values ofa, the number of crossingles
matches inls1CMµ

w1,...,wr with no curves connectingVw1 andVw3 and withn total curves is
equal to

ra = min(w1, n)− max(w1 +w2 − l,w1 +w2 +w3 − n− l)+ 1

if this number is positive and zero otherwise. Similarly, the number of crossingless m
in l

s2
CMµ

w1,...,wr with no curves connectingVw1 andVw3 and withn total curves is equal to

rb = min(w3, n)− max(w2 +w3 − l,w1 +w2 +w3 − n− l)+ 1

if this number is positive and zero otherwise. Considering the four casesn � w1,w3;
n�w1,w3; w1 � n�w3 andw3 � n�w1 we easily see thatra = rb in all cases.

It remains to establish a one-to-one correspondence between the elements ofl
s1

CMµ
w1,...,wr

and l
s CMµ

w1,...,wr with c � 1 curves joiningVw1 andVw3. Fix the number of lower curve

2
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with one end point inVw2 to ben. SinceVw1 andVw3 are connected, there can be
middles curves with end points inVw2. Thuss = w2. Definea andb as above. By an ar
gument analogous to that given in the earlier case, the number of crossingless ma
l
s1

CMµ
w1,...,wr with c � 1 curves connectingVw1 to Vw3 and withn lower curves with one

end point inVw2 is equal to

ra = min(w1 − c,w2)− max(w1 +w2 − l,w1 +w3 − l − c)+ 1

if this number is positive and zero otherwise. Similarly, the number of crossingless m
in l

s2
CMµ

w1,...,wr with c � 1 curves connectingVw1 toVw3 and withn lower curves with one
end point inVw2 is equal to

rb = min(w3 − c,w2)− max(w2 +w3 − l,w1 +w3 − l − c)+ 1

if this number is positive and zero otherwise. Considering the four cases:w2 � w1 − c,

w3 − c; w2 �w1 − c,w3 − c; w1 − c �w2 �w3 − c andw3 − c �w2 �w1 − c, we easily
see thatra = rb in all cases. This concludes the proof.✷

From now on, we will use the bracketing(· · · ((Vw1 ⊗ Vw2) ⊗ Vw3) · · ·Vwr ) unless
explicitly stated otherwise. Thus, if we omit a subscripts, we takes to be this bracketing.

5. The fusion product via constructible functions

5.1. Fix aw =w1 + · · · +wr dimensionalC-vector spaceW and let

T(w1, . . . ,wr)= {(
D = {Di}ri=0,V0, t

) ∣∣ 0= D0 ⊂D1 ⊂ · · · ⊂Dr =W, V0 ⊂W,

t ∈ EndW, t(Di) ∈Di−1, dim(Di/Di−1) =wi, Im t ⊂ V0 ⊂ kert
}
.

Consider the projection

T(w1, . . . ,wr)→ {
D = {Di}ri=0

∣∣ 0 =D0 ⊂D1 ⊂ · · · ⊂Dr =W, dim(Di/Di−1)=wi

}
given by (D,V0, t) �→ D. It is easy to see that the fibers of this map are all isomor
and that in [S] one could replace the tensor product varietyT(w1, . . . ,wr) by this fiber,
restrict the constructible functions to this fiber and the theory would remain uncha
Let TD(w1, . . . ,wr) denote the fiber over a flagD. If we define

Di =W0 ⊕ · · · ⊕Wi, 0 � i � r,

then obviously

TD(w1, . . . ,wr)∼= L(w1, . . . ,wr)

and in the sequel we will identify these two varieties.
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5.2. If b ∈ CMµ
w1,...,wr is an unoriented crossingless match, let

Yb = {
(D,V0, t) ∈ T(w1, . . . ,wr)

∣∣ dim(kert ∩Di)/(kert ∩Di−1)= bi
}
,

wherebi is the number of left end points (of lower curves) and lower end points (of m
curves) contained in the box representingVwi . It is shown in [S] (Proposition 3.2.1) tha⊔

b Yb = T(w1, . . . ,wr) and that the closures of theYb are precisely the irreducible comp
nents ofT(w1, . . . ,wr). LetXb = Yb ∩L(w1, . . . ,wr). Then obviouslyL(w1, . . . ,wr) =⊔

b∈LCM Xb.

Proposition. Ll (w1, . . . ,wr)= ⊔
b∈lLCM Xb .

Proof. We see from Eq. (3.1) thatLl (w1, . . . ,wr) is the set of all(t,V0) ∈ L(w1, . . . ,wr)

such that

dimkert|W1⊕···⊕Wi � l + rankt|W1⊕···⊕Wi−1 ∀1 � i � r.

Now, by the definition of theXb, if (t,V0) ∈Xb for someb ∈ LCM then dimkert|W1⊕···⊕Wi

is equal to
∑i

j=1wj minus the number of lower curves with both end points among
lower i boxes. Also, rankt|W1⊕···⊕Wi−1 is equal to the number of lower curves with bo
end points among the loweri − 1 boxes. Letci denote the number of curves with both e
points among the loweri boxes. Then

dimkert|W1⊕···⊕Wi � l + rankt|W1⊕···⊕Wi−1

⇔
i∑

j=1

wj − ci � l + ci−1

⇔
i∑

j=1

wj − 2ci−1 − #{curves with right end point inith box} � l

⇔
n∑

i=1

wi − #{end points in firsti − 1 boxes of lower curves with both

end points in firsti boxes} � l

and this is easily seen to be equivalent to the condition thatb ∈ lLCM (with the default
bracketing). ✷

5.3. We will now define aU(sl2)-module structure on a certain space of construct
functions onLl (w1, . . . ,wr). For a ∈ OLCMw1,...,wr , let ā be the associated element
LCMw1,...,wr obtained by forgetting the orientation. Define

Ya = {
(D,V0, t) ∈ Yā

∣∣ dimW = #{up-oriented vertices ofa}},
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where the right end points of lower curves are oriented up (as well as the up-or
unmatched vertices). LetXa = Ya ∩ L(w1, . . . ,wr). Then it follows from Eq. (33) of [S]
that

Xb =
⋃

a: ā=b

Xa.

Now let

Bl
s = {

1Ya

∣∣ a ∈ lOLCM
}
,

where1A is the function that is equal to one on the setA and zero elsewhere. Let

T l = T l
s (w1, . . . ,wr)= SpanBl

s .

We endowT l with the structure of aU(sl2)-module as in [S].

Theorem. T l
s (w1, . . . ,wr) is isomorphic as a U(sl2)-module to Vw1 ⊗l · · · ⊗l Vwr and Bl

s

is a basis for T l
s (w1, . . . ,wr) adapted to its decomposition into a direct sum of irreducible

representations. That is, for a given b ∈ lCMµ
w1,...,wr , the space Span{1Ya | ā = b} is

isomorphic to the irreducible representation Vµ via the map

1Ya �→ µvµ−2#{unmatched down-oriented vertices ofa}.

Proof. The second part of the theorem follows from Theorem 3.3.1 of [S]. Then

T l = ∗
⊕
µ

⊕
b∈lCMµ

w1,...,wr

Span{1Ya | ā = b}

∼=
⊕
µ

⊕
b∈lCMµ

w1,...,wr

Vµ ∼=
⊕
µ

lHµ
w1,...,wr

⊗ Vµ ∼= Vw1 ⊗l · · · ⊗l Vwr ,

wherelHµ
w1,...,wr is given the trivial module structure.✷

Remarks. We have used here the standard bracketing(· · · (Vw1 ⊗l Vw2)⊗l Vw3) · · ·⊗l Vwr ).
However, one could easily modify the definitions to use any other bracketing. The p
would need only slight changes. Of course, as noted above, while we would still recov
structure of the fusion product, the varieties involved would be non-isomorphic in ge
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