
Analysis III – Mat 3120

Final Exam — Fall 2012

Professor: Vladimir Pestov

Time: 3 hours.

This is a closed book exam. No electronic devices are allowed.

Attempt ALL questions 1–3. Each question is worth 10 marks.

Within every question, sub-questions become progressively more difficult.

Total number of marks: 30

(1) (a) Give the definition of the closure of a set in a metric space. [1 mark]
(b) Is it always true that

cl (A ∩B) = clA ∩ clB?

If yes, prove it; if no, construct a counter-example. [1 mark]
(c) Give the definition of the interior of a set in a metric space. [1 mark]
(d) Let A be a subset of a metric space X. Prove that

Int (IntA) = IntA.

(Here the interior is formed inside of X.) You are welcome to use the
known properties of the interior without reproving them, but in doing
so, name them explicitely. [2 marks]

(e) For a subset A of a metric space X, prove that

clA = (Int (Ac))c .

Here Ac = X \ A is the complement of A in X. [2 marks]
(f) Denote A a subset of `∞ which consists of all bounded sequences x =

(xn) with the property |xn| < 1 for all n.
(i) Is the set A open? If not, what is its interior?
(ii) Compute the closure of the set A in `∞.

[3 marks]
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(2) (a) Give the definition of a compact metric space. [1 mark]
(b) Give the definition of a continuous mapping between two metric spaces.

[1 mark]
(c) Let f : X → Y be a continuous mapping between two metric spaces, and

let K be a compact subset of X. Prove that the set f(K) is compact in
Y . [2 marks]

(d) A continuous mapping f : X → Y is called closed if for every closed
subset G ⊆ X the image f(G) of G under f is closed in Y . Prove that
every continuous mapping f whose domain X is a compact metric space
is closed. Refer to all the results from the course that you are using. [2
marks]

(e) Let now f : X → Y be a continuous bijective map, where X is a compact
metric space. Deduce from the problem (2d) that the inverse map f−1

is continuous. State all results that you are using. [2 marks]
(f) Construct a continuous bijective map from the open interval (0, 1) onto

a compact subspace of the Euclidean plane R2. Give all the explanations
necessary. [2 marks]
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(3) (a) Let F be a family of mappings from a metric space X to a metric space
Y . Define what it means that the family F is uniformly equicontinuous.
[1 mark]

(b) State the Arzelà–Ascoli theorem. [1 mark]
(c) Denote by B = B̄1(0) the closed unit ball around zero in the normed

space `∞. Prove that B is uniformly equicontinuous, if viewed as a
family of mappings from the set N+ equipped with the usual distance
d(m,n) = |m− n| to R. [2 marks]

(d) Prove that the set B from the previous item (3c) is non-compact with
regard to the usual uniform metric on `∞. [2 marks]

(e) Does the above example contradict the Arzelà–Ascoli theorem? Explain.
[1 mark]

(f) State the Baire Category Theorem. [1 mark]
(g) By combining the Baire Category Theorem and the Arzelà–Ascoli the-

orem (or by some other means), show that the space C[0, 1] with its
usual uniform distance cannot be covered by countably many compact
subsets. [2 marks]

(4) (Bonus question) Construct an example of a metric space with 4 points which
admits no isometric embedding into the Euclidean space. Explain. [3
marks]

[End of the exam questions]


