
MAT 2141 Test 2
Nov. 24, 2005

Prof. P. J. Scott

In what follows, give full proofs and explanations of your answers.

1. (a) Consider the space V = Mat2×2(R) of 2×2 matrices over R. For a matrix A ∈ V define
the trace of A as tr(A) = a11 + a22 (i.e. the sum of the diagonal entries of A). Prove that
〈A | B〉 = tr(BtA) determines an inner product on V , where Bt is the transpose of B.

In the next two parts, you may assume 〈A | B〉 in (a) is an inner product.

(b) Find the norm ||A|| (associated to the inner product in (a)) of the matrix

A =

(
1 1
0 0

)

(c) Using the inner product in (a), find the space {A}⊥, the orthogonal complement of the
set consisting of the matrix A . What is its dimension?

2. Let P2 be the space of real polynomials of degree ≤ 2. Assume all polynomials are written
as p(x) = a + bx + cx2 (ascending powers of x). Let T : R2 → P2 be the linear map
determined by T (1, 0) = x, T (0, 1) = −1 + 2x2. Let B be the standard basis of R2, and C
the standard basis of P2. Let B′ = {(1,−1), (−1, 2)} be another basis of R2.

(a) Calculate the matrix B[T ]C.

(b) Calculate the change of basis matrices B′ [id]B and B[id]B′ .

(c) Calculate B′ [T ]C in two ways: directly by linearity, and using the change of basis for-
mulas. Draw the appropriate diagrams

3. Let V be a finite dimensional vector space of dimension n.

(a) Define V ∗, the dual space of V .

(b) Let B = {x1, · · ·xn} be a basis of V . Define the dual basis {f1, · · · , fn}. Prove that
{f1, · · · , fn} is linearly independent.

(c) Let R2 have basis {(1, 1), (−1, 1)}. Find the associated dual basis.

4. Consider the space R2 with the usual inner product. Consider the following matrix A as a
linear operator TA : R2 → R2:

A =

(
1 2
1 2

)
(a) Show that the range (= image) satisfies: Im(TA) = {Nullspace(At)}⊥ (Hint: Im(TA)
corresponds to which of the fundamental spaces associated to a matrix ?)

(b) Find an orthonormal basis for Im(TA).
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